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BBenenne

st 3amevyaHui

BBenenue

3HaHus, npuodpeTaeMble CTYJICHTOM B pe3yjIbTaTe U3yUeHHUsS MaTeMaTH-
KU, UTPAIOT BAXKHEHIITYIO POJIb B Mpoliecce ero ooyuenus B uHCTuTyTe. OHU He-
00XOAMMBI JJIl YCHEIIHOTO YCBOCHHS OOIIETEOPETHYECKUX M CIEIHATIbHBIX
JMCIUIUIAH B 00J1aCTH SKOHOMHKH, MEHEIKMEHTA, CTATHCTUKH, OW3HEca W WH-
(opMaIMOHHBIX TEXHOJOTUI. MaTreMaTuyeckiue MEeTObl IIUPOKO MCIOIb3YIOT-
Csl ISl PeIIeHUs] CaMbIX Pa3HOOOPa3HBIX 3a7]a4 TEXHUKH, SKOHOMHUKH U (pUHAH-
COB, IJIJAHUPOBAHUS W NMPOTHO3MPOBAHMS, aHaIM3a (PUHAHCOBOW M HKOHOMMYE-
cKkoil pestenbHOCTU. [lo3TOMY CTyAeHT He NOJKEH 3a0bIBaTh, YTO U IOCIE
OKOHYAHUS By3a OH HE pa3 CTOJKHETCS ¢ HEOOXOIMMOCThIO MMPUMEHEHHS MaTe-
MaTHKHU B IPAKTHYECKOM eATeIbHOCTH.

VY4yeOHble TUIaHBl WH)XEHEPHO-IKOHOMHUYECKUX, YKOHOMHUECKUX CIICIH-
QIBHOCTEH, CIEeIUAILHOCTEH B 00NACTH CTaTUCTHKH, MEHEIKMEHTa, OW3Heca,
MH(GOPMAIIMOHHBIX TEXHOJOTUN U IOPUCHPYACHLIMU MPEAyCMaTPUBAIOT H3yde-
HUE Kypca “Bpiciias maTemartuka’.

OO0BbeM H cozepkaHHE 3TOr0 Kypca ONpEAesIoTCS MporpaMMaMu, yT-
BEP)KJIEHHBIMU Y4YEOHO-METOAMUYECKUM YIIPaBICHUEM MHUHHUCTEPCTBA OOILEro U
npodeccuoHaibHOTO0 0OpaszoBanus Poccuiickoit denepanyii 1 HE 3aBUCUT OT
dbopMbI 00yueHHs (THEBHOE, BEUEPHEE, 3209HOE, TUCTAHIIMOHHOE).

JlarHoe ydeOHOe MocoOue COOTBETCTBYET YUeOHOU mporpamMme 1o Kypcy
BBICILIE MATEMATHKH.

[Ipu HanmucaHuu JaHHOTO MOCOOUs ObljIa UCIOJIb30BAHA CIEAYIOIIAs JIH-
Teparypa:

1. E¢umon H.B. Kpatkuii kypc ananurudeckoit reomerpuu. -M.: Hayxka, 1987r.

2. Wiepun B.A., Ilo3usax O.I'. OcHOBEI MaTeMaTHYECKOro aHaim3a. T. 1 u 2. -M.:

Hayxka, 1979.

OBunHHUKOB I1.®. u ap. Bricias maremaruka K.: Beiciias mkona, 1989r.

4. KoposuH 10.B., Hukumkun B.A. BBeienue B MaTeMaTH4eCKUi aHaIN3. -
M.: MOCH, 1983r.

5. Koposun 1O.B., Hukumkun B.A. Meroanueckue ykazaHHus MO H3YyUYECHUIO
Kypca “Bpiciias maTemaTuka’”

6. ManaxoB A.H. Briciiag matematuka. -M.: MOCH, 1997r.
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1.1. BexTopHas aiaredpa

st 3amevyaHui

1. OcHOBHOM TeKCT
1.1. BexTtopnas aiaredpa
1.1.1. IlonsiTHE BEKTOPA M JINHEHbIE ONePAllH HA/l BEKTOPAMH
L.1.1.1. Ilonamue eéexmopa

['eomeTpuyeckuM BEKTOPOM, WU MPOCTO BEKTOPOM, OyJeM Ha3bIBATh
HaIpaBJICHHBINA OTPE30K.

O0603HauaTh BEKTOp OyJeM MO0 Kak HampaBIEHHBIH OTPE30K CUMBOJIOM

AB, rne Toukn A 1 B 0003Ha4ar0T COOTBETCTBEHHO HAYaJI0 M KOHEI[ JAHHOTO
BEKTOPA, JTMOO CUMBOJIOM a .

B
/ / ’
A
Hauano BexTropa Ha3bIBalOT TOYKOW €ro npwiokeHus. [UMHy BeEKTOpa
Oyznem 0003HauaTh CHMBOJIOM MOJLYJIS: ‘AB‘ WIH ‘a‘.

Bekrop Ha3bpIBacTCs HYJEBBIM, €CIIM COBIIAJAIOT €r0 HAYajJ0 U KOHEII.
HyneBoit BEKTOp UMEET IIMHY PABHYIO HYJIIO.

BGKTOPI)I Ha3bIBAIOTCA KOJJIMHCAPHBIMHU, CCJIM OHH JICKAT Ha
napajaCIIbHBIX IPAMBIX.

a

I[Ba BCKTOpa HA3bIBAIOTCA PABHBIMH, CCJIM OHU KOJUJIMHApPHBI, UMCIOT

OJIMHAKOBYIO JUIMHY M OJMHAKOBOE HampaBiieHue. Bce HyseBble BEKTOPHI
CUMTAIOTCS PaBHBIMHU.

A/

Touka mnpuIOKEHUsI BEKTOpPa MOXKET OBITh BbIOpaHAa MPOM3BOIHO,
MO03TOMY M3y4yaeMble BEKTOPHI HA3bIBAIOT CBOOOIHBIMH.
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st 3amevyaHui

1.1.1.2. /Tuneitnvie onepayuu nao 6ekmopamu

JInHEMHBIMH OrcpanriaAMN HA3bIBAIOT OICPALUIO CIIOKCHHA BCKTOPOB U
Oonecpanrio YMHOKCHHA BEKTOPOB HAa BCIICCTBCHHLIC YHUCIIA.

Onpenenenne 1. Cymmoii a+b aByX BEeKTOpOoB a M b Ha3bIBaeTcs BEKTOD,
UIyIIMA U3 Hadaia BEKTOpa a B KOHEIl BEKTOpa b MpH yCIOBUH, YTO BEKTOp b
IPWIOKEH K KOHILy BEKTOpa a .

|
ol

at+b
DTO MpaBUIIO HA3bIBAIOT “NPABUIJIOM TPEYTOJIbHUKA .

CBoiicTBA C/105KCHUSI BEKTOPOB:
l.a+b=Db+a

Joxka3areabcTBo. [Ipuioxum 1Ba MPOU3BOJILHBIX BEKTOpa a U b K oOmieMy
Hauany 0. O6o3HauuM A u B KOHIIBI

BEKTOPOB a M b COOTBETCTBEHHO

U paccMOTPUM  HapajiesiorpaMm _B _C
OBCA. b b
BC=0A=a,

AC=O0B=b. 0 i A

N3 onpenenenus 1 u AOAC cnenyer, uto OC =a +b, a u3 AOBC caenyer, uto
OC=b+a,ur.n.

3ameuanme. Ilpu nokazarenbcTBe cBoiicTBAa 1 HamMM TOJIYYEHO IPABUIIO
CJIO’KE€HHUS BEKTOPOB, HA3bIBAEMOE “NIPABUJIOM IMapajuiesorpaMmMa’: €ClIM BEKTOPbI

a M b mpuiIoXkeHsl K 00IIeMy Hadaly M Ha HAX IOCTPOEH Mapajuiesiorpamm, TO
cymma a+b (b+a) 3TUX BEKTOpOB MPEACTABISIET COOOW TUArOHalb 3TOTO
napajuiesorpaMma, HayIryto 13 oOIIero HaJaua BEKTOpoB a U b.

2. (a +b)+c=a+(b+c)
Joka3zarenbeTBo. [IpunokuM BeKTOp a K Mpou3BOJIbHOM Touke 0, BEKTOp b k
KOHITy BEKTOpa a M BEKTOP C K KOHITY BeKTOpa b.
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A b B

a

ol

(@+b)+c=a+(b+0)

O0o3HaYNM 6yKBaMI/I A,B,C KOHIIBI BEKTOPOB a buc , TOTIa
(a +b)+c = (OA+AB)+BC OB+BC=0C

a+(b+C)=OA+(AB+BC)=OA+AC=OC,‘I.T.IL.

3. CymectByer HyJeBoi BekTop 0 Takoif, uto a +0=a nuns 1r000ro BeKTOpa
a . OTO CBOICTBO BBITEKAET U3 OnpeaeneHus 1.

4. Jlnst mroboro BeKTopa a CYIIECTBYET MPOTHUBOIMOJIOXKHBIH €My BEKTOp -a
TaKOMU, 4TO a+( a)=0.

HJ'IH J0Ka3aTrCjiIbCTBa OTOI'O CBOMCTBa onpeaciuMm  BCKTOp -a,

MPOTUBOMOJOXKHBIA BEKTOPY a, Kak BEKTOp, KOJUIMHEApHBIH BEKTOpy a,
MMCIOIINH ¢ HUM OJINHAKOBYIO JUIMHY M IPOTHBOION0KHOE HAMPABIICHHE.

B3sras mo ompenenenuto 1 cymma BEKTOpa a C TaKUM BEKTOPOM -a
JaeT HYJIEBOU BEKTOD.

Onpenenenue 2. Pa3HocThio a —b BEeKTOpa a M BEKTOpa b Ha3bIBAeTCs TaKOM

BEKTOp C, KOTOPBIH B CyMM€ C BEKTOPOM b /1aeT BEKTOp a .
W3 onpenenenuss 2 M M3 NIpaBuWiIa TpeyroibHUKa (ompexaeneHue 1)

CJIO)KEHUSI BEKTOPOB BBITEKACT MPABUIIO TIOCTPOCHUSI Pa3HOCTH a —b : pa3sHOCTH
a —b TpuBeIeHHBIX K 00IIEMy Hadaay BEKTOPOB a W b mpeicTaBiisieT coOoit
BEKTOp, WAYIIMHA M3 KOHIIA BBIYUTAEMOrO BEKTOpa b B KOHEI YMEHBIIAeMOro

BCKTOpa a .

o

Onpenenenne 3. IIpousseneHuem o.-a (a-a) Bekropa 4 Ha BEIIECTBCHHOC
YHCIIO O HA3bIBAE€TCS BEKTOpP b, KOJUIMHEApHBIM BEKTOPY a , MMEIOLIHA JUHY

, U I/IMeIOH_[I/II/I HaIpaBJICHHUEC, COBIIAAAIOMICE C HAIIPABIICHUEM BEKTOpA a4 B

ciaydae o>0 U MPOTHUBOMOJIOKHOE HAIIPABICHUIO BEKTOPA a B ciaydae o<0.
CBoiicTBa onepauuy yMHOXEHHUS! BEKTOpa Ha YHCIIO:
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5. oc(£+6) = aa+ab

ol
SaN

a

IIpu “pacTsxeHMH” CTOPOH NapajulejorpaMma B oL pa3 B CHIIy CBOWCTB
no00us UaroHajb TakXKe “pacTsAruBaeTcs” B oL pas, T.e.

aa+ob = a(5+5 )
6. (0+B)a=aa+pa.
7. oc(BE) = (OLB)E.

[Tocneanue nBa CBOIICTBA OYEBUIHBI U3 T€OMETPUUECKUX COOOPAKEHUH.
1.1.1.3. Ilonamue nuneninoil 3a6UCUMOCHIU 6EKMOPO8

Jlunelinoli koMOMHaLUENl n BEKTOPOB a,,a,,...,a, OyJAeM Ha3bIBaTh

n

CYyMMY IPOM3BEJIEHUH OTUX BEKTOPOB Ha IIPOU3BOJILHBIE BEIIECTBEHHBIE YUCIA:
o,a, +o,a,+... o, a,; (1)

TJIE OL1,0L2,... Oly. JTIOOBIE BELECTBEHHBIE YUCIIA.

Onpenesenne 1. Bektopsl a,a,,...,a, Ha3bIBAIOTCA JMHEHHO 3aBUCUMBIMH,

€CIIM HalyTcs Takue BELIECTBEHHBIC YHCIA O 0Ly, Oy U3 KOTOPBIX XOTS OBI
OJJHO OTJIMYHO OT HYJIA, YTO JIMHEWHas KOMOWHALus BEKTOPOB a,,a,,...,a,C

yKa3aHHBIMU YHCJIaMH 00palaeTcs B HyJIb:
o,a, +ta,a,+...+a,a, =0
Bekropel a,,a,,...,a, HE SBIAIOIINECA JITHEWHO 3aBUCUMBIMH OyJeM

Ha3bIBATh JIMHEHMHO HE3aBUCHUMBIMHU.
[IpuBenem npyroe onpeaeneHue JIMHEHHO HE3aBUCUMBIX BEKTOPOB.

Onpenenenune 2. Bexrops! a,,a,,...,a, Ha3bIBAIOTCS JIUHEWHO HE3aBUCHMBIMH,

n

€CIIM PaBEHCTBO HYJIIO WX JHMHEHHOW komOuHauuu (1) BO3MOXKHO JHIIb B

ciydae, KOrja uyucia o=o,=,...,=0,=0
N3 onpenenenuii 1 u 2 crienyroT ABa yTBEPKICHHUS:
1. Ecnu X0Ts GBI OIMH U3 BEKTOPOB @,,Q,,...,a, ABIAETCA HyJIEBBIM, TO

9T BEKTOPBI ABJISIOTCS TMHEHHO 3aBUCUMBIMHU.
2. Ecimum cpeaum n BeKTOpPOB Kakue-mubo (n-1) BEKTOPOB JIHMHEWHO
3aBUCHMBI, TO ¥ BCE N BEKTOPOB JIMHEWHO 3aBUCUMBI.
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1.1.1.4. /Tuneitnvie Komounayuu 08yx 6eKmopos

Heo6xoauMbIM U TOCTATOYHBIM YCJIOBHEM JIMHEHHON 3aBUCUMOCTH JIBYX
BEKTOPOB SIBJIICTCS MX KOJUIMHEAPHOCTD.

JlokazarenberBo. 1). Heobxomumocts. IlycTh BEKTOpHI @ M b JIMHEHHO
3aBUCHUMBI. JI0KaXeM UX KOJJIMHEAPHOCTbD.

[To ompeneneHvro  JIUMHEWHOW  3aBUCUMOCTH  HAMAYTCS  TaKue
BEIIIECTBEHHbIE YMCNA O U 3, XOTSA OBl OJHO M3 KOTOPHIX HE PABHO HYJIO, YTO
CIIPaBEJIMBO PaBEHCTBO

aa +pb=0

Iycts P#0. Torna b = — %5.

O6o3HauuB A = _2; IIOIy4HM b = Aa.

HeobxomumMocTh qoka3aHa.
2). Jocrtatounocts. IlycTs BekTOphl a u b KosmmuHeapHbl. JlokakeM, 4TO OHH

JUHENHHO 3aBUCHMBI. Ecii XOTs OBl OMH M3 HUX HYJEBOH, TO a U b MuHEHHO
3aBUCUMBI.

Ecmu ke BEeKTOp a HEHYJCBOW, TO W3 KOJUIMHEAPHOCTH BEKTOPOB a M b
ciemyet, 4Tob = Aa T.e. K§+(—1 )b =0, u.T.1.

CaenacrBue 1. Ecinu BeKTOpbI anb He KOJUIMHEAPHBI, TO OHHU JIMHEHHO
HE3aBUCHMBI.

CaeacrBue 2. Cpeau JByX HEKOJUIMHEAPHBIX BEKTOPOB HE MOXKET ObITh
HYJIEBOI'O BEKTOpA.

1.1.1.5. Jluneitnvle KomoOuHayuu mpex 6eKMopos

Omnpenenenne. BekTopbl Ha3bIBaIOTCA KOMILTAHAPHBIMH, €CJIM OHU JI€KaT JTU00
B OJIHOM MJIOCKOCTH, TINOO B MapaIeNbHBIX TIOCKOCTSIX.

Teopema. HeoOXoauMbIM M TOCTATOYHBIM YCJIOBUEM JIMHEHHON 3aBUCHUMOCTH
TpPEX BEKTOPOB SIBJISETCS UX KOMIUIAHAPHOCTb.
JlokaszateabcrBo.  1). Heobxomumocts. ITycts Tpu Bektopa a, b, T JIHHEHHO
3aBUCHUMBI. JI0Ka)eM X KOMIUIaHAPHOCTb.

[To omnpeneneHvio  JIUMHEWHOW  3aBUCUMOCTH  HAMAYTCS  TaKue
BEIIIECTBEHHbIE YUCIA O, 3 U Y, XOTS ObI OTHO U3 KOTOPHIX OTIMYHO OT HYJIS, YTO

aa+pb+yc=0.
ITyctb y#0. Torna
c--%5-Pg.
Y Y
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a _ _ —
O6o3naunB A= ——, u= ——, uMeeM c=Aa+ub. Eciu Bce Tpu BekTOpa

Y Y
NPWIOKEHBI K o0memy Hadamy O, TO OTCIoJa CieyeT, 4TO BEKTOp C paBeH
JIMaroHaJIM MapajieiorpaMMa, TOCTPOCHHOTO Ha BEKTOpax Aa u ub

a ra

Puc. 1

Ho 310 03Havaer, 4To BEKTOpHI a, b,C JNeXaT B OJHOW IIIOCKOCTH, T.C.
KOMILJIAHAPHBI.

2). Hoctatounocts. Ilycts BekTopsl a,b u ¢ kommnaHapHsl. JlokaxkeM, 4TO OHU
JIMHEWHO 3aBUCHMBI.
Ecnu kakas-HuOyIb Mapa U3 yKa3aHHBIX TPEX BEKTOPOB KOJUIMHEAPHA, TO

3Ta mapa JIMHEHHO 3aBUCHMa U BCE TPU BEKTOpa a, b M C JTMHEHHO 3aBUCUMBI.
OcTanocs paccMOTpPETh cilydaid, KOrjia B TPOMKE BEKTOPOB a,buc Hu
OJlHa IIapa BEKTOPOB HE KOJJIMHEAPHA.
TlepereceM TpH KOMIUIAHAPHBIX BEKTOPA @, b U C Ha OJHY IUIOCKOCTh U
npuBeneM ux kK obmemy Hadamy O (puc.l). Yepes komerr C BekTopa ¢
TPOBEIEM MpSMEIC, MApajIebHbie BEKTOpaM a M b. OGO3HAUMM A TOUKY

MepeceveHNs MPSMOU, MapajuIeIbHOW BEKTOPY b C MpsMOM, Ha KOTOPOH JICKUT
BEKTOp a, a B- Touky mnepecedeHus NpsAMOW, NapajjIeNbHOW BEKTOpPY a,C

IIPSIMOM, Ha KOTOPOM JIEKHUT BeKTOpB. (Touka mepeceueHus: CylECTBYET, T.K.
BEKTOPHI a U b He KOJIJTMHEAPHBI. )
C=0A+0OB
T.x. Bektop O A KOJIMHEAapeH HEeHyJIeBOMY BEKTOpPY @, TO
OA =)a.
Ananornyso OB =pb, T.e. C=Aa+pub.
Umua + pb + (—1)6 =0, 4.T.1.

CaencrBue 1. KakoBbl Obl HU OBUIM HEKOJUIMHEAPHBIE BEKTOPHI EHE, IS
T000T0 BEKTOpa C, JIEXKAIIEr0o B OJHOW IUIOCKOCTH C BEKTOPAMH EHE,
HaﬁﬂYTCH TAaKHUC BCUICCTBCHHBIC YN CJIa AU WU, 94TO

C=Aa+pb.

CaencrBue 2. Ecnu BeKTOphl a, B MU C HE KOMIUIAHAPHBI, TO OHM JIMHEHHO
HE3aBHCHUMBI.

10
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1.1.1.6. /lunennasn 3aeucumocms uemovipex 6eKmMopos

Teopema. JIto0Obie yeThIpe BEKTOpA JIMHEHHO 3aBUCHMBI.

Joka3aTejabcTBO. VICKITIOUMM Ciydaii, Korjaa Kakas-HHUOy1b Tpoiika U3 JaHHBIX

YEeThIpEX BEKTOPOB KOMIUIAHapHa, T.K. TOrAA YKa3aHHAas TPOMKA JIMHEWHO

3aBHCHMA U, CJIEZJOBATEIbHO, BCE YETHIPE BEKTOPA TMHEWHO 3aBUCUMBI.
Ocranoce paccMOTpeTb Cllydaid, KOrJa CpeIu YEeThIpEX BEKTOPOB

a, b, ¢ u d HUKaKas Tpoiika BEKTOPOB HE KOMILJIaHAPHA.

[TpuBenem Bce deThIpe BEeKTOpa K obmiemy Havamy O U mpoBeneM depes
koHenm D BekTopa d TUTOCKOCTH, MapajuleibHBIE TUIOCKOCTSIM, OIPEIeIsieMbIM
napamu BekTopoBbc,ac u ab.

D
= d=0A+0B+0C.
C p—
~ E OA =1a,0B=pb,0C =7c.
b
c - CnenoBartenbHO,
0 4 A d=Xa+pb+yc.

Wi A2 + pb +y¢ + (—1)5 =0, 4.T.1.

CaencrBue. KakoBbel Obl HU OBUIM HEKOMILIAHAPHBIE BEKTOPHI a,b ¥ C, I
moboro BekTopa d HaWAyTCs Takue BELIECTBEHHbIE YHMCIA O, L U Y, YTO
CIPaBEeAJINBO PABEHCTBO

d=Aa+ub+yc.

1.1.1.7. llonamue 6azuca. Apgpunnsvie koopounamol

Omnpenenenne 1. Tpu JMHENHHO HE3aBUCUMBIX BEKTOpa a,buc 00pa3yloT B
IPOCTPAHCTBE Ga3uc, eci 060l BekTop d MOKET GBITh IPEACTABICH B BUIE
JUHEHHON KOMOWHAITMY BEKTOPOB E,B hC.

AHaNoruyHo omnpenensercst 0a3uc Ha TIOCKOCTH Tt

Omnpenenenne 2. JIBa nexammx B IJIOCKOCTH T JIMHEWHO HE3aBUCHUMBIX

BEKTOpa a U b 00pa3yroT Ha 3TOH IIOCKOCTH 0a3uc, ecnu 00 Jexanuii B
ATOM TIJIOCKOCTH BEKTOP C MOXKET OBITh MPEICTaBICH B BHIE JTUHEHHON

KOMOWHAIIUHA BEKTOPOB a U b .
NwmeroT MecTo crieaytomiye GyHIaMeHTaIbHBIC YTBEPKICHUS:

1). mo6as Tpoiika HEKOMIUIAHAPHBIX BEKTOpPOB a,b m ¢ oOpasyer Oa3uc B

IIPOCTPAHCTBE;
2). mobas mapa JeXaluux B JaHHOM IUIOCKOCTH HEKOJUIMHEAPHBIX BEKTOPOB

au b obpaszyer 6azuc Ha ITOM TUIOCKOCTH.
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1.1. BexTopHas aiaredpa

st 3amevyaHui

Teopema.  Kaxpii BekTop d MOXKET OBITH EIMHCTBEHHBIM CIOCOGOM
pasIIoxKeH 1o Gasucy a, b, c:

d=Aa+ub+yc.
Uncna A, [, Y Ha3bIBAIOTCS KOOPAMHATAMH BEeKTOpa d OTHOCHTENBHO Oasmca
a,b,c.

Joxa3zaTenbcTBo. [lycTh TakuxX pa3ioxkeHUil 1Ba:
d=Aa+pb+ycb ud= X15+u16+y16
BriuuTas nmouseHHO nojiy4aem
(k—k1)§+(u—ul)g+(y —yl)E: 0.
B cuny nuHeiHON HE3aBUCUMOCTH 0a3HMCHBIX BEKTOPOB a, B,E:
A=y =0, p-p; =0, y-v, =0, mm A=A, u=1n,y=7,
EnnHCTBEHHOCTH pa3ioKeHus Mo 0a3ucy oKazaHa.

Teopema. [Ipu cnoxxeHun [ABYX BEKTOPOB Hl u Hz WX KOOPJAMHATHI
ckiaapiBatorcs. [Ipn yMHOXEHHH BeKTOpa Hl Ha J1000€ YHUCIO O BCE €ro
KOOPJIMHATHI YMHO>KAIOTCS Ha 3TO YHUCJIO.
Jlokazatenncrso. Ilycts d, =A,a+pu,b+y,c, d,=A,a+u,b+vy,c.
Torma B cuity CBOMCTB JIMHEHHBIX ONepariui
d+d, =(h, +2, )a+(p, +py)b+(y, +7,)c.
ad, = (ak1)§+(aul)g+(0wl)6.

B cuity ennHCTBEHHOCTH pa3inokeHHs 1o 0a3ucy Teopema J0Ka3aHa.

Ad¢duHHbIe KOOPAMHATHI B MPOCTPAHCTBE OMPEACISIIOTCS 3aJaHHEM
Gasmca a, b, ¢ u HEKOTOPOii ToukH O, HA3BIBAEMOIl HAYATOM KOOPIHHAT.

AdduHHBEIMU KOOpAMHATAMH JTHO00M TOUKH M Ha3bIBaIOTCS KOOPAUHATHI
BEKTOpa oM (oTHOCHTENBHO Oa3uca a, B,E).

CpoiictBa 0Oa3uca u mnoHATHE apPUHHBIX KOOPAMHAT HA IJIOCKOCTU
AQHAJIOTMYHBI CIy4aro IPOCTPAHCTBA.

1.1.1.8. IIpoexkyusa eéekmopa Ha ocob
Omnpenenenune. IIpoeknueit Bekropa a = AB Ha oce U Ha3bpIBaeTcs BenMUMHA
A'B'  mampasnemnoro otpeska A'B' ocm U, rme - ocHoBaHHA

MEePICHINKYISIPOB, OMYIIEHHBIX Ha och U U3 Touek A u B cooTBeTCTBEHHO.

B

\ 4=

7
! ’

|

Teopema 1.8. Ilpoexkunsa Bekropa a Ha oce U paBHa [UIMHE BEKTOpa a,
YMHOXEHHOM Ha KOCHHYC (p yTIJla HaKJIOHA BeKTopa a k ocu U.
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1.1. BexTopHas aiaredpa

st 3amevyaHui

Jloka3aTrejbCTBO.

O6o3naunm 4yepe3 V 0cCbh,
MPOXOANIYI0 4Yepe3 Hayaio
A L >V A BekTOpa a U HMEIIIYIO
TOXKE€ HamNpaBlieHUE, UYTO U
ocb U, u myctb C- npoexus
Buaoce V.

|
oy

A B’ U

Z/BAC=¢p, A'B'=AC.
T.K. 110 OIIpeENEeHUI0 Py a = A'B', To mpya = AC.
Ho AC= ‘ﬁ‘ coscp=|5| cos@. CrnegoBaTeNbHO Mpy a = |§|cos<p , 4.T.II.

1.1.1.9. /lekapmoea npamoyzoivhas cucmema KOOpOUHAmM 6 NPOCMPAHCHIGe.
(AI1CK)

JIICK sBmsieTcst yacTHBIM citydaeM ad(UHHONW CHCTEMBI, OTBEUYAIOIIUM

TPOIKE B3aHMHO OPTOTOHAIBHBIX M CIMHHYHBIX OA3HCHBIX BEKTOPOBI, j, K .
TIpHHSTO HATIPABIICHHS BEKTOPOB 1, J, K GpaTh COBIAJAIONINMY C HAPABICHACM
nekapToBbix oceit Ox, Oy, Oz cOOTBETCTBEHHO.

Hamu momydeHo, 9to moGoil Bektop d MOKET ObITh, HpHYEM
€IMHCTBEHHBIM CIIOCOOOM, Pa3JIoKEH MO JEKapTOBY NPSIMOYTOJbHOMY Oasucy
(JUTB) 1, j,k , T.e. 11s Kamoro BekTopa d CyIIECTBYET eIMHCTBEHHAs TPOHKaA
qucen X, Y, Z Takas, 4To

d=Xi+Yj+Zk .

Uucma X, Y, Z HasplBalOTCAd JEKapTOBBIMU MPSMOYTOJIbHBIMU
koopauHaramu (JII1K) Bexktopa d. Ecnu M- mobas Touka mpoOCTpaHCTBA, TO
HIIK sroit Touku coBmanawT ¢ JI1K Bekropa OM .

Bexkrop d=Xi+ Yj+ Zk OyaeM Takke 3aluChiBaTh B BHUJE
d={X,Y,Z}.

Teopema 1.9. JIIIK BekTopa d paBHBI MPEKIUSAM ATOTO BeKTopa Ha ocu OX,
OY u OZ CcOOTBETCTBEHHO.

I[OKZBaTeJ'lI)CTBO.

d=0A+0B+0C.

OA =Xi,0B=Yj}0C =Zk

OA =X, 1.x. 3 OA = Xi u Toro,
49TO ‘_i‘=1,

[oJIy4yaeM |OA| = |X| .

13



1.1. BexTopHas aiaredpa

st 3amevyaHui

Ho 3nakm OA u X coBmajgaror,
D

=

0o i A

T.K. Korga BekTopsl OA H 1 HampaBJIeHbl B OJIHY CTOpoHY 00a yucina OA u X

NOJIOXKUTENbHBI, a B ciayuyae Kkorja Bekropel OA m1 HampaBieHbl B
IPOTUBONOJI0XKHbIE cTOpOHBI, 00a unucna OA nu X orpunarenshsl. T.e. OA=X.
Amnanornyno OB=Y, OC=Z, u.1.1.

O6o3HauuM o, 3, Y yIJbl HakJIOHa BEKTOpa d x ocam Ox, Oy, Oz
COOTBETCTBEHHO. Ymucia coso, Cosf3, COSy Ha3bIBAIOT HANpPaBISIONIMH
KOCHHYCaMH BekTopa d .

N3 teopem 8 1 9 nmeem

X = ‘a‘cosa, Y = ‘H‘COSB, Z= \H\ cosy (1)

T.k. KBagparT AuaroHaJud MpPSIMOYTOJBHOIO MNapajljiesieuIeaa paBeH
CyMMe KBaJIpaToB €ro cTopoH, To u3 paBeHCTB OA=X, OB=Y, OC=Z nonyuum
BBIPA’KEHHE JUTS JUTHHEI BEKTOpa d 4epes ero KOOpAMHATHI:

| =X +¥*+2 )

N3 popmyn (1) u (2) umeem:
X Y
cosa = , cosp = ,
VX?+Y? 4277 VXP+Y?+2Z°
Z
cosy =

VX2 +Y?+Z°
Bo3Bons B KBazpaT U CKJIaIbIBast MOCICTHUE PABCHCTBA MOTYYHM
cos’ B+cos’ B+cos’y =1

14



1.1. BexTopHas aiaredpa

s 3ameyanui

1.1.2. CxajsipHoe npou3Be/ieHNe IBYX BEKTOPOB.
1.1.2.1. Onpeoenenue ckanapnozo npouseedenusn (CII)

Onpenesenne 1. CIT 1ByX BEKTOPOB Ha3bIBAECTCSI YUCIIO, PABHOE MPOU3BEACHUIO
JUTMH 3TUX BEKTOPOB HA KOCHHYC yTia MEKIy HUMHU.

CkansipHOE Tpou3BelcHHEe OyneM 0003HayaTh CHUMBOJIOM (E-b), yrog

MEXIy BEKTOpaMH a U b- 0.
Ilo onpenenenuto 1 :

(5-5)=|§|-‘B‘.cos¢ (1)
MoxHo copmynuposats apyroe onpeaeneHue CII nByx BEKTOpPOB, K-

BHBAJICHTHOE ONPEACIECHUIO 1.
N3 teopemsl 1.8 nmeem:

np b= ‘B‘ cosQ
(IpOEKIHst BEKTOpa b Ha 0ch BeKTOpa 2 ).
Orcrona nonyyaem Onpenesienne 2 :
(5-5) = |§|-n pég U
o 2)
(a-b)=[b]-npa

1.1.2.2. I'eomempuueckue ceoiicmea CIT

Teopema 2.1. HeoOXomuMbIM W JOCTaTOYHBIM YCJIOBHEM OPTOTOHATHLHOCTH
JIBYX BEKTOPOB SIBIISIETCS] PABEHCTBO HYJIIO UX CKAJIIPHOTO MTPOU3BEICHUS.

Joxa3aTtenabceTBo. 1) Heo6xoaumocts. I1ycTh BEKTOPEI @ M1 b OPTOTOHAIBHBL, (-
yron Mmexxay HuMH. Torna cose=0 u, B cuiny Gpopmyisl (1) (5- b) =0

2. Jloctatounocts. IlycTth (E-b) = 0. HokaxxeM, 4TO BEKTOpbl a U b oproro-

HaJabHBL. Ecian XoTs OBl OIWH U3 BCKTOPOB a uim b SABJIACTCA HYJICBBIM, TO OH
OpPTOTOHAJICH JTIOOOMY BEKTODY.

Ecnu ke BeKTOpHl 2 U b HEHyJEBBIC, TO |§|>O , b‘)O , IOOTOMY M3 PaBCH-

CTBa (5-b)=|§|~‘b‘cos<p =0 BbITeKaeT, 4to cos@=0, T.e. BEKTOPHl OPTOrO-

HaJIbHBI, 4.T.A.

3ameuanue.

YTI0M MeXIy ABYMsI BEKTOpPaMHU CYHTAEM TOT, KOTOPBIA HE MPEBOCXO-
it . (0 < ¢ <m)
N3 popmymer (1) cnemyer

Teopema 2.2. J[Ba HEHyJEBBIX BEKTOpPa a U b COCTaBISIOT OCTPBIA (TYIOil)
yToJI TOTJa ¥ TOJIBKO Toraa, koraa ux CII momoxuTenbHO(OTPHUIIATEIBHO).
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1.1. BexTopHas aiaredpa

s 3ameyanui

1.1.2.3. Ancebpauueckue ceoiicmea CII

Caoiicto 1. Cnenyet u3 popmyisr (1).
Bropoe cBoiicTBo mosy4aercss u3 onpeaeneHus 2 (popmyrna 2) craisp-
HOTO MTPOU3BEICHHUS:

((aﬁ)g) = ‘E‘ . npg(aﬁ) = (x‘B‘ ‘mppa = OL(E-E).

CBoiicTBO 3. MOJy4YaeM M3 CBOMCTB JIMHEWHOCTH IIPOEKLIUH BEKTOpa Ha
0Chb an(E +B) =np.a+np,b u popmymsi (2) :
(a+b)-c=[cl-np.(a+b)=[c|-(mp,a+np.b)=c| np.a+clp.b =
=(a-c)+(b-¢)
UYeTBepToe CBOMCTBO BhITEKAET U3 popmysl (1):

(7-3) =l

1.1.2.4. Buipasxcenue ckanapnozo npouseedenusn (CII) ¢ oexapmoewvix
npamoy2onvuuix koopounamax (/I1K)

Teopema 2.4. Eciu nBa BexTopa a u b onpeaenensl ceoumu JIIK
a=X,i+Y,j+Zk={X,,Y,,Z,}
b=X,i+Y,j+Z,k={X, Y, Z,},

10 CII 3TUX BEKTOPOB paBHO CyMME€ IONApHBIX NPOU3BEACHUNA UX COOTBETCT-
BYIOIIUX KOOPJMHAT:

(30)=XX,+Y,Y,+Z,Z,.

Joxa3zarennbcTBo. [lo onpenenenunto 1(_i-_i):‘_i‘-‘_i‘-COSO:l-l-lzl,
Tame(3-3)=1, (EE):L
(i-j):‘i‘-‘j‘-cos%:1-1-O:0,Tal<>1<e
(+9)=)= (0 =()= (3o
Hcnone3ys anredpandeckue croiictea CII nmeeM
(ab) =X, X, (i1)+ X, Y, (i) + X, Z, (i k) + Y, X, (3:1) + Y, Y, (5-3) +
Y2, (5K)+Z,X, (k1) +2,Y, (k1) + 2,2, (k k) = X, X, +Y,Y, +Z,Z,
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CaencrBue 1. HeoOxomuMpIM W JTOCTATOYHBIM YCIOBHEM OPTOTOHAIBLHOCTH
BEKTOpPOB a = {Xl, Y,, Zl} ub= {XZ,YZ,ZZ} ABJISIETCS] PABEHCTBO

X, X,+Y,Y,+Z,Z,=0

CaencrBue 2. YTroJ (0 MEXKy BEKTOpaMHU a U b omnpenensiercs o GopmyJie
X X,+Y,Y,+Z2,Z,

\/X21 +Y4 +2Z% \/Xzz +Y5h+2Z%

cosQ =

1.1.3. BekTopHOe npou3BeeHne IBYX BEKTOPOB.
1.1.3.1. IIpasvie u nesvie mpoiiKu 6eKmMOpo8 u CUCmeMbl KOOPOUHAM

Onpenenenue 1. Tpu BekTOpa Ha3bIBaIOTCS YNOPSAI0YeHHOM TPOiikoii (1in
IIPOCTO TPOMKOI), €CIIM yKa3aHO KaKOW U3 HUX SBJIETCS NIEPBBIM, KaKOii- BTO-
PBIM M KaKOW- TPETHUM.

T.c. 3amuch abC O3HAYACT, 4TO IIEPBBIM 3JIEMEHTOM SIBJISIETCS BEKTOP a ,
BTOPBIM- b, TPETBUM- C .

Omnpenenenue 2. Tpoiika HEKOMIUTAHAPHBIX BEKTOPOB abC Ha3bIBacTCs Ipa-
BOH (JIEBOI), €CITH MOCTIe TPUBEACHHUS K 00IIeMy Hadaly BEKTOp C pacrioyiara-

€TCs [0 Ty CTOPOHY OT IUIOCKOCTH, ONpeieNisieMOl BeKTopaMu a U b, oTkyaa

KpaT4yalIIrii TOBOPOT OT @ K b BUIEH COBEPIIAIOIIMMCS ITPOTHUB YaCOBOM
CTpeJKu (TI0 4aCOBOM CTpEIIKe).

ol

c

< |
|

a b

[IpaBas Tpoiika JleBas Tpoiika

Omnpenenenue 3. AddurHas UIU T1EKAPTOBA CHUCTEMA KOOPAMHAT HA3bIBACTCSI
paBoil (JIeBOM), €Ciii TpU OA3UCHBIX BEKTOpa 00pa3yroT MpaByro (JIEBYIO) TPOii-

KY.
B nanpHeiimem OyieM paccMaTpuUBaTh TOJIBKO MPaBble CUCTEMBI KOOP-
JIMHAT.

1.1.3.2. Bekmopnoe npou3seedenue 08yx eexmopoe (BII)

Onpenenenne. BIl BekTopa a Ha BEeKTOp b Ha3bIBAaeTCA BEKTOP C = [5 X b] ,

YAOBJIETBOPSIOLIUI TPEM YCIIOBHSIM:
1) nnuHa BeKTOpa C paBHA IPOU3BEICHUIO JJIMH BEKTOPOB a U b Ha CHHYC yIJa
¢ MEXIy HUMHU:

|6| :|§|-‘E‘~sin(p; (1)
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2) BEKTOp C OPTOTOHAJICH K KaXKJIOMY M3 BEKTOPOB a U b ;
3) BeKTOp C HampaBJieH TaK, YTO TPOMKA BEKTOPOB abC SBISICTCS IPABOM.

1.1.3.3. I'eomempuueckue ceoiicmea BIT

Teopema 3.3. HeoOX0IuMBIM M JOCTATOYHBIM YCIIOBHEM KOJIJTMHEAPHOCTH
JIBYX BEKTOPOB SIBJISIETCS PABEHCTBO HYJIIO ux BII.

Joka3zarenbcTBo. 1). HeoOxomumocTts BeITekaeT u3 onpenenenus BIL.
2). Hocrarounocts. [lycth [E X b] = 0. JlokaxeM, 4TO BEKTOpPHI a U b

KoJUTMHEapHbl. Eciiu X0Ts ObI OMH U3 BEKTOPOB @ UJIM b SBIISIETCS HYJIEBBIM,
TO OH KOJUTMHEAPEH JI000MY BEKTOPY.

Ecnu sxe 00a BekTopa a u b HeHyeBble, TO |§| >0, b‘ >0 ¥ no3TOMy M3

paBeHCTBA [5 X B] = |§| ‘B‘ -sin ¢ =0 cnexyer, uro sing=0, =0, T.e. BEKTOpPbI

aub KOJUTMHEAPHBI, U.T.1.
3aMeTHM, YTO TaK KaK ILIOIIA (b MapauiejorpaMma paBHa Mponu3Be/Ie-
HHIO CMEXHBIX CTOPOH 3TOT0 TapajuieiorpaMmMa Ha CHHYC yIiia MeXIy HUMH, TO

u3 onpeaenenus BII(mynkr 1) momyunm, uto muHa (i Moayiis) BIT [5 X B]

paBHAETCS TUIONIA I MapaiejorpaMMa, OCTPOSHHOTO Ha MPUBEICHHBIX K 00-
[IeMy Havally BEKTOpax a M b .

1.1.3.4. Anzebpauueckue ceoitcmea 6ekmopnoz2o npouszeeoenusn (BII)

N3 onpenenenus BII nonyuyaem cienyromue yetsipe cBorictsa BII:
1. [Exg] = —[Exi];
2. [(oﬁ) X E] = OL[E X B] ;
3.[(3+b)xce]=[axc]+[bxc]:
4. [a

ax E] = 0 st 1000T0 BEKTOpa a .

1.1.3.5. [lonamue mampuyst u onpeoenumensn 6mopo20 U mpemvpezo NopAoKa

[IpsimoyrosbpHyI0 TabuuIly U3 YHCEeN, COACPKAILYI0 M CTPOK U N CTOJIO-

LIOB HAa3bIBAIOT MATPHULIEH.
Ecnu 9uciio cTpok MaTpuIlsl COBMAIAET C YUCIIOM €€ CTOJIOIOB, TO MaT-
pHILia HAa3bIBAETCS KBAJAPATHOM.
Uucna, BXOASIIME B COCTAB MAaTPHULIbI HA3bIBAIOT €€ 3JIeMEeHTaAMM.
PaccMoTpuM KBazipaTHYIO MaTpHIly, COCTOSIITYIO U3 YETHIPEX FJIEMEHTOB:

a, b
a, b

2
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OnpeneanTesieM BTOPOro MOPSIIKA, COOTBETCTBYIOIIMM 3TOM MaTpHIIE
Ha3bIBACTCA 4YHUCIIO, paBHOC a1b2 — azbl n O603HaqaeMoe CHUMBOJIOM
a, b,

b =a,b,—a,b,.
a, 2

PaCCMOTpHM KBaL[paTHyIO ManI/II_[y, COCTO;H.HyIO N3 NCBATHU DJICMCHTOB:
a, b ¢
a, b, ¢,

a; by ¢

OrnpenenureneM TPETHETO MOPSIJIKa, COOTBETCTBYIOIIUM 3TOM MaTpHIlC Ha3bIBa-
€TCs Yncio, 0003HAYaeMOe CUMBOJIOM A U paBHOE
al bl C1
A=la, b, c,|=ab,c,+bc,a,+ca,b;—cb,a,-ba,c,—ac,b,

a; by, ¢

[Tocnenntoro popmy:ty Ui yA00CTBa 3alIOMUHAHUS MOKHO 3aIIMCaTh B
BUJIE:
a 1 bl C]

A=la, b, c,|=a,-

a; by ¢
Takast 3anTuch Ha3BIBACTCS PA3JIOKEHUEM OTNPEICTUTENSI A 110 DJIEMEH-
TaM MEPBOM CTPOKH.

1.1.3.6. Bvipasicenue eekmopnozo npouseedenusn (BII) ¢ oekapmoewix
npamoyzonvHoix koopounamax (/I1K)

Teopema. Eciu 11Ba BeKTOpa a u b onpexaeneHsl ceoumu MK
a=Xi+Y,j+zZk={X,Y,zZ}
b=X,i+Y,j+Z,k ={X,.Y,,Z,},
To ux BII nmeet Bug
[ﬁx B]: (lez _YZZI )i_+(Z1X2 - ZZXI)JT+(X1Y2 - XZYl )R (1)
Jl11g 3anoMuHaHus 3T0i POpMyJITbl yA0OHO UCIOIB30BAaTh CUMBOII OTIpe-
nenuTens (CM. peAbIIyIUi yHKT) U TIepenucaTh ee B BUIE
' J
[axbl=|x, v,
X, Y

1
2

Y, Z,
Y2 ZZ

X,z
X2 ZZ

RS
X2 Y2

k
z,|=7.
2 ZZ

Jloka3aTejbCTBO TeOpeMbl. YUUTHIBas, YTO OA3MCHBIE BEKTOPHI 1, j, k B3anm-

HO OPTOTOHAIBHBI, 00Pa3yIOT MPABYIO TPOUKY 1, j, k u H = H = ‘E

, AMEEM
[ixi]zOT.K .‘[ixi]‘=m-msin0=l-l-0=0, TaK Xe [jxj]z[ExE]=0

[ixi]=k [ixi]=-k [ixE]:—j, [Exi]:j, [ij]:i, [Exj‘]:—i (2)

[lepemHOXast BEKTOpHO a U b, HOTy4uM
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[ b] =X, X, [ixi]+ X, Y, [ix ]+ X, Z,[ix k]| + Y, X, [ i]+ Y, Y, [ix ]+
+Y,Z,[ix K|+ 2, X [k < i)+ Z, Y, [k x ]+ 2,2, [k x k]

W3 sToro paBeHCTBa U COOTHOIIECHUH (2) monyyaem pasnoxenue (1).
Caeacreue. Ecnu 1Ba BekTOpa a = {XI,YI,Z1 } ub= {Xz, Y,, Zz} KOJIINHE-
apHBI, TO X KOOPAMHATHI TPOTIOPLIHOHATIBHBIL:

X, Y, Z

XZ YZ ZZ
Joka3aTejbcTBO. M3 paBeHCTBa HYJIIO BEKTOPHOTO IPOM3BEACHUS U U3 HopMy-

6l 1 umeem
X,Y,-X,Y,=02X,-2,X,=0,Y,2,-Y,Z, =0, ur.n.

1.1.3.7. Cmemannoe npouzeeoenue mpex 6eKmopos

[TycTb nanbl Tpu BekTOpa a,b u ¢ . Eciiv BeKTOp @ BEKTOPHO yMHOXa-

€TCsl Ha BEKTOp b, a 3aTeM MOJIy4YEeHHBbIN BEKTOP [5 X b] CKaJIIPHO YMHOXKaeTCs
Ha BEKTOp C, TO B pe3yJIbTATE IIOJIy4aeTCsl YUCIIO ([5 X b] -E) , Ha3pIBaeMoe

CMEILIaHHbIM NIPOU3BEICHUEM BEKTOPOB a,b 1 C .
W3 onpenenenus cieayeT reOMeTpUUECKUil CMBICI CMEIIAaHHOTO IPOU3-
BE/ICHUS TPEX BEKTOPB:

CMelaHHoOe Mpou3BeeHne ([E X b] -E) paBHO 00BEMY TIapaJlIeIICIIH-
nesia, MOCTPOSHHOTO Ha MPHUBEIECHHBIX K 00IIeMy Hayally BEKTopax a,b u ¢,
B3STOMY CO 3HAKOM IUIIOC, €CJIM TPOWKa a, b, C mpaBasi, © CO 3HAKOM MHHYC,

ecliu Tpolika a, b, ¢ neBasi. Eciu e BEeKTOpbl KOMIUIAHAPHBI, TO ([5 X b] -E) =0.

OrTcroza BUAHO, YTO ([5 X B] -E) = (E . [B X E]) .

HOBTOMy MOZKHO 3al1iCaTb CMCHIAHHOC ITPOU3BCACHUC TPEX BECKTOPOB

5e)=(+519
HC YKa3bIBast KAKMC UMCHHO JIBa BCKTOpPaA IICPEMHOKAIOTCA BEKTOPHO.

CaencrBue 1. Heo6X0oIuMBbIM U OCTaTOYHBIM YCJIOBHEM KOMIUIAHAPHOCTH
TPEX BEKTOPOB SABJISIETCS PABEHCTBO HYJIIO UX CMELIaHHOHO ITPOU3BEICHNUS.

Ciencraue 2. (E-EE) - —(B-a-a)

a,b u ¢ mpocto B BUjIE
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1.1.3.8. Buiparcenue cmeuwrannozo npou3eedenus 6 0eKapmaoewvix
Koopounamax

Teopema. Ecnu Tpu BekTopa a,b u ¢ ompenenensl ceoumu 1K

a=1{X,.Y,.Z,}, b={X,.Y,,Z,}, ¢={X,,Y:.Z,},

TO CMEIIaHHOE TIPOU3BeIEHUEe abC PaBHO ONPEACTUTENIO0, CTPOKH KOTOPOTO
COOTBETCTBEHHO PaBHBI KOOPIWHATAM NEPEMHOXKAEMBIX BEKTOPOB:

Xl Yl Zl
(abe)=X, Y, Z,
X3 Y3 Z3

Hoxa3zareancTBo. T.k.

[axb]={Y,2,-Y,2,, 2,X,-2,X,, X,Y, - X,Y,}, a ©={X,,Y,,Z,},

TO CKAJIAPHOC IMPOU3BCACHHUEC 3THX BEKTOPOB PaBHO

(abe) = ([a x b]- €)= X,(Y.Z, - V,Z,) + V,(X,Z, - X,Z,) + Z,(X,Y, - X,Y,) =

Xl Yl Zl
Yl Zl Xl Zl Z Xl Yl X Y Z
= - + =
3 Y2 Z2 3 X2 22 3 XZ YZ 2 2 2
X3 Y3 Z3

q.T.]I.

CaeacrBue. HeoOX0aMMBIM U 1OCTATOYHBIM YCIOBUEM KOMILIAHAPHOCTH TPEX
BEKTOPOB

a= {XI,YI,ZI}, b= {XZ,YZ,ZZ}, c= {X3,Y3,Z3} SIBJISICTCSI PABEHCTBO

HYJIIO OIPCACIUTCIIA, CTPOKAMU KOTOPOT'O ABJIAIOTCA KOOPAUHATBI 9TUX BEKTO-
pOB:

1

z
Z,/=0-
z

w

I
< <

w

3
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1.1.4. YpaBHeHHe JIUHUHU HA TJIOCKOCTH

[lycTh Ha MJIOCKOCTH T 3aJaHbl JEKApTOBA MPSIMOYTOJIbHAS CUCTEMA KO-
opauHat Oxy u HekoTopas jauHusi L. PaccMoTpuM ypaBHEHHE, CBSI3bIBAIOIICE
MePEMEHHBIC X U Y

d(x,y)=0 (1.1)
Omnpenenenne. Ypapaenue (1.1) Ha3piBaeTcs ypaBHeHHEM JuHUU L (O0THOCH-
TEIbHO 3aJaHHOW CHCTEMBbI KOOPJIWHAT), €CIIU 3TOMY YpPaBHEHHUIO YIOBIETBO-
PAIOT KOOPIMHATHI X U Y JII000 TOUKH, JeKallel Ha JIMHUM L, 1 He yJIOBIIETBO-
PAIOT KOOPAUHATHI X MY HH OJTHOM TOYKH, HE JIe)Kalle Ha JTuHuu L.

T.e. nmuuusa L npencraBiser coboi TEOMETPUIECKOE MECTO TOYEK, KOOP-
JTUHATHI KOTOPBIX YIAOBIETBOPAIOT ypaBHeHUIO (1.1).

2 2
IIpumepsl. 1). YpaBHEHHE (x—a) +(y—b) =1’ sBISETCA ypaBHEHHEM OK-
pyXHOCTH panuyca r) 0 ¢ IEHTPOM B TOUYKE Mo(a, b).
2). VpaBHenne x° +y° =0 onpezenseT Ha miockocTu OXy TOTBKO OIHY
touky (0,0).
3). VYpaBuenne x° +y° +4 =0 BooOle HEe ONMpeneseT HAKAKOTO T'eo-
METPUYECKOro oOpasa.

1.1.4.1.I1apamempuyeckoe npedcmasienue 1uHUU

JUIsi aHaITUTUYECKOTO IPEACTaBICHUS JIMHUM L BO3MOXKHO BBIpaXKaThb
KOOPJMHATHI X U 'y TOYEK 3TOH JIMHUM IIPU ITOMOIIHX ITapamerpa t :

X = (p(t), y= w(t) , (2.1.)
rae GyHkuuu (p(t) 154 \p(t) HENpPEPBIBHBI IO MapaMmeTpy t B 00sacTu {t} H3MEHE-

HUS 3TOro mapamerpa. Vickirouenue u3 AByX ypaBHeHuil (2.1) mapamerpa t npu-
BOJUT K ypaBHeHHUI0 Buja (1.1).
IIpumep. Haiinem mapamerpuyeckre ypaBHEHHs OKPYXKHOCTH pagmyca 1) 0 ¢

LHCHTPOM B HA4YaJIC KOOPpAWHAT.

AY Ilycthb M(x, y)- ato0asi TOYKa 3TOM OKpYXK-

M HOCTH, a t - Yyroil MeXAy paJanyCoM-

r BekTopoM OM u ockio OX, OTCUUTHIBaEMOM

0 L > TpOTHB 4acoBOU CTPEJIKH. Torma
x=rcost, y=rsint (2.2).

OTH ypaBHEHHs NPEACTABISIIOT COOOW MapaMeTpUyYecKHe ypaBHEHHs HaIIeH
OKpyxHOCTH. UTOOBI TOUKa M(x, y) OJIMH pa3 000ILIa OKPYKHOCTb, t JOIKHO
u3MeHATbeA B npeaenax: 0 <t (2n . Jlnsg uckimoueHus nmapaMerpa t U3 ypaBHEHUS
(2.2), HY)KHO BO3BECTH B KBaapaT M CJIOXHUTh ypaBHEHHUs (2.2); MOIydYuM

X +y?=r’.
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1.1.4.2. Ypaenenue nunuu ¢ noJaApHbIX KOOPOUHAMAX

BBenem Ha MI0CKOCTH MOJISIPHBIE KOOPAWHATHI. BHIOEPEM Ha TIOCKOCTH
Touky O (MOdIOC) U BBIXOASIINHN U3 Hee Tyd OX; yKakeM eMHMILY MacITada.

y/\

0 >x

IoasipHbIMHM KoOpAMHATAMHM TOUKM M Ha3bIBaroTCs /1Ba ymucia: p (Io-
JSIPHBIA pasinyc) paBHOE PacCTOSIHUIO TOYkH M oT momtoca O U ¢ (onApHbII
yroJ)- yroJj, Ha KOTOPbIi HY»HO IMOBEPHYTh NPOTHUB 4acOBOM cTpenku Jyd Ox
no coBmenieHus ¢ gydom OM. Touky M 0003HadaioT CHMBOJIOM M(p,(p) U
00BIYHO cuuTaroT, yTo 0<p <400, 0< ¢ <2m.

Ecnun Hayano nexapToBOd MPsIMOYIOJIBHOM CUCTEMBI HAXOJUTCS B IIOJIO-
ce, a 0cbh a0CLUCC COBNAAAET C MOJSIPHON OCBIO, TO OYEBHJHA CBSI3b MEXKAY I10-

JSIPHBIMH  KOOPJIUHATAMHU TOYKH M(p, (p) U ee JCKapTOBBIMH KOOPAWHATAMHU
M(X, y):
Xx=pcosp, y=psing (3.1)
Bo3Bonss 3TH ypaBHeHHMs B KBaJparT W CKJIaJbIBas WX, HOJIYYHM

p=+/x>+y> . Pasienus ofiHO Ha APyroe, MOTYHHM, 4TO tg( =, a TaKKe He-
X

MOJIb3YySl 3HAKU X U Y, ONpPEACIIUM YEeTBEPTh, B KOTOPOM HaXoIuTCA Touka M.
T.e., 3Has JeKapTOBbI KOOPAMHATHI TOUKH X M 'y MOKHO HAlTH ee MOJIspHbIE KO-
OpIMHATHI.

Ecmn (I)(x, y) =0 mpencraBnsieT coboi ypaBHeHHe JMHUU L B mekapTto-

BOIl MpsIMOYTOJIBHON cucTteMe koopauHaT OXy, TO AOCTATOYHO MOJCTaBUTh Ha
MECTO X M Yy HUX BBIp@XEHUS B MNOJNAPHbIX KoopaumHatax (3.1): mouy-
yum @, (p, (p) =0, rae WCIIOJIb30BaJIN o0o3Haye-

Hue @, (p, (p) = CD(p cos @, psin (p) .
1.1.4.3. llepeceuenue 08yx nunuii

3azaya 0 HaX0XKJIEHUHU TOYEK IepecedeHus AByX auHui L, u L,, 3agan-
HBIX YpaBHECHHSIMU d)l(x, y) =0u CD2(X, y) =0, COCTOUT B HAXOXIECHUU KOOP-

JMHAT TOYEK, YAOBJIECTBOPAIOIIMX KAXKIOMY U3 ITUX YPAaBHEHUM.
T.e. Hy’KHO peILIUTb CUCTEMY YPaBHECHUN

qbl(x,y):O
®2(X,y) =0
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Ecan ora cucrema He umeer pemenui, To iuaud L, u L, He nepeceka-

IOTCSI.
Ipumep. Haiitn TOYKH nepecevyeHus OKPYXHOCTEH

x> +y’—=1=0mu (x-l)2 +y°—2=0.

Pemaem cucremy ypaBHEHHIT

x*+y’=1=0
(X—1)2 +y*=2=0

BrruuTas u3 nepBoro ypaBHEHHUs BTOPOE, MOTYyYUM

x* —(x—l)2 +1=0 um 2x=0, x=0.

Orcroga Haiimem, 4to y = t1. Mbl NOAy4YWIM ABE TOYKH MEPECECUEHUS
M, (01) u M, (0-1).

1.1.4.4. Ypasnenue nosepxnocmu u ypagHenue JUHUU 6 RPOCMPAHCMEE

HyCTL HaM 3aJlaHbl ACKApTOBa IMPAMOYIOJibHasd CHUCTEMA KOOpAWHAT
OXyz ¥ HEKOTOpasi IOBEPXHOCTH S.
Onpenenenne 1. YpaBHeHnue

CD(X, y, z) =0
HA3bIBACTCSI YPABHEHHEM MOBEPXHOCTH S (OTHOCUTENIBHO 3a/laHHOM CHUCTEMBbI
KOOPJIMHAT), €CJIM 3TOMY YPaBHEHHUIO YJIOBJICTBOPSIOT KOOPJIUHATHI X, Y, Z JIIO-

00i1 TOYKH, JIeKAIIEeH HAa TTIOBEPXHOCTH S, U HE YJOBJICTBOPSIOT KOOPJIUHATHI X,
Y, Z HU OAHOU TOYKH, HE JIe’Kalel Ha TOBEPXHOCTH S.

IIpumep. Ypasuenue cdepsl paauyca R>0 ¢ ueHTpoM B Touke MO(XO, Yo» zo) B
JEKapTOBOM MPSAMOYTOJIbHOM cucTeMe KoopAuHaT OXyz UMEET BUJ
2 2 2 2
(x—xo) +(y—y0) +(Z—ZO) =R".
JIeCTBUTENBHO, TOYKA M(x, Y, z) JISKUT Ha yKa3aHHOH cdepe Toraa u

TOJABKO  TOrAa,  KOrga  KBajpar  pPacCTOSHUA — MEXAY  TOYKAMH
M(X, Y, Z) u Mo(xo,yo, ZO)

2 2 2 R 2
X=X +HY- +1Z2—-2 aBC H .
(=g +(y=vp ] (22 o
Omnpenenenne 2. JIuHUA B NPOCTPAHCTBE €CTh N€OMETPUUYECKOE MECTO TOYEK,
JeKaLMX OJJHOBPEMEHHO Ha JIBYX MMOBEPXHOCTSIX.
Takum oOpa3oM JUHHMS B NMPOCTPAHCTBE PACCMATPUBAETCS KaK JIMHUA
nepeceyeHusl IByX MOBEPXHOCTEH.
Ecan (DI(X, Y, z) =0u (DZ(X, Y, z) =0 - ypaBHEHHUs JABYX IIOBEPXHOCTEM,
nepeceYeHreM KOTOPBIX SBIISICTCS JaHHAas JIMHUS L, TO 1Ba ypaBHEHHS
D, (X, y, Z) =0
D, (x, y, Z) =0
COBMECTHO ONPEACIISIIOT JUHUIO L.
Kak u B ciyyae muiockod nuHUM (I1.2) MOXHO JIMHUIO B MPOCTPAHCTBE

NpPEeACTaBUTh MApaMeTPUYEeCKH, 33]]aB KOOPANUHATHI X, Y, Z JHO0H TOUKU J1aH-
HOM JINHUM KaK HeNpepbIBHbIE (YHKIIMKA HEKOTOPOTO napameTpa t :

24



1.1. BexTopHas ajareopa

Jlnst 3amevyanni

x=olt)y=v(t)z=2(t),
OIIpE/ICIICHHBIE B HEKOTOPOM IIPOMEKYTKE U3MEHEHUS ITapaMeTpa {t} .

JIns OTBICKaHUSI TOYEK IMEPECEUECHUsI MOBEPXHOCTEW W JIMHUW CIEAYET
PELIUTh COBMECTHO YPABHEHUS, ONIPEACIIAIOIINE YKA3aHHbIC JIMHUN U TIOBEPXHO-
CTH.

1.1.5. Pazinm4Hble BUABI YPABHEHHI NPSIMOil HA ITIOCKOCTH
1.1.5.1. Oowiee ypasuenue npamoit

YpaBHeHue
Ax+By+C=0 (6.1)
¢ pon3BOIbHBIMU KO3 dunmentamu A, B u C takumu, yto A u B He paBHBI
OJIHOBPEMEHHO HYJIIO, Ha3bIBA€TCs 00IIMM YpaBHeHHeM npsmoii L.

VpaBHenue (6.1) umeeT X0Ts1 ObI OHO PELIEHUE X, Y, , T.€. CYLIECTBYET
Touka M O(XO, yo) , KOOpAMHATHI KOTOPOH yAOBIETBOPSIOT ypaBHEeHHUIO (6.1):
Ax,+By,+C=0 (6.2)

Borunras u3 ypasaenus (6.1) ToxaectBo (6.2), monydaem ypaBHEHHE
A(x=x,)+B(y—y,)=0,(6.3)
SKBUBAJICHTHOE ypaBHEHUIO (6.1).

Ecnu Touka M(x, y) JISKUAT Ha mpsAMou L, To ee KoopAMHATHI ylIOBIIE-
TBOPSIOT ypaBHEHUIO (6.3), BEKTOpBI N = {A, B} , IEPIICHIUKYJIIPHBIN K IIPAMOM
Lu MM = {x —Xg, Y~ yo} NEPIICHANKYIIAPHBI U UX CKAIPHOE IPOU3BEICHUE

A(x—x0)+B(y—y0)

paBHO Hyt0. Ecin ke Touka M(X, y) HE JIE)KUT Ha npsimort L, To ee koopauHa-

Thl HE YJIOBJIETBOPSIOT ypaBHEHUIO (6.3).

Urak, ypaBHeHue (6.3) onpenenser npsmyto L, mpoxoasiryto yepe3 To4-
Ky Mo(x , yo) Y NIEPIEHANKYISIPHYIO BEKTOPY N = {A, B} . OTOT BekTOp OylieM

Ha3bIBaTh HOPMAIBHBIM BEKTOPOM PsiMOH (6.1).

3ameuanue. Ecimn JIBa ypaBHEHUSA
Ax+By+C=0u A x+B,y+C, =0 omnpeneisor oiHy U Ty K€ IOPAMYI0, TO
CYILIECTBYEeT TaKO€ BEIIECTBEHHOE YHCIO t, YTO CHpPaBEIMBHl PaBEHCTBA
A, =At, B, =Bt, C, =Ct.

1.1.5.2. Ypaenenue npamoii c y2nosvim Koihpuyuenmom
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N

Y/ [lycTte mpsmas He mnapalielbHa OCH
Ox, Toraga B ypaBHeHuu (6.1) ko3 du-
mueHT B = 0. VYoM HakioHa »TOH

n .
N npsMoii k ocu OX HaszoBeM yroia o > 0,
o 5 o0pa3oBaHHBIA TIPSIMOW C  ITOJIOXKH-
(l L/ X TEJbHBIM HarpasieHueM ocu OX.

Ecnu npsimas napaiiensHa ocu OX, TO yrosl HakjIoHa o OyZieM cuuTaTh
paBHBIM HYJIIO.

Yri0BbIM KO3(GUIMEHTOM NMPSIMOIl HA30BEM TAaHICHC yIJIa HaKJIOHA
3TOM IpsAMoH Kk ocu Ox, K = tgo .

Jlns npsimol, napasuiensHoit ocu OX, yriaoBoil koadduuueHT paseH 0, a
JUIS TIPSIMOM, NepHeHIUKYJIApHOH ocu OX, YriIoBOH KOA(QHUIMEHT He CyIIecT-
BYET (K = oo).

N3 ypaBuenus (6.3) u Toro, yton = {A,B} - HOpPMAaJIbHBIN BEKTOp TpS-

o A
MOH CJIEAYET, 4TO tgoL = K = —E.

Otcroa MogydyuM ypaBHEHHE NPSMOW C YIIIOBBIM KO3((UIIMEHTOM B
BUAE Y—Y, = K(X— xo). Ecmu o6o3naunts b =y, —kx,, To nociensee ypas-
HEHME IIPUMET BU]
y=kx+b (6.4)
OTO ypaBHEHHUE M Ha3bIBAETCSl YPaBHEHUEM IPSAMOM C yIiIOBBIM K03(du-
IIUEHTOM. 37iech k- yrioBoil KoappHUIHUEHT JaHHOH MpsIMOH, a b - OTpe3oK, OT-
cekaeMblii 1aHHON mpsiMol Ha ocu Oy, HauMHas OT Hayaja KOOpAMHAT (Tpu

x=0,y=0).
1.1.5.3. Ypaeuenue npamoii 6 ompe3zKax

Paccmorpum mosiHoe (Bce koaddunmerTsl A, B 1 C oTIHYHBI OT HYJIS)
ypaBHEHHE MPSIMOK

Ax+By+C=0.
Ero moxHo 3amucats B Buge (T.k. A #0,B=0,C=0)
Xy
¢ c
A B
U 3aTE€M TIOJIOXKHTh a =—£, b=—S . [Tomyuum LAY
A A a b

IlocnenHee ypaBHEHUE Ha3bIBA€TCSl ypaBHEHHMEM NPAMOM “B OTpe3Kax’ .
Uwncna a v b paBHBI COOTBETCTBEHHO BETMYMHAM OTPE3KOB, OTCEKAEMBIX MPSIMOI
Ha ocax Ox u Oy COOTBETCTBEHHO.

1.1.5.4. Kanonuueckoe ypaguenue npamoi
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Jro0oit HeHyIJIeBOW BEKTOp, MapaJlielbHBIM JAaHHOW MPSIMOM, HA30BEM
HANPABJIAIOLIMM BEKTOPOM 3TOH IIPSMOM.
Haitnem ypaBHeHME TpsAMON, MNPOXOASIIEH Yepe3 [JaHHYK TOYKY
MO(XO, yo) Y UMEIOLLEH 3aJaHHbIA HAIIPABJISAIOLIUN BEKTOP ( = {1, m} .
Touka M(x, y) JISKUT HA YKa3aHHOM NPsIMOM TOTJA U TOJIBKO TOTrAa, KOrja BEK-
Topel M M = {x—xo,y—yo} uq-= {l,m} KOJIJIMHEAPHBI, T.€. KOIrJa UX KOOp-
JUHATHI IPONOPLHOHAIbHBI
X=X _ Y=Y
I m
OT0 ypaBHEHHE OOBIYHO HA3bIBAIOT KAHOHHMUYECKUM yPAaBHEHHUEM TPSIMOU.
B ypaBuenuu (6.5) omHO U3 4rcen | wim m MOKET PaBHATHCS HYJIIO, T.K.
3TO €CTh KOOPAMHATHI BEKTOpA. HAIpUMEP, YpaBHeHHE ocu OX 3amuiiercs Tak
x=0 y-0
1 0

(6.5)

1.1.5.5. Ilapamempuueckue ypagnenus npamou

IIpumeM 3a mapamerp t BEJIMYUHY, CTOSILYIO B IIPAaBOM U JIEBOM 4acCTsX
cooTHotmieHus (6.5), —o<t< o,
[Momyunm x—x, =1It, y—y, =mt uu
X=X, +1t
y=y,+mt

OTO0 U €CTh UICKOMbIE MapaMeTpHuUYecKre YpaBHEHHUs NPSAMOii.

1.1.5.6. Yzon mesntcoy 0syma npamovimu. Ycnosus napanneabHocmu u
NEepneHOUKyIAPHOCIU 08YX NPAMBIX

1). ITycte mpsimbie L) 1 L, 3aganer oOmmMy ypaBHEHHSIMUA

Ax+By+C =0 II Ax+B,y+C, =0.

3amada 00 ompenesneHUH yrila MeXJy NpsSMBIMU CBOJAUTCS K Ompenese-
HUIO yriaa MEXIy HOpMaJIbHBIMU BEKTOPaMH
n, = {Al,Bl} un, = {Aszz} JTHUX NPSAMBIX:

cosaL = AA, +B,B, (6.6)
VA +B] -A]+B]
VYcnosBue nmapauielbHOCTH psAMbIX L u L, 3KBUBaleHTHO KOJUIMHE-
apHOCTH UX HOPMAJIbHBIX BEKTOPOB N M N,

YcnoBue neprneHauKyIsipHoCcTy npsambIx Ly u L, momydaem u3 Gpopmyisl
(6.6) pu cosp=0:
AA,+BB, =0.
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2). Eciu npsimbie Ly u L, 3a7aHbl KAHOHMYECKUMU yPABHEHUSMHE
X=X _ Yy " X=X, Y=Y,

1, m, 1, m,

9

TO pPaccMaTpuBas MX HANPABIAIOIINE BEKTOPBI(, = {ll,ml} uq, = {lz,mz},

AQHAJIOTMYHO ciyyaro 1). umeem:
1,1, +m m,

JE+m? 12 +m?

cosQ = (6.7)

VYcnosre napajieJbHOCTH npsiMbix Ly u Ly :
I, m,

1 -
I, m,
YcnoBue nepneHIuKyJIApPHOCTH IpsiMbIX Ly u L; :
I, +mm, =0
3). Ilycte npsimele L; u L, 3amaHbl ypaBHEHUSIMU C YTIIOBBIM KO3 PHUIUEHTOM
y=k,x+b, u y=k,x+b,.

yp
L2 L:
5 31ech O, U O, - YIJIBI HAKJIOHA TIPS
P a; \\ o, Mbix L 1 L, k ocu Ox, a @- 0JiuH U3

YIJIOB MEXIy 3TUMHM NpsMbIMHA. 3

pPHUCYHKa BUJIHO, UYTO @ = 0L, — O, .

N
~
><\/

Y

OTcrona
tgo, —tga, k, -k,

tgp =tgla, —a, )= =
59 g( ? 1) 1+tga, -tgo, 1+k, -k,

T.e. yron mexay npsmeivu Ly u L, onpenensiercs mo gpopmyre:
k,-k

2z (6.8)

1+k, -k,

Ecnu B a0l popmyne momensite mectamu k; u ks , To popmyna onpene-
JMT HAM YTOJ MEXKIY MPSIMBIMH, CMEXHBIH K MpexxHeMy yray. T.K. 3TH 1Ba yria
B CyMMe€ PaBHBI T 1 MX TAHTC€HCHI OTIMYAIOTCS TOJIBKO 3HAKOM.

tge =

[Ipsmbie mapangenbnsl, ecnu tge=0, 1.e. k;=k, .

VYcnoBue nepneHIMKYJISAPHOCTH TIPsAMBbIX L 1 L, mosmyyum u3 ¢popmMyis
(6.8), T.x. tgo He cymectByeT pu k k, +1=0.

YcnoBue neprneHuKyIsipHOCTH MpsiMbIX L u Ly 3amumiem B Buje:

1.1.5.7. Hopmuposannoe ypasnenue npamoii. Omgionenue mouxku om nps-
Mot
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PaccMmoTpuM Ipou3BOIBHYO IIPsi-
myto L. YUepes nHauano koopauHat O

MIPOBEJEM NPAMYIO N, MEPIEHIUKY -

nspayto L, u 0603Haunm uepe3 P

v

X TOYKY IICPECCUCHUA 3TUX MIPAMBIX.

Ha npsimoil n Bo3pMEM €IMHUYHBIA BEKTOP N, HAIIPABJICHUE KOTOPOTO
COBIAjAeT ¢ HampasleHueM otpeska OP (ecnm Toukm O u P coBmamaior, To
HaIlpaBJICHUE BEKTOPAa N BBIOMPAEM IIPOU3BOJIBHO).

Beipazum ypaBHeHue npsiMmoli L uepes nBa nmapamerpa:

1) nnuny p otpeska OP u
2) yron O Mexay BEKTOpoM N ¥ ochio OX.
BexTop n - eqMHUYHBIN, CIEI0BATEIBHO €70 MOXKHO 3alACATh B BUIC
n= {cos 0, sin 9} (6.9)

Touka M(x, y) JIeKUT Ha IpsAMoM L Toraa u ToJbKO TOrAa, KOrjaa npoekK-

IIYsT BEKTOpa OM Ha OCh, OTIPEAEISAEMYI0 BEKTOPOM N , paBHA P:
np, OM =p. (6.10)
B CUily OIpCACIICHUA 2 CKaJIIpHOI'O IMPOU3BCACHUA, YUUTBIBAA, UYTO
|ﬁ| =1 umeem:

np, OM =(1-OM). (6.11)
YuureiBas, uto OM = {x, y} U paBeHCTBO (6.9), moayynm
(H‘GM) =xcos0+ysin® (6.12)
N3 coornomenuit (6.9), (6.10) u (6.11) momydaem, 4To TOUKa M(x, y)

JISKUT Ha TpsAMoi L Tornma u Tompko TOTaa, KOrjaa ee KOOPAWHATHI YJOBJIETBO-
PSIIOT YPaBHEHUIO
xcosO+ysinO—-p=0 (6.13)
3TO ypaBHEHHE HA3bIBACTCSI HOPMHUPOBAHHBIM YpPaBHEHHEM MPSIMOii.
[Tycte yncno d o6o3HayaeT pacctossHue OT TOUuku M 110 mpsimoii L.

Omnpenenenne. OTkimoHeHUEM O Touku M ot npsimoii L Ha3wsiBaeTcst uucio +d B
ciydae, korjna Touka M u Hauvano koopauHat O Jear 10 pa3Hble CTOPOHBI OT
npsimoit L, u uucino -d B cimyyae, koraa Touku M u O JiexkaT mo oJIHy CTOPOHY OT
npsimoit L. Ecnu xe Hauano koopauHaT O nexuT Ha npsaMol L, monoxum ot-
KJIOHEHHE paBHbIM +d B cilydae, KOrja Touka M JIeKUT 1O Ty CTOPOHY OT IHpsi-
Mo L, Kyia HampaBiieH BEKTOp N, ¥ paBHBIM -d B IPOTUBOIIOIOKHOM CITydae.

Teopema. I'eomerpuueckuii cMbICI JeBOM yacTH ypaBHeHus (6.13) coctout B

TOM, YTO JICBAA 4YaCTb 3TOr0 YPAaBHCHUA paBHA OTKJIIOHCHUIO TOUYKHU M(X, y) oT

npsimoit L, onpenensiemoit ypaBHeHueM (6.13).
Jloka3zaTejbCTBO.
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L Q CnopoektupyeM TouKy M Ha och, onpeze-
N JSIEMYIO BEKTOPOM T , 0003HAYUM 3Ty

npoeknuto Q. OTkioHeHue 6 TOYku M ot

M npsimoit L paBao PQ, rae PQ o6Go3nauaer

BEJIMYMHY HaIpaBlIeHHOro otpe3ka PQ

S|

S

\ x OCH, OIIPEACIISIEMON BEKTOPOM 1 .

W3 pucyHka BUIHO, YTO

0=PQ=0Q-0P=0Q-p, (6.14)
Ho OQ =1p. OM , a B cuny (6.11) u (6.12) momyuaem

OQ =xcosB+ysin0.

W3 nocnegnero paBenctsa u (6.14) umeem

d=x,c080+y,sin0—-p.

Otcroma monayyaeM BO3MOXHOCTb HAaXOIUTh PACCTOSHUE OT TOYKHU
MO(XO, yo) 10 mpsimon L:

d:|x0 cosO+y,sinO—p|.

1.1.5.8. Ilpugedenue obuiezo ypasnenus npamoil K HOpMUpPOGaAHHOMY 8UOY

ITycts Ham naHo obmee ypaBHenue npsimoil Ax+ By+ C = 0. Tpebyetcs

MIPUBECTH ero K Buay (6.13).
T.k. 3TH ypaBHEHUsI TOJDKHBI ONPEACIATh OJHY H Ty XKe MPSAMYI0, TO Haii-
JeTcs uucio t Takoe, 9to tA = cos0,tB = sin 0,tC = —p.

Bo3Boas B KBaapaT [Ba ICPBBIX PAaBCHCTBA U CKJIaJbIBas HUX, IMOJTYYHUM
1

VA® +B’
T.x. mo ycnoButo 3anauu p=0, To u3 paBeHcTBa tC=-p 3aKiar04aeM, 4TO
3HaK t IPOTUBONOJO0XEH 3HaKy C.

Takum oOpa3om, [ TpuBENEHUs OOIIEro YpaBHEHUS NTPSIMOUN
Ax+By+ C =0 x HOpMUPOBAaHHOMY BHUJY CJIE€IyET YMHOXHTb €r0 Ha HOPMHU-

1
VA? +B?

Otcroga odeBHIHA (OpPMYJIa JJIsI BBIUYUCICHHUS paccTOSHUS d OT TOYKH
Mo(xo,yo)z[o npamot Ax+By+C=0:
do ‘AxO + By, +C‘ .

VA? +B?

tz(A2+B2)=1HJ1M t=+

PYIOIIMI MHOXUTEND t =+ , 3HaK KOTOPOT'O IPOTUBOIOJIOXKEH 3HAKY

C.
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1.2. KpuBblie BTOPOro nopsiaika

Bynem paccmarpuBaTh JTUHHH, YpaBHEHHUS KOTOPBIX B JAEKapTOBOM CHC-
TEMe KOOPAMHAT SIBIISIOTCS aNreOpandecKuMHU YpPaBHEHUSIMH BTOPOW CTEIICHH,
TO ecTh OyJIeM paccMaTpuBaTh aJireOpanvecKre KPUBBIE BTOPOTO TMOpsaka. by-
YT pacCMOTPEHBI TPU BUJIA JIMHUW BTOPOTO TMOPSIKA: HJIIMICHI, THIEPOOJIbI 1
napa6osabl. OCHOBHOM TENBIO SIBIISIETCS 03HAKOMIICHHE C BaKHEUIITUMU T€OMET-
PUYECKMMH CBOMCTBAMHU YKa3aHHBIX JIMHHM.

1.2.1. Duunce
1.2.1.1. Onpedenenue rnnunca u 661600 €20 KAHOHUUECKO20 YPAGHEHUS

DJIMIICOM Ha3bIBaeTCA Fr€OMETPUUECKOE MECTO TOUEK Ha MJIOCKOCTH, IS
KOTOPBIX CyMMa PacCTOSTHUM OT IBYX (PMKCHPOBAHHBIX TOUEK IIOCKOCTH, Ha3blI-
BaeMbIX (hOKycamH, eCTh IOCTOSTHHAS BEJIMYMHA.

A
Y Jliist BBIBO/IA YPABHCHHS DJLIHII-
M(x,y) ca BeIOepeM cucteMy koopauHat XOY

Tak, 4To0bl (okychl smmmnca F; u F,

2 I JIe)KAJIU Ha OCHM a0CIMCC, a HaYajlo KO-

X\ OpIVHAT ACIUIO0 OBl PacCCTOSTHUE MEXK-

Fi(-c0) 0 Fi(c;0) " 1y dokycamu mononam (Puc.1). O60-
3HaunMm F F,=2c. Torma koopauHatsl

dokyca F; 6yayr (c;0), a KoOpAUHATHI
doxkyca F, 6ynyT (-¢;0).

Puc.1

BossMeM mpoun3BoapHyI0 TOUKy M(X,y), aexanryro Ha saunce. Coenu-
HUM Touky M ¢ dokycamu FF,. /Inunsl orpeskoB MF; u MF, o603HauuM coot-
BETCTBEHHO uepe3 Iy r2: MF=r;; MF,=r,. Hucna r; u r; Ha3pIBaroTCs (POKaIbHbI-
MU pagdycaMu TOYku M ssummrnca. Y4uTsiBas, YTO CyMMa I} U Iy €CTh BETUYMHA
MOCTOSTHHAS (9TO CJIEIYEeT U3 OMpPEAeNICHUs IIIUIICA) 0003HAYHM: T1+1,=2a, cle-
nyet 2a>2c¢ unu a>c. B mpoTuBHOM ciydae 1100 He CyIecTByeT TOUYEK, yI0BIe-
TBOPSIFOIINUX TTOCTABJICHHBIM TPEOOBAHUSIM, TUOO COBOKYITHOCTh 3TUX TOYEK CBO-
aures K otpesky FiFs.

Ha ocHoBanuu omnpeneneHust 3juidnca Kak reOMETpUYECKOro MecTa TO-
YEeK, MOKHO YTBEpKIaTh, YTO JUIsI BCEX TOYEK AJUIMICA, U TOJBKO ISl HHUX,
JIOJIKHO BBITIOJTHATHCSI PABEHCTBO:

ri+trn=2a (1)
Ompenenum 1) 1 1 10 GopMyJIaM PACCTOSHHS MEXIY ABYMS TOUKAMU:

2 2
I, =1/(x—c) +y (2)
r, = (x+ 0)2 +y° (3)
[locTaBinssa HaliZileHHbIE 3HAUEHUS I'| U I B ypaBHEHHE (1), momydnm:

Jox=cf +y* +(x+c) +y* =2a @)
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VYpaBueHue (4) sBisieTcss ypaBHeHHeM dJjuunca. OgHAKO TMOTydeHHas
dopMa ypaBHEHHS SBISIETCS HEYJOOHOW MMl MOJIb30BAHUSA, MO3TOMY OOBIUHO
YPAaBHCHUC 3JUIHUIICA JACTCA B UHOM BUJC.

[Ipeobpaszyem ypaBuenue (4). Ilycts M(X,y) - Touka 3JUIMIICa, TO €CTh
paBeHCTBO (4) mmeetr Mmecto. I[lepeHecemM TMepBBIA paguKal B NPaBYK YacTh U
3aTeM BO3BelleM 00e 4acTu B KBaJpar:

(X+c)2 +y’ =4a’ —4a1/(x—c)2 +y’ +(x—c)2 +y?, (5)
4cx:4a2—4a1/(x—c)2+y2;

BBIZICIMM OTCIOJIa OCTaBIITUICS PaJUKaI:

aw/(x—c)2 +y* =a’—cx  (6)

Bosgezs 06e yacTu MOCIEIHEr0 PABEHCTBA B KBAIPAT, MOJYUUM:
a’x’ —2a’cx+a’c’ +a’y’ =a' -2a’cx+c’x>  (7)

NI

OTKyJ1a
(212—(:2))<2+a2y2 =a2(a2—cz) (8)

Tak kak 1o ycjioBHIO a>C, TO a’ - ¢*>0. O603HauMM pa3HOCTh a’- cz, KaK

BEJTIYHMHY ITOJIOKUTENBHYIO, Yepe3 b’= a’ - ¢%. OueBHIHO, UTO
b’ < a’
oxncrasmsist b’= a” - ¢ B paBeHCTBO (8), MOTyIHM:
b2+ ay? = ab?,
¥ Pa3/IeNyB MOCIEIHEe PABEHCTBO Ha a°b’, OKOHYATEIHHO MOy HM:
2 2

i+l -1
a- b

[Iycte Temepsr X W y - J00bIe JEWCTBUTENbHBIE 4HuCia. Paccmorpum
ypaBHenue (9). Ilo nokazaHHOMY, BcsAKas mapa 4ucell X, y, YIOBIETBOPSIONIAs
ypaBHEHHIO (4), y0BIETBOpSAET U ypaBHEeHUIO (9). MoXHO 0Ka3aTh, 4TO U Ha-
o0apo, Bcsikas mapa 4ucen X, Yy, YAOBJIeTBopsoLas ypaBHeHuo (9) yaoBieTBo-
psiet ypaBHenuto (4). IlpousBens mpeapiyiie BHIKIAIKA B 0OpaTHOM TOPSIIKE,
MBI U3 paBeHCTBa (9) mosyuuM cHadayia paBeHCTBO (8), 3areM paBeHCTBO (7),
KOTOpOE ceifyac 3amuileM B BUJE:

a’ ((x - c)2 + y2 = (a2 - cx)%.

Wssnekas KOPCHb U3 00enx yacTel Toro PaBCHCTBA, IOJTYYUM

aw/(x—c)2 +y’ = i(a2 —cx) (10)

3amMeTuM Tenepb, 4TO B CHIy paBeHCTBa (9) momkHO OBITH [X| < a. Tak
Kak [x| < a # ¢ < a, To |cX| < a, CIeOBATENBHO, UHCIIO a° - CX TOTOKHUTEIBHO.
[TosTomy B mpaBoii gactu paBeHcTBa (10) HeoOXoAMMO B3ATH 3HAK IUTIOC. Tak
MBI IPUXOJUM K paBEHCTBY (6), TTOCIJIE Yero MOJy4YrM PaBEHCTBO (5); mocieanee
MBI HallMIIEM B BUJE:

(x+c)2 +y? = [Za —J(x—c)2 +y° T.
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Otcroga

1I(x+c)2 +y’ = i(2a —wl(x—c)z +y2). (11)

Hccnenyem Bennunny
(x-c)+y =x"-2cx +ct+y? (12)

B cuy paserctBa (9) nmeem x° < a’. Jlanee |cx| < a’, ciieoBaTeNbHO,
YUCJIO -2CX MO a0COJIOTHOMY 3HAYEHUIO MEHBIIIE 2a%. Hakonen, Taxxxe u3 pa-
BeHCTBa (9) 3aKI0uaeM, 9To y° < b%, To ecth y° < a’ - ¢* mmm ¢ + y* < a’. B cuny
STHX HEPaBEHCTB BCSA CyMMa B IpaBoii uactu (12) MeHbuIe 4a°, 3HAUNT, KOPEHE
U3 3TOil cymMmBbl MeHble 2a. [loaToMy BenwumHA, CTOSIIAs BHYTPH CKOOOK B
npaBoii yactu (11), momoxuTenpHa, cienoBarenbHO, B paBeHcTBe (11) mepen
CKOOKaMU HY»HO Opath 3HaK MItoc. Takum 00pa3oM MbI MOTyYaeM:

(erc)2 +y’ =2a— (x—c)2 +y’
OTKYyJa cpasy CIeayeT paBeHCTBO (4).

Wrak, ypaBHeHue (4) BIBOOUTCS U3 ypaBHeHUs (9), kKak U ypaBHeHHe (9)
BBIBOAMTCS U3 ypaBHeHus (4). Tem cambIM J0Ka3aHO, 4TO ypaBHeHue (9) ectb
YpaBHEHHE JAHHOI'O IIUIICA, TAK KAK OHO 3KBUBAJIEHTHO YpaBHEHUIO (4).

VYpaHenue (9) HazbIBaeTCs KAHOHUYECKUM YpaBHEHUEM D3JUIMIICA, ITO

ypaBHEHHE BTOPOM CTEMEHH; TAKUM OOpa3oM, SJUIUIIC €CTh JIMHUS BTOPOTO IO-
psaka.

1.2.1.2. Hccneoosanue ghopmut 311unca

[Ipuctynum k uzyuyeHuro (Gopmbl 3umnca. B ypaBHeHuM ssuiurca co-
JIEpKATCS TOJNBKO YJIEHBI C YETHBIMHU CTENEHSIMHU TEKYLIMX KoopauHat. OTcrona
ClIeZlyeT BakHasi reOMeTpUYecKass OCOOCHHOCTh: 3JUIUIIC, ONpeAessieMblil ypaBs-

HCHHUCM
2 2

X—2 + y_z =1,
a- b
CUMMETPUYEH KaK OTHOCUTENbHO ocu OX, Tak U oTHOcuTenbHO ocu Oy. pyru-
MU CJIOBaMH, €clIM Touka My(Xo;yo) JIEKUT Ha 3JUIMIICE, TO TOYKH M;(Xo;-Yo),
Mi(-x0;¥0), Ma(-X0;-y0), CUMMETpHUYHbIE TOYKe M) COOTBETCTBEHHO OTHOCH-
tenbHO ocu Ox, ocu Oy u Hayana O, Takxke JekaT Ha JUIUICE. DTO MO3BOJISET
u3ydeHue popMbl U MOCTPOCHUS SJUIUIICA OTPAHUUUTHCS TIEPBBIM KBaAPAaHTOM, a
3aTeM MOJYYUBIIYIOCS KPUBYIO C IOMOIUIBIO 36pPKAIbHOTO OTPAKEHHUSI TOCTPOUTH
BO BCEX YETHIpEX KBaJpaHTax. B cilyyae KaHOHUYECKOTO 3aJaHus dJUIMIICA KO-
OpJIMHATHBIE OCH SIBJIIOTCS OCSIMH CHUMMETPHUH 3JUIuIca. Touka mepecedeHust
Oceil CHMMETPUU HA3BIBAETCS LIEHTPOM JJLIUIICA.
X2 y2
N3 kaHOHUYECKOTO ypaBHEHUS AIUIUTICA a_2 +=

y= iE\/a2 -x% .
a

Tak kak HU3Yy4YCHUC (I)OPMBI QJUIAIICa AOCTATOYHO IIPOBECTU B TICPBOM
KBaJApPaHTEC, TO B 9TOM PABCHCTBC HAAO B3ATH JIMIIb 3HAK IJIFOC, TO CCTh

=1 BBIpa3uM y yepes X:
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y:E /az_xz
a

W oJjararhb, 94ro X > 0.

1) Ilpu x=0 umeem y=b. CnenoBa-
TenbHOo, Touka Bi(0;b) nexur Ha
IITUIICE.

2) IIpu Bo3pactanuu x oT 0 10 a y
yObIBaerT.

3) [Ipu x=a umeem y=0. Cnemona-
TeabHO, Touka Aj(a;0) nexuT Ha
IITUIICE.

4) Ilppu x>a mnoayyaeM MHHUMBIE
3HaueHuss y. CrenoBaTenbHO,
TOYEK UIIMICA, Y KOTOPBIX X>a,

Puc.2 HE CYIIECTBYET.

JanuM nepeMeHHOM X HECKOJIbKO 3HadeHuu, 0<x<a, W, MOJYy4YHUB COOT-
BETCTBYIOIINE 3HaUYCHUS Y, b>y>0, MOCTPOUM psiA TOYEK, MPUHAIICKAIIUX DJI-
JUINCY. YUYUTHIBasi BBHICKA3aHHBIE paHee COOOpaXEHUS W COCTUHUB HAMJICHHBIC
TOYKH SJUIHIICA TJIAaBHOM JIMHUEH, MOTyYyuM Iyry aiunca BjA| B mepBoM KBaji-
pante. IIpousBens 3epkaibHOE OTOOpakeHHE MyTH BjA| OTHOCHTENIBHO KOOP-
QUHATHBIX OCEH, mony4uM Bech diuunc. OTcroia cienyeT, YTO AIIIUIC Mpea-
CTaBJISIET COOOM 3aMKHYTYIO KPUBYIO, C ABYMsI B3aMMHO MEPHEHAUKYIISPHBIMU
OCSIMU CUMMETPHH.

Otpe3ok AA| W ero anuHa 2a Ha3bIBaeTCA 00JbILIOH OCBIO AIUIWIICA,
otpe3ok OA; u ero JjiMHa a Ha3bIBaeTCs 00JBIION MOJY0ChIo duurnca. Otpe-
30k BB u ero anmunaa 2b HazpBaroTcs Maliol ocklo 3unnca; otpe3ok OB u
ero JuinHa b Ha3bIBacTCs MaJioii moJyockro uiurnca. [immaa otpeska FoF;, To
€CTh YHUCJIO 2C, Ha3bIBaETCS (POKYCHBIM paccTosiHueM. Touku mepeceueHus -
nurca ¢ ero ocsimu Aj, Ay, By, B, Ha3pIBatoTCS BepHIMHAMM 3JUTUIICA, a TOYKA

IIEPECEUEHUs] €0 OCEH Ha3bIBACTCS EHTPOM 3JUINIICA.
2 2
X ¥
Ilpumeyanue. Ecin a=b, TO ypaBHEHHE 2JUMIICA HUMEET BUI — + ) =1
a
2, .2 .2
Wi Xty =a”. DTo ypaBHEHHE OKPYXHOCTH C IIEHTPOM B Hadajie KOOpAUHAT U
paanycoMm, paBHbIM a. MOXHO CKa3aTh, YTO OKPY>KHOCTb SBJISI€TCS YaCTHBIM
cJlydaeM 3JUIMICA.

1.2.1.3. Ixcuenmpucumem u poxkaibHvle pAOUyCcovl INIAUNCA

DKCIIEHTPUCUTETOM JJUTUIICA HAa3bIBA€TCS OTHOIIEHHE (HOKYCHOTO pac-
CTOSTHUS K JJIMHE OOJBIION OCH 3JUIHIICA; 0003HAUUB DKCIEHTPUCUTET OYKBOH &,
TIOJTY YHIM:

C
E= —.
a
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Tak kak c<a, T0 €<l, TO €CTb 3KCHEHTPUCUTET KAXKJOT0 JLIUIICA MEHbIIIE
CIMHUIIBL.
2_ .2 12
YuuteiBas, 9to ¢” =a“ - b"; mosToMy

¢® a’-b’ (b)z
OTCroaa

2
e= 1—(Ej LI
a a

CHCI{OB&TGHBHO, OKCHCHTPUCUTCT OIMPCACIIACTCI OTHOLICHHUEM oceu »I-
JIMIICA, 3 OTHOIICHUE OCEH, B CBOIO OUYEPElb, ONPEIEISICTCS SKCIEHTPHUCUTETOM.
Taxkum 00pazoM, SKCIICHTPUCHUTET XapakTepuszyeT dopmy diuunca. Yem OosbIie
SKCHCHTPUCUTCT K CAUHUILIC, TEM MCHBIIC 1 - 82, TEM MCHBIIC, CICA0BATCIBHO,

OTHOIICHHUE — ; 3HAYUT, YEM OoublIIe SKCHCHTPUCUTET, TEM 0oJiee JUIHNIIC BEITA-
a

b
HYT. Hao60p0T, yeM OOJIbIIIE OTHOIIEHUE —, TEM MCHBLUIC S3KCHCHTPHUCHUTET U
a

SJUTUIIC SIBNSIETCS MEHee BHITSHYThIM. B mpenenbHOM ciydae, korga b = a, To
€CTh KOT/Ia 3JUTUIIC 00paIlaeTcsi B OKPYKHOCTb, €ro IKCIIEHTPUCUTET oOpalaeT-
Csl B HYJIb.

[Iycts M(X;y) - mpou3BoibHasl TOYKa, JEXalas Ha JAHHOM OJJUIMIICE.
Ecnu 1 1 15 - QpokanbHble pagnyChl 3TOM TOUKH, TO

I, :1I(x—c)2 +y2;

u3 paBeHcTBa (6) . 1 cinenyert:

C
r,=a——x;
a
C
r,=a+—x;
a
C
HJIM, TaK KaK €= —, TO:
a
r =a-egx;
o =a-+ &x.

B 3ak/10ueHMe OTMETHM: U3 ONPEIEIIECHUS 3JUIMIICA HENIOCPEICTBEHHO
BBITEKAET CIIOCO0 MOCTPOSHHSI €T0 TPU MOMOIIM HUTH: €CIIM KOHIIBI HEPaCTsIKH-
MOU HUTH JUTMHBI 2a 3akpenuTh B ¢okycax F; u F, u HaTIHYTH HUTH OCTpHEM
KapaH/jaila, TO MpH ABMKEHUU OCTPHUS OHO OyAeT BHIYEPUHUBATH IUIHIIC ¢ POKY-
camu Fy u F, u cymmoii pokanbHbIX paguycos 2a.
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1.2.2. 'unep6oJ1a
1.2.2.1. Onpeodenenue cunep6ovl u 6b1600 €€ KAHOHUYUECKO20 YPAGHEHUS

'umep6omnol Ha3bIBaeTCS TEOMETPHUECKOE MECTO TOYEK Ha TUIOCKOCTH,
JUTSL KOTOPBIX PA3HOCTh PACCTOSIHHMA OT JABYX (DMKCHPOBAHHBIX TOYCK TUIOCKOCTH,
Ha3bIBaeMbIX (DOKycamMu, €CTh BEJIMUYMHA MOCTOSHHAS; yYKa3zaHHas pa3HOCTb Oe-
petcst mo abconoTHOMY 3HadeHuto. Kpome toro, TpeOyeTcsi, 4TOOBl pa3HOCTh
ObLJIa MEHBIIIE PACCTOSTHUS MEXKIY (OKycaMy W OTIMYHA OT HyJst. DOKYCHI TH-
niepOoItbl 0003HaunM uepes Fi u F,, a paccTossHre Mexy HUMU - depe3 2C.
Y Mexy) [ns  BhIBOJA ypaBHEHMS
rUnepooabl  BO3BMEM  CHUCTEMY
0y koopauHat XOY Tak, 4To0sl ¢ho-
I Kychl runep6onsl F; u F, nexanu
X Ha ocH alciuce, a Ha4yajao Koop-
JMHAT Jenwno  orpe3ok  FiFs
(F1F,=2c¢) nononam. Torga xoop-
nuHatel gokyca F; 0ynyt (c;0), a
tdoxkyca F; - uncna (-c;0).

Fx(-c;0) 0 Fi(c;0)

Puc.3

BossMmeM Touky M(X;y), Jexaniyr Ha rurepoosie, ¥ MpoBeIeM OTPe3KH
MF,; u MF,. JInuny otpezka MF; o6o3Hauum 1}, a 1uHy otpedka MF; - uepes
I

MF1 =TI1, MF2 =1

Uucna r; ¥ r; Ha3pIBAKOTCS (POKAJBHBIMHM paJuycaMH TOYKH M rumep-
601b1. O603HAUMUB pa3HOCTHh (POKATBHBIX PAAMYCOB uepe3 2a uMeeM 2a<2c Wi
a<c.

Ha ocHoBanuu ompenencHusi THIEPOOTbl KaK T€OMETPUYECKOTO MecTa
TOYEK Ha TUIOCKOCTHU, MOKHO YTBEPXKAaTh, YTO JIJISI BCEX TOYEK THUNEPOOBI U
TOJIBKO JIJIs1 HUX, IOJPKHO BBIIIOJIHATHCS] PABEHCTBO:

r-rn==x2a (1)
[To dhopmyne paccTosHHS MEXTY TBYMS TOYKAMU UMEEM:

r, =4/(x —0)2 +y’
r, = /(x+c)’+y’
[Toxcrapisis HalileHHbIE 3HAUEHUS T U I B ypaBHeHue (1), momydum:
\/(x+c)2+y2 —\/(x—c)2+y2 =12a (2)

VYpaBHenue (2) sBnsgercs ypaBHeHHeM runep6ossl. [IpuBenem ypaBHe-
Hue (2) k 6osiee y1oOHOMY BUIY:

\/(X+C)2 +y’ = \/(x—c)z +y’ +2a
Bo3zsenem o0e yacTu B KBaIpar:

(o +y° = (x=e)f +y* tday{s—c) +y* +4a’
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WIn
2
dex =4a’ +4a (x—c) +y’ 3)
Bo3Boag B kBagpat 00e 4yacTu 3TOro paBeHCTBA, HAlJEM:
¢’x’ —2a’cx+a* =a’x* —2a’cx+a’c’ +a’y’
TO €CTb

(Cz_az)xz_azyz :az(cz_az) (4)
Tax KaK I0 YCIOBHIO a<c, To ¢’ - a° >0, 0603Hadas ¢ - a° = b” (3). Iox-
CTaBUB B PaBEHCTBO (4) b =c?- a2, a 3aTeM Jejis BCe ero wieHbl Ha azbz, MoJIy-

qUM:
b2x> - azyz — 22h>
TO €CTh
2 2
X Yy
a o ©

VYpaHenuto (6) OyayT yAOBIETBOPATh KOOPAMHATHI KaXJA0M TOUYKH, Je-
*ameil Ha runep6osie. MoKHO MMoKa3aTh, YTO KOOPAMHATBI TOUYEK, HE MPUHA]-
Jexalmux rumnepoosie, ypaBHeHuio (6) He ynosneTBopsitoT. CrenoBaTenbHO,
ypaBHeHHE (6) sIBIsieTCS YpaBHEHHEM paccMaTpuBaeMoW rumepOoibl. YpaBHe-
Hue (6) Ha3bIBACTCSI KAHOHMYECKHUM YPABHEHUEM THIep0o.ibl.

1.2.2.2. Hccneoosanue gpopmot 2unepoo.ivt

3aiiMeMcs McciIeI0OBaHUEM TUIepOosIbl, ONpeaAeasieMOl YpaBHEHUEM
2 2

L
— =1
a- b

[Ipexxne Bcero 3ameTHM, YTO B ypaBHEHHUE TUIEPOOIBbI 00€ KOOPAUHATHI
BXOJISIT TOJIbKO B YETHBIX cTemeHsix. ClieoBaTenbHO, €ClM HEKOTOpas TOoYKa
Mo(X0;y0) JSKUT Ha runepbose, To Ha rumnepodosie OyayT JeKaTh TaKKE TOUKH
M (X0;-y0); Ma(-X0;¥0); M3(-X0;-yo). OTcroga ciemyet, 4To runepOosa siBiasieTcs
KPUBOW, CUMMETPUYHON OTHOCHUTEIBHO 00E€MX KOOPAMHATHBIX OCEH W Hauaja
KOOpAMHAT. DTO MO3BOJSET U3yuyeHUEe (POPMbI TUIEPOOIIBI OTPAHUYUTH MEPBBIM
KBaJPaHTOM, a 3aT€M IOJIyYHMBIIYIOCS KPHUBYIO C TOMOIIbIO 3€pKAIBHOTO OTO-
Opa)keHUs TIOCTPOUTH BO BCEX YETHIPEX KBAJPaHTAX.

B ciyuae xkaHOHHWYECKOrO 3aJaHus THIEPOOJIbl KOOPAUHATHBIE OCH SB-
JSIOTCSL OCSAMH CUMMeTpuH runep6omnsl. Takum oOpasom, rumnepboia, Kak U -
JIUTIC, - IICHTPaJIbHAS KPUBas.

Ot Havana KOOpAMHAT Ha OCH aOCIFICC BIPABO M BJIEBO OTIOXHM OTpE-
30K, JIJTMHA KOTOPOTO paBHa a, U moctpouM Touku Aj(a;0) u Ay(-a;0), a Ha ocu
OpIMHAT BBEPX U BHU3 OTJIOXKHUM OTPE30K JUIMHBI b 1 moctpoum Touku B(0;b) u
B1(0;-b). 3atem uepe3 Touku Aj, A,, By, B, npoBenem npsimbie, napauieiabHbIe
KOOPIWHATHBIM OCSIM, JI0 MX B3aMMHOTO TIEPECEYCHHS M TaKUM 00pa3oM IIo-
cTpouM mpsiMoyroiibHUK (Puc. 4), KOTOphIif HA30BEM OCHOBHBIM MPSIMOYTOJIHHH-
KOM TUIEPOOIIHI.

37
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Jst 3amevyanni

y
KL
Bi(0;b)
M
Fa(-c;Q || A2(-a;0) Ai(a;0) | Fi(c;0) X
B2(0;-b)
Puc. 4

PactBopom 1mpkyJis, paBHbIM paccTosiHuio A1Bj, U3 Hayaia KoopauHAT
KaK U3 IIEHTpa, CJellaeM 3aceuk Ha ocu adciucc. [Ipu 3ToM MBI HaiiieM TOYKH
F, u F,. [elictBurensHo, u3 npsiMoyroiabHoro tpeyroibhuka OAB;: OA;=a,
OB;=b. CnenoBarenbHO, HAa OCHOBaHUH PAaBEHCTBA
a’+b’= cz, TO ecTh B1A=c.
OnpenenuM Temepp Yy U3 KAHOHUYECKOTO YPAaBHEHHS THUIEPOOIBI

y=i2\/xz—a2 (1)

a
Tak xak HCCIICIOBAHUC FI/IHCp6OHBI 6y,Z[eT BECTUCH B IICPBOM KBAAPAHTE,
TO B 3TOM PABCHCTBC HAAO MECPC KOPHCM B34Th 3HAK IIIIOC:

y=2Nx et @)

U paccMaTpuBarth X = 0.

1) Ecin 0 < x<a, To y monyyaeT MHHMMbIE 3HaueHHs. CleloBaTelbHO, TOYEK
runepOoisl ¢ abcruccamu X, 0 < x<a He CyIecTBYeT.

2) Ecnu x=a, To y=0. CnenoBatenbHo, Touka A(a;0) mpuHAIICKUT TUIIEpOOIIE.

3) Ecnu x>a, To y>0, npuuem rnpu Bo3pacTaHUU X BO3pPAcTaET U Y.

Korza x HeOrpaHH4eHHO BO3pACTacT, y TAKXKE HEOTPAaHUYCHHO BO3pacTa-

er. CrnenoBaresnbHO, MPU HEOTPAHUYEHHOM BO3PACTaHUU X BETBb TI'MIIEPOOJIBI
YXOJIUT B OECKOHEYHOCTb.
Otcrona cienyert, 4ro runepoosia nNpeAcTaBiIsieT co00i KPUBYIO, COCTOSIIYIO U3
JIBYX OCCKOHEYHBIX BETBEH (IIs1 TPaBOil BETBH I - Iy = 2a, JJI JICBOU I} - I = +
2a) ¢ AByMsI B3aUMHO NEPNEHAUKYIISPHBIMU OCSIMM CUMMETPUH, IPUYEM HH OJ-
HOW TOYKH TUMepOoIIbl He HAXOUTCS BHYTPH OCHOBHOTO MPSIMOYTOJIbHHKA.

OTtpe3ok ArA| U ero anuHa 2a Ha3bIBAIOTCS AeHMCTBUTENbHONH OCHIO TH-
nep6obl, oTpe3ok OA; M ero AMuHAa a Ha3bIBAIOTCS AeHCTBUTEIbHOM MOJIY-
ockI0 Tunep6oisl. Otpe3ok B,B; u ero mimHa 2b Ha3pIBalOTCS MHUMOI 0CHIO
runepOoisl; oTpe3ok OB u ero mimHa b Ha3bIBAIOTCSI MHUMOI MOJIYOCHIO THU-
nep6obl. nuHa 2¢ orpes3ka FoF; Ha3piBaeTcs pokycHbIM paccTosinueM. Tou-
KA TIEPECCUCHHS] TUTIEPOOIIbI C JCHCTBUTEIBHONH OChI0O A; M A, Ha3bIBAIOTCS
BepLIIMHAMM TUNEepOOIIbI.
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ACUMNTOTHI THIIEPOOJIBI

[Tycte I' - kakas-uuOyap uHMUS, M - IepeMeHHasi TOUYKa Ha HEW, a - He-
KoTopas npsmMas. Eciiu Bo3MokHO Takoe ABukeHue Touku M no auauu [, yTo:
1) Touka M yxonuT B 6€CKOHEYHOCTS;
2) mpu 3TOM PaCCTOSTHUE OT TOYKU M 10 IPSIMOM a CTPEMHUTCS K HYJIIO, -
TO TOBOPST, YTO JIMHUS [’ acCCUMNTOTHYECKH TpUOJIMKaeTcs K npsMon a. [psi-
Masi a B TAKOM CJIy4yae Ha3bIBA€TCsS aCUMOTOTON TuHUM [ .

AcHUMIITOTaMH TUTIEPOOITBI HA3BIBAIOTCS MIPSIMbIE, IMEIOIINE YPABHECHUS

y=hx Hy=—hx 3)
a a

OTH IMPAMBIC ABJIAIOTCA JUAroOHaJIsIMU OCHOBHOI'O IIPAMOYT'OJIbHHUKA. Ilo-
2 2

X ¥
CTpPOUM THUIEPOOITY PEae) =1 U paccMOTpUM KaKyro-HHOYyAb TOUKYy M(X;y),
a
JeXKaIIyI0 Ha TUIepOosie B IepBOM KBaJpaHTE.
BersicHuM, Kak B MEpBOM KBaJpaHTE IO Mepe BO3pacTaHus X OyIeT u3-

b
MEHSTBCS PAacCTOSHUE OT TOYKM M rumepOoibl 10 acuMNToThl y = —X . O6o-
a

. b
3HauuM yepe3 N Touky acuMmnToThl ¢ abcuuccoit x: N(x;Y), rne Y=—x . Torna
a

Y—y:Ex-E\/Xz—az=E(X—\/X2—a2) (4)
a a a

Tak kak a < X, TO B CKOOKax MepBOE CIaraeMoe Bcerja 0oJbIle BTOPOro,
cnenoBaTenbHO, Y-y>(0, a 3TO 03Ha4aer, 4YTO MpH OJHOW W TOW ke abcrucce
TOYKA THUIEPOOIIBI JISKUT MO COOTBETCTBYIONIECH TOYKON aCUMIITOTHI.

[Ipeobpasys HepaBeHCTBO (4):

2
MNZY—y:E(X—\/xz—aZ)zR a = ab , (5)
a ax+4x’+a®  x+x*+a’

yoexxaaemcsi, 4To AnuHa oTpe3ka MN mo mepe Bo3pacTaHusi X YMEHbBIIAETCS, U
KOT'JIa X HeOTpaHUUEHHO pacteT, To MN crpemuTtcs K Hymro. Tak kak MN 00J1b-
me paccroaaust MK ot touku M 110 acumntoTsl, To ipu 3ToM MK 1 nomaBHO
CTPEMUTCS K HYIIIO.

AHaNOTrU4YHOE PacCy’kKIEHUE MOYKHO ITPOBECTHU B JTFOOOM KBaJIpaHTe.

b
Urtak, mpsimple y=t—X B CMbICIE ONpEICIICHUsI SABIAIOTCA
a

acuMIITOTaMHt FI/IHep6OJ'II>I

[\S]
[\

s::N|><
%)

[Tpu nocTpoeHun TunepooIIbl OOBIYHO CTPOST OCHOBHOM MPSIMOYTOJIBHHUK
U MPOBOJAT ACHMIITOTHI, TaK KaK OHHU MMO3BOJISIFOT TOYHEE BBIUCPUYMBATH THIIEP-
oomy.
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NI

PaBHoOOuYHasi runepoo1a

Bo3bMmeM kaHOHHMYECKOE ypaBHEHUE THIIEPOOIIbI
2 2

X ¥y
a’> b’
B cnyuae, koraa a=b, ypaBHeHue runepO0IIbl HIMEET BU]T
XZ y2 _1
a’ a’

2 2 2
X“-y'=a~ (6)
['unepOona, y KOTOpOIi OIyocH a ¥ b paBHBI, HA3bIBACTCS PABHOOOYHOM

runep6oJioii. YpaBHeHue (6) Ha3bIBaeTCsl ypaBHEHHUEM PaBHOOOYHON runepoo-
7. Tak Kak OCHOBHOW MPSMOYTOJIBHUK 3TON THIEPOOJIBI SBISETCS KBAAPATOM,
TO aCUMITOTHI PAaBHOOOUYHOU rUMepOOIIbl OYIyT NEPICHIUKYISPHBI APYT APYTY
(Puc. 5)

Puc. 5
ConpsikeHHasi runep6oJia

Paccmorpum ypaBHeHUE
2 2
XYy
——-==-1(7
2 (7
[IpencraBum ypaBHenue (7) B clieyromieM BUIE:
2 2
yo X
v e ©
OueBuaHO, YTO ypaBHEHHE (8) mpeacTaBisieT coO0W ypaBHEHHE THIIEP-

00JIbI, Y KOTOPOU JEHCTBUTEIBHOM OCHIO SABJISIETCS OCh OPIMHAT, @ MHUMOU - OCh
abcruce.

ITocTporM OCHOBHOI NMPAMOYTOJBHUK, IIPOBEAEM aCUMIITOTBHI U IIOCTPO-

uM runepoomy (7). Jlanee B To# ke cUCTeMe KOOPWHAT MOCTPOUM (ITyHKTHPOM)
(Puc. 6) runep6omy
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Puc. 6
2 y2 X2 y2
OuyeBUIHO, YTO TUTIEPOOITH — —*5=1n ——*5=-1 nmeror oOrue
a b a b

acuMNTOTHI. Takue mnep60m>1 Ha3bIBAIOTCA CONMPAKCHHBIMU.

BriBeniem Teneps ypaBHEHUE TUIIEPOOIIBI, ACUMIITOTAMH KOTOPOH CITy>Kat
OCH KOOpAMHAT. Bo3bMeM ypaBHEHHE PaBHOGOUYHOI THIEpOOIb X - y2 =a'u
PaccMOTPUM ypaBHEHHE ATOW THIIEPOOIBI B HOBOM cucteme koopauHaT X OY',

. . . V2
HOJYYEHHOH U3 CTapoil MOBOPOTOM OCeil KOOPJMHAT Ha yToJl 0= y (Puc. 2).

Hcnone3yst 1u1st 3TOr0 (OpMYJIIBI TOBOPOTA OCEH KOOPANHAT:
X =X cosa - y sina,;
y =X sina + y'cosa,
NOICTaBMM 3HAUCHHS X, Y B YpaBHEHUE TUIIEPOOJIBI:
-yr=a,
HOJTYy4HM:

‘ ( ﬂ-) ‘ ' ( ﬂ-j 2 ‘ | [ 7[) ‘ ( ﬂ-j 2 2
XCOS§f —— | —-ySm| —— —|XSm| —— +y COS| —— =a
4 4 4 4

a’ .
O06o3Havas e C, MOJIyYUM X'y =C.

VYpaBHeHHE paBHOOOYHOI rumepoosIbl, A1 KOTOPOM KOOPAWHATHBIE OCH
OX u OY sBAsAIOTCS aCUMOTOTaMH, OyZEeT UMETh BUJ:
Xy =c¢
WIn

C
y==_-
X
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st 3amevyaHui

1.2.2.3. Ixcyenmpucumem u hoxanvHvie paouycol 2unepoonvt

DKCLIEHTPUCUTETOM THIEpOOsbl Ha3bIBA€TCS OTHOLIEHHE (OKYCHOTO
paccTosHUS K JJIMHE €€ IeHCTBUTENBbHOM OCH:

2c c
— =g WM —=¢&
2a a

Tak xak y runepOoIsl ¢>a, TO SKCUEHTPUCHTET THIIEPOOIIBI OOJIbINE eaH-
HHIBL. DKCIIEHTPUCHUTET XapaKTEepU3yeT OTHOIIECHHE CTOPOH OCHOBHOTO IPSIMO-
yTOJIbHUKA, a CIIEIOBATENLHO, U (POPMY CaMOi TUIepOoJIbl.

doxanbHbIEC PAIHYCHI

N3 onpenenenus runepOoIbl (17151 IpaBOil BETBHU) CJIEIYET:

I, = (X—c)2 +y’ =x-a
a

c
Tak kakri -1, =2a, 0T, =—X+2a.
a

Takum oOpas3oM, mosydaeM (GOpMyIbl, BbIpaxkarmoume (okanbHble pa-
Jychl 10001 Touku M(X;y) mpaBoii BETBU Yepes X:

c
I, =—Xx-—aj
a
(1
c
r, =—X+a.
a

Jyist meBo¥ BETBH 3T (DOPMYJIBI TPUMYT BHUI:

C
I, = —(—X —a);
a
C
{Exva).
a

Bripaxas dopmynst (1) u (2) yepe3 SKCHEHTPUCUTET, TOTYYUM JI TO-
YeK MpaBoOi BETBH I'MIIEPOOIIBI:

2)

I,

I, =€6Xx—a
3)
r,=¢6Xta
JUTSL TOYEK JIEBOW BETBHU TUIEPOOITBI:
r, =—(&x—-a)
(4).

r, =—(& x+a)
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Jst 3amevyanni

1.2.3. Ilapadoaa
1.2.3.1. Onpeodenenue napabo.ivl u ee ypagHenue

ITapa6oJioii Ha3bIBaE€TCS T€OMETPUUYECKOE MECTO TOYEK HA IUIOCKOCTH,
Ka)KJ1asl U3 KOTOPBIX PaBHOYJAJICHA OT JAHHOW TOYKH, Ha3bIBAEMOU (POKYCOM, U
JAaHHOU MPsSMOI, HAa3bIBAEMOW JMPEKTPUCOH (TIpEAonaraeTcs, 4Yro 3Ta npsmas
HE TIPOXOHT depe3 HoKyc).

Jlst BBIBOAA ypaBHEHUs 1mapaboiibl 32 och OX BO3bMEM IPSIMYIO, TPOXO-
JAIy0 dyepe3 (OKyC HNEepHeHAUKYISIPHO AUPEKTpUce. 3a MOJ0KUTEIbHOE Ha-
npaBJeHUEe Ocu a0CIIicC BO3bMEM HAIPABICHHUE OT AUPEKTPHUCHI K (POKYCY.

M(x;y)
KB y Xy
vy
_p
2 0 N X

Puc. 7

3a Havayo KOOpAMHAT BO3bMeM TOUKy 0, KOTOpas AETHUT TOIMoJaM OTpe-
30K OT JAMPEKTPHUCH 10 (okyca. JIMHY 3TOro OTpe3Ka, KOTOPHIA Ha3bIBACTCS
napaMeTpom napaooJibl, 0603HaunM uepe3 P. dokyc F Oyner umers koopau-

HaThI (g;Oj , @ KoopauHaThl Touku ocu OX, yepe3 KOTOPYIO MPOXOAUT JUPEK-

Tpuca, OyyT (—%;Oj .

BossMeM nponsBosibHYI0 TOUKY M(X;Y), JIeKalryto Ha rnapadose, coeau-
HUM €€ TpsIMoi ¢ Toukoi F, a 3aTeM omycTuM u3 TOuku M Ha JTUPEKTPUCY Tep-
neaaukynsip MK. [InunHa oTpeska, coenuHsomero Touky M(x;y) mapabomsl ¢
dokycoM, Ha3piBaeTCsd (POKAJBHBIM PATUYCOM JTON TOUYKHM M 00O3HAYAETCS
yepes r (Puc. 1).

CornacHo onpeeneHnto napadbobl:
FM = KM (1)
Omnpenensist FM u KM no ¢gopmyiie paccTosiHUS MEXAY IBYMsI TOUKaMH,
MOJIyYUM:
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KM = (x+§]2 +(y—y)2

CrnenmoBaTensHO,

SE R S

VYpaBHenuto (2) OyayT yAOBIETBOPATh KOOPAWHATHI KaX/10M TOYKHM ma-
paboubl.

[IpuBenem ypaBHeHHe napadosbl Kk 6osiee y100HOMY BUAY, 7S YETO BO3-
BeJleM 00€ JacTu paBeHCTBA (2) B KBaIparT:

p’ p’

XD —pX+—+y = —+pX+X
p 4 y 4 p

Otkyna,
y=2x ()
VYpaBHueHnue (3) Ha3bpIBacTCS KAHOHUYECKMM YpaBHEHHEM MapadoJibl.
Conocransis paBeHcTBa (1) U (2), MOKHO BBIPa3UTh (POKAJIBHBIN paguyc TOUKH
M(x;y) mapabosbl yepe3 abCUCcCy ITOH TOUKHU:

p
r=—+x 4).
5 (4)

1.2.3.2. Hccneoosanue ghopmul napadoivt

Jlns onpeneneHus BUaa napadosibl HAWJEM y U3 KaHOHUYECKOTO ypaBHe-

HUS 11apadoJIb:
y =+1.2px.

W3 ypaBHenust (3) 1.7 cieayer, 4TO X HE MOXKET ObITh OTPUIATEIHLHBIM.
[Ipu x=0, y = 0, cnenoBatenpHO, Touka O(0;0) mexut Ha mapabomue. 3areMm 3a-
KIIIOYaeM, YTO KakJI0My 3Ha4€HHUIO X>( COOTBETCTBYET /1B 3HAYEHUS Y, PAaBHBIX
o aObCOMIOTHON BENIMYUHE, HO MPOTUBOMOJIOKHBIX MO 3HaKy. CleaoBaTeNnbHO,
napaboia MpeACTaBIseT COOOH KpUBYIO, PACMOJIOKEHHYIO BIPAaBO OT Hadaja
KOOPJIMHAT U CHMMETPUYHYIO OTHOCUTEIILHO OCH a0CIIHCC.

y M(x;y)
K
L
T
_b
) 0 F X
P
2
D
Puc. 8
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N3 dhopmyisl (3) .7 ciaeayeT, 4To MO Mepe BO3PACTaHUsI X BO3PACTACT U
ly|, ¥ Kora X HEOrpaHUYEHHO PAaCTEeT, TO U y T0 a0COIIOTHOW BETMYUHE HEOTpa-
HUYEHHO PacTeT.

VY mapaGouibl, 3aJaHHON KaHOHMYECKUM YpaBHEHUEM y2=2px, 0CbI0 CHM-
MeTpHH sBJIsieTcs och abciuce. Touka nepecedeHus mapadosbl ¢ OCbI0 CUMMET-
pUM  Ha3bIBaeTCs BepIIMHON mapabonbl. B nmaHHOM ciywyae BepIiunMHa
napaboIIbl JIGKHUT B Hayajle KOOPAUHAT. 3aMETHM, YTO y MapaloJibl O/1HA BEPIIH-
Ha, y TUIIEepOOIIbI - IBE, Y AJUIUIICA - YETBIPE.

[IpoBeaem Ha Puc. 1 dokanbHBI paanyc NMEPHIEHANKYISIPHO OCH CHM-
MeTpuu U onpenenum muHy LF o dopmyne (4) n.7. Tak kak abcuucca TOYKA

L paBHa R, to r=p. CnenoBarenbHo, yncio P paBHseTcs anuHE (HOKAIBLHOTO
panuyca, NepneHauKyJIIpHOro K OCM CUMMETpUU. B cBsA3M ¢ 3TuM uuncio P Ha-
3bIBAIOT (POKATBHBIM MapaMeTPoOM MapadoJibl.

ITapaGona, ypaBHEHHE KOTOPOH Y =2px, p>0, ABIAETCS KPHBOM, paciio-
JI0’KEHHOM CIpaBa OT OCH OpJIMHAT.

KpuBasi, ypaBHEeHHE KOTOpOil y =-2px, p>0, GymeT Takxke mapabGooii.
Bepmmna 3T0i# napa0osl JeKUT B Hadasle KOOPIUHAT, OCBI0 CUMMETPUH SIBIIS-
ercst ock abcmmcc. Bee Toukm 3TOi mapabonbl jear ciieBa OT OCH OpAWHAT
(Puc. 9, a)

-

v

v

0) B)
Puc. 9

Paccyskasi aHaIOTHYHBIM 00Pa30M, 3aKIII0YAEM, UTO YPABHEHHE X-=2Dy,
p>0, siBiIsIeTCS ypaBHEHHEM IMapaboIibl, BEpITUHA KOTOPOH JIGKUT B Hadaje KO-
OpJIMHAT, OCBI0 CUMMETpPHH sBIsIeTCs ock opauHaT (Puc. 9, 6). Ora mapabona
JIGKUT BBIIIE OCH aGcIuce. YpaBHEHHe ke BUaa X =-2py, p>0, sBIsSETCS ypaB-
HEHUEM TapadoIbl, JIeKAIIeH HIDKE OCH a0CIHCcC, ¢ BEPIIMHOW B Havaie Koop-
nuHaT. OChl0 CUMMETpUH 3TOM napabossl siBisgeTcst ock opaunar. (Puc. 9, B).

IIpumeuanue. YcnoBumMcs, HariasgHOCTU paau, TOBOPUTh, YTO “BETBH
2 2
napabonsl y=2px (p>0) “HampaBiieHbl BIpaBo”, “BeTBH’ MNapaboibl X =2py
(p>0) “nampaBieHbI BBEpX U T. 1.

1.2.4. O011ee cBOWCTBO KPUBBIX BTOPOIo0 MOPSIAKA - 3JUIMIICA, THIIEPO0JIbI
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U apadoJIbl

1.2.4.1. /lupekmpuca rnnunca cunepoonsvt u napadoivt
2 2
X

[TocTponm 3JUTHIIC, 3aJaHHBI KAHOHUYECKUM YPaBHCHHEM —- + DA
a

b2

3areM OCTPOHUM JIBE MpsSIMbIe, MEPIEHANKYIISIPHBIE K OOJIBIION OCH AIIIHIICA, Ha

a a
paccrosauun — (Puc. 1). OTu npsiMble, ypaBHEHUSI KOTOpPBIX OyayT: X= — U
& &£

a
X = -—, Ha3bIBAIOTCA JUPEKTPHCAMH JJLITHIICA.
&

y

K, [ ~WM K

(v N
F I |

L, 0 N /L

Puc. 10

a
IIpu ux MOCTPOCHUHU CIIELYET YUECTh, YTO — >a, TaK KaK dKCLICHTPUCUTET
&

ymrca £>1.
. a
[IpaBas aupekTpuca, ypaBHEHHE KOTOPOH X = — , OyJeT MPOXOAUTH Tpa-
&

a
BEe BEPUIMHBI 3JUIAIICA A}, a JieBas AUPEKTPHCA, ypaBHEHHE KOTOPO X = -—, -
&

neBee BepuHbl dmutunca A, (Puc. 10).

IToctpoum runepboity, 3aJaHHy0 KAHOHUYECKUM ypaBHEHHEM
2 2

Xy
=1
a- b
U JBC TPsMBIC, MEePICHIUKYIISIPHBIC ICHCTBUTEIBHOW OCH THUIEPOOJIBI H CHM-

a
MCTPUYHO PACIIOJIOKCHHBIC OTHOCUTCIIBHO LCHTPA HAa paCCTOAHHUU, PABHOM —
&

(Puc. 11):
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F» IJof OfL: 1 N

D2 Di

Puc.11

a a
OTu npsMble (UX YpaBHEHUS X = — M X = - — ) Ha3bIBAIOTCS JUPEKTPH-
£ £

caMH runepo0Jibl (COOTBETCTBEHHO, IPABOM U JIEBOM).

a
[Ipu ux MOCTPOEHUU CIIEYET y4eCTh, UYTO — <a, TaK KaK KCIIEHTPUCUTET
&

runepoosisl £>1.

a
[IpaBass nupexTpuca runepOobl (X = —j OyZeT MpoXOoauTh JIeBee Ipa-
£

a
BOM BepIIMHBI THIEPOOIBI A}, a JIeBask TUPEKTpHUCA TUIEPOOIIBI (X = - —j Oy-
g

JIET MPOXOJIUTH TIPaBee JICBOU BEPIIMHBI TUTIEPOOITHI Aj.

C moMomipl0 JUPEKTPUC M IKCIICHTPUCHUTETA MOXHO BBISIBUTH 0OIIIEe
CBOICTBO, MpHUCYIee KPUBLIM BTOPOTO MOPSIKA: 3JUIUICY, TUliepOosie U mapa-
6omne. mMeer MecTo credymomias TeopemMa: OTHOILIEHUE PACCTOSHUN OT MPOU3-
BOJIbHON TOukKM M(X;y) mo00il M3 3THX KPUBBIX A0 (hOKyca M 10 COOTBETCT-
BYIOIIEH IUPEKTPHUCHI €CTh BEJIMYMHA TOCTOSIHHAs, paBHAs SKCUECHTPUCHUTETY
KpuBOil. JlokaxeMm 3Ty TeopeMmy IOCJIeOBATEeIbHO JJIsl AJUIUIICA, TUIIEPOOIbl U
napa0oJIbl.

Joka3aTeabceTBo. Ilycts y smunca Fy - mpasslit ¢pokyce, npsimast DL -
npaBasi qupektpuca. F, - neBwiii pokyc, D,L, - neBas mupekrpuca (Puc. 1).
Bo3bmeM Ha ssuinrice MpoM3BOJIBHYIO TOYKY M(X;y), COEAMHHUM €€ OTpe3KaMu
MF; u MF; (MF,=r;, MF,=r;) ¢ dokycamu u OIyCTUM U3 HEE MEPIEHAUKYISPHI
MK, u MK, Ha o6e mupexrpucsl (MK;=d; u MK,=d,) u Ha ocb OX. Tpebyercs
JI0Ka3aTh, 4TO

n_n_,
dl d2

Ha ocHOBaHWM BBIBEJICHHBIX paHee GOPMYIT HUMEEM:

r=a-gex, rnp=atex,

— —— a
d,=0OL, -ON =—-x
&
(3meck N - ocHOBaHME MEPIICHIUKYJISIpa, OMYIIEHHOTO 13 ToYku M Ha ocbk OX)

d, =L20+ON:3+X
€
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r T
Breraucnsas oTHOIIEHUS L n 2 , [IOJTYy4YHM:
1 2

r, _a-gx (a-ex)s

d a_ a—¢&x
&
r, atex (a+8X)8
—_— = = = &.
d, a a+ex
—+X
&

TakuMm O6p2130M, JaHHas TeopEMa JId SJIJIMIICAa JOKa3aHa.

[Tycts y runepOomnsl F; - mpaBsiit Gpokye, DiL; - cooTBeTcTBYIOMmIAs €My
npaBasi aupekrpuca, F, - neBbiii ¢okyc, DL, - cooTBeTcTByIOmas eMy JeBas
mupektpuca (Puc. 11). Bo3bMem Ha rumep0oiie Mpou3BOIBHYIO TOUKY M(X;Y),
coemnauM ee ¢ (okycamu FiM=r|, F;M=r,, 3aTeM u3 Touku M omycTtum mep-
neHauKysipel Ha 06e mupekTtpucel KiM=d; u K,M=d,. Tpebyercsa moxa3ars,
4TO

I.1 r2
dl d2

[TpumeHnsist BBIBEZCHHBIC paHee POPMYIIBI, TOTyUUM:

rn=-atex,rp=atex,

=¢&.

— a
d, =ON-OL, =x—-—
g
a
d,=ON+L,O=x+—
g
U, CJIEI0BATEIBHO
I, -a+éex _—(a—gx)g
d _a ex—a ’
g
r, atex _(a+£x)g_
a Xx+a
d, i d &
g

Taxum oOpa3oM, 1aHHast TeopeMa JJOKa3aHa U JUIsl TUIIEPOOIIBI.

Yro kacaercs mapabosbl, SBIAIOLICHCS T€OMETPUYECKMM MECTOM TaKUX
TOYEK, KOTOpbIE paBHOYAAJECHbI OT (POKyca U AUPEKTPUCHI, TO JUI JIHOOOH TOUKU

r
napabosibl Oy/eT CIpaBeIMBO PaBEHCTBO 1 =1, roe d - pacCTOsIHHE OT TOYKH

napabosbl 10 AUpeKTpuchl. MHave, OTHOIIEHHE pAacCTOSHUN OT JIIOOON TOUKH
napaboiibl 10 pokyca U 10 AuUpeKTpuchl paBHO eaunuie. [lo anamnoruu ¢ oc-
TaJbHBIMU KPUBBIMU BTOPOIO MOPSAKA, 3TO MOCTOSIHHOE OTHOILIEHHWE Ha3bIBAIOT
OKCIEHTPUCUTETOM mapadonsl. ClieoBaTeNbHO, SKCICHTPUCHUTET MapadoIIbl
paBeH enuHULE. Teopema MOJHOCTBIO JOKa3aHa.
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Caencrue. [ paccMaTpUBaeMbIX KPUBBIX BTOPOIO MOPSIKa MOXHO
JaTh ciefyroliee olliee onpeesieHUe: KpUBble BTOPOTro MOPsIKa eCTh TeOMeT-
pUYECKHE MECTa TOUEK Ha MJIOCKOCTH, OTHOILIEHHE PACCTOSIHUNA KOTOPBIX 10 (o-
Kyca M JI0 COOTBETCTBYIOLIEH NUPEKTPUCH] €CTh BETUYHMHA IIOCTOSIHHAS, paBHAs
€, IpuueM y 3iuinnca €<1, y runep6ossl €>1, y mapadosnsl e=1.

1.2.4.2. llonapnoe ypasnenue Kpugoi 6mopo2o nopAaoKa

[Tonp3ysich 0OUIMM CBOMCTBOM 3JUTUIICOB, TUIIEPOOI U apadoJl, BBIBEAEM
o0miee ypaBHEHHE ITHX KPUBBIX BTOPOTO TOPSIKAa B MOJSPHBIX KOOPIMHATAX
IPU HEKOTOPOM CIELMATBHOM BBIOOPE MOJSIPHONW CUCTEMBI KOOPANUHAT.

[Tycte naHa mMpoW3BOJIbHAS W3 YKa3aHHBIX JIMHUH (3JUIMIC, BETBb THIIEp-
6061 win napabona). Bozemem ¢oxyc F xpuBoit (J1to00#, eciii ux /Ba) U COOT-
BETCTBYIOIIYIO €My AUPEeKTpUcy L (ecnu paccmarpuBaeTcsi BETBb TUIIEPOOIIBI, TO
Oepetcst GOKyC M TUPEKTpHUca, OJIMKAUIITNE K TON BETBH).

BBenem nossipHyto cucTeMy KOOpIMHAT Tak, yToObl noitoc O coBmai ¢
¢okycom F, a monspHas och Oblla HampaBjeHa MO OCH CUMMETPHHU KPHUBOH B
CTOPOHY, IPOTHUBOTIOJNIOKHYIO TUpeKTpHce L.

Bo3bmem Ha KpHuBOI POM3BOJIBHYIO TOUKY M(p;P), COEAUHUM €€ OTpe3-
koM FM c¢ ¢oxycom u onyctum neprnenaukyisip MK nHa nupexrpucy. Kpome
Toro, u3 Touku F nposenem nepnenaukyissp FR k nmonspHoi ocu 1o nepeceue-
HUS ¢ KpuBOM B Touke R, a u3 Touku R onmyctum nepnenaukyiisip RQ Ha nupek-
Tpucy (Puc. 12).

O6o3naunm FR=p u Oyxem Ha-
M 3BIBaTh ATO YHCIO (POKAJTBHBIM Mapa-
K R METPOM.
Q P Ha ocHOBaHMM 00IIErO CBOMCT-
¢ Ba KPUBBIX BTOPOTO MOPSIIKA
FM
D PN X, P ——=gFM=p,KM =DF +pcos¢
KM
ITo Tem ke cooOpakeHUsIM:
L FR .
—— =& WM —— = &, OTKyJa
QR DF Y
P
DF =—
&
[ToncraBum HalineHHble BblpakeHus mia FM u KM B paBeHCTBO
FM
—— = &, IOJIy4YUM:
KM
1% — ¢
P + pcos @
& (3)
__ b
l-¢cosep
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VYpaBuenue (3) Ha3bIBaeTCsl ypaBHEHHEM KpPUBOW BTOPOrO MOps/IKa B
NoJSIpHBIX KoopauHatax. [Ipu €<1 kpuBas gBIsSE€TCS IIUINCOM, NpH €>1 - BET-
BBIO TUITUEPOOJIBI, IPH £=1 - mapaboIIoii.

doxkanpHBI TTapamMeTp P 13 ypaBHeHUs mapaloJibl OMpenesnseTcs Hemo-
cpenctBeHHo. Jlyis Toro, 4yToObl (hOKaIbHBIA MapaMeTp BBIPA3UTh uepe3 mapa-
METPBI 3JUIMIICA U TUTIEPOOIIBI, CIeAyEeT 3aMETHTh, YTO (OKAIBHBIN mapametp P
SIBIISIETCS OPJIMHATONW TOYKW KPUBOM, abCIycca KOTOPOH paBHA abCLUCcCe COOT-
BETCTBYIOIIET0O (pokyca (B BEIOpAaHHOM MPHU BBIBEJICHHH KAHOHUYECKOTO ypaBHE-
HUS COOTBETCTBYIOMIEH KpuBoii cucteme XOY).

[ToacraBnsisi BMECTO KOOpAMHAT TOYKKM M(X;y) B ypaBHEHHE 3JUIHAIICA

Xy : :
] + Is) =1 KOOpAMHATHI TOUKH (-C;p), MOTYUUM:
2 2 2 2 2 2 2
C ¢ a —-c b
Sl ctwm P15 S8 0
a~ b b a a a
OTKyJa ClIeayeT
b2
p=—
a

AHaJ'IOl"I/ILIHO, MNOoACTAaBJIsIA B YPAaBHCHUC FI/II'Iep6OJH)I KOOpAWHATBI TOYKH
(c;p), mosry4ymum:

c c - —a
S-Pctwm 22222
a b a a
OTKY/JIa CJIEYET COOTHOIICHHE
b2
p=—.
a

PaccMoTpuM HECKOIBKO 3a71a4 HA KPUBBIE BTOPOrO MOPSIAKA:

3amaua 1.

JlaHO ypaBHEHHE THUTIEPOOJIBI 16x2-9y2=144. Haittn gnvnbl ee oceit, Ko-
OpAMHATHl (POKYCOB, OSKCIEHTPUCHTET; COCTAaBUTh YypaBHEHUS AUPEKTPHUC U
ACHMIITOT TUIIEPOOJIBI.

Pemrenue.
[TpuBenem ypaBHeHHE rUNEpOOIIbI K KAHOHUYECKOMY BUAY U ONPEACTHM
KaK mapameTpbl TUIEpOOoIIbl, TaK U PACCTOSIHUE C OT Hayaia KoopAuHAT 10 ¢o-

Kyca:
2

2 2 2
16x _9L:1 S Xy _
144 144 9 16

2

c 5
oTKyna a=3, b=4, c =+/a’ +b’ =5, IKCIEHTPHCHTET €= — = 3
a

JletictBuTenbHas och 2a=6; MHMMas 0Cb 2b=8.

YpaBHEHUs TUPEKTPUC: X = J_r% .
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YpaBHEHHs aCUMITOT: y = = —X.

(VSN N

3agaua 2.
COCTaBI/ITL ypaBHeHI/Ie JJIJIHUIICA, CI/IMMCTpI/I‘-IHOFO OTHOCUTCJIBHO KOOp-
345

2

JMHATHBIX OCEH, 3Hasi, YTO OH MPOXOIUT yepe3 Touku M;(2;3) u M, [l;

Pemrenue.
y‘-II/ITLIBaSI CI/IMMeTpI/I‘IHOCTb SJIJIMIICA OTHOCHUTCIILHO OCGﬁ KOOpI[I/IHaT,
2 y2
€ro KaHOHHWYECKOE ypaBHEHHE OyJeT UMETh BUI: —2+b—2 =1 u BMecTO TeKy-
a

IIMX KOOPAMHAT IOACTaBUM B 3TO YPaBHEHHUE CHaudajaa KOOPAWHATHI TOUKU M|, a
3aTeM KOOpAUHATHI TOYKUA M. 13 momyuyuBIIencs CUCTEMbl yPaBHEHUMN:

4 9
a—2 + b_2 =1
1.%
a’ 4b’
OTIpeNIeIMM IapaMeTphI AIUIHIICA a U b.
O0603HauuB
1 1
MOJIyYHM CJIEYIOUIYI0 CHCTEMY YpaBHEHHI:
4m+9n =1
45 .
m+-—n=1
4
Pemras ee, nosryyum, 4ro:
1 1
m=-—;n=—,
16 12

OTKyJa a2=16, b*=12.
CrnenoBaTenbHO, HCKOMOE YpaBHEHUE dIUIHICA Oy IeT:
X_ + y_ — 1
16 12

3agaua 3.
Haiitu Bepmay, QOKyC, OCh U AUPEKTPUCY NapadOITBI
y = -2x*>+16x-29.

Pemenue.
[Ipeobpaszyem naHHOE ypaBHEHHE CIICTYIONIUM 00pa3oM:

y= —2(x2 —8x+ 22—9) = —2(x2 —8x+16+22—9] =

= —2()(2 —2x4x +4° —%j = —2(x—4)2 +3
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2 1

OTCIOI[a(X —4) = _E(Y — 3) .

O6o03HaunB X = x-4 U y'= y-3, nepeizieM K HOBOIl cucTeMe KOOpIUHAT
O'x'y’, Hauano kotopoil Haxonutcs B Touke O'(4;3), a ocu O'x’ u O'y' coHa-
npasiieHbl ¢ ociMu Ox u Oy. B pesynbrate noaydyuM MnpocTeiiiinee ypaBHEHUE
JAaHHOM 1mapaboJIbl

2 19
X =——y’.
2}’
/\y y‘/\
3 1 X
F
0 X,
T

1 1
Orcrona 2p= 2 TO €CTh % = r Wrak, BepmmHa napaboiasl HAXOAUTCS B

touke O'(4;3); koopauHaThl poKyca
23

XF=XO‘=4; Y = Yo —%:3__:_

8 8

23
TO €CTh F(4; ?) ; YPaBHEHHE OCH mapaboibl X = Xo' = 4, TO ecTh X-4=0; ypaB-

1 2
HEHHE JUPEKTPUCHL Y =Y . —% =3+ i ?3 , TO ecTb 8y-25=0.

3amaua 4.
XZ 2

YpaBHeHHE 3iMIICa ry +y? =] mpuBECTH B MOJSIPHOM CHUCTEME KOOp-

JAUHAT K YPAaBHCHUIO B A

P
pP=T"____.
l-¢cosg
Pemenne:
Haiinem w3 maHHOTO ypaBHEHUs MapameTpsl a, b, ¢, 3aTeM HalaeMm JKc-
c b*
HEHTPUCUTET & = — U (OKAIBHBIN MapaMeTp JUUnca p = — :
a a
1 3
a’=4,b’=3,c’=1, e = —,p = —.
2 2
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Hckomoe ypaBHeHue OyieT UMETh BUL:

3
3
P = + Wi p = 2— .
- —cosg cose
2
3anaua S.
JlaHHO€ ypaBHEHME KPUBOU B IMOJISIPHBIX KOOPAUHATAX
8
P= I -3cosg

[IpuBecTr ero K KaHOHMYECKOMY YPAaBHEHMIO B IPSAMOYIOJIBHBIX KOOpP-
JUHaTax.

Pemrenue.
C 2
B nanHom ypaBHeHnun &€ = — = 3, p = — = 3. Tak KaK 3KCIEHTpH-
a a
cUTeT £>1, TO 1aHHOE ypaBHEHHE SIBIISICTCS] YPaBHEHHUEM THIIEPOOIIbI, Y KOTOPO
b’=c’-a’>. Takum o0Opa3oM, JaHHbIE MapaMeTpbl MOTYT OBbITh 3alMCAaHbl B BHJIE

CUCTEMBI IBYX YpaBHEHUI

o 2
W3 atoii cuctemsl HaxoauMm, 4to a=1, c=3, b°=8. CnemoBaTebHO, ypaB-
HEHHUE runepOoIIbl HMEeT BU/I:
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1.3. AHastuTHYeCKasi TeOMeTPHs B IPOCTPAHCTBE

1.3.1. IL10CKOCTh KAaK MOBEPXHOCTH NEPBOI0 MOPSAKA

Teopema. B dexapmosoii npsamoy201bHoll cucmeme KOOPOUHAm Kaxcoas
NIIOCKOCMb ONPeOeisiemcs ypasHeHuem nepeoli cnmenetu.

JlokazarenbcTBO. PaccMoTpuM npou3BosbHYIO MI0CKOCTh 11 1 qokaxeM,
YTO 3Ta IJIOCKOCTh OIPEAEISAETCS YpaBHEHUEM IEepBOil creneHu. Bo3bmem Ha
MJIOCKOCTH T KaKyI0-HUOYab TOUKY Mo(Xo; Yo; Zo); BBIOEPEM KPOME 3TOTO, MPO-
U3BOJIbHBINA BEKTOp (HE HYJIEBOW) MEpNEeHIUKYISIPHbIN K uiockoctu [1. N LIL
ﬁZ{A; B; C}. Ilycts M(X; y; z) - npou3BojbHas Touka. OHaA JEKUT HA MIIOCKO-

CTH TOTJa U TOJIBKO TOTJa, Koraa Bekrop M M nepneHaukynspeH BekTopy N:
MM LN
VYcnoBueM NEpneHIUKYISIPHOCTH JIBYX BEKTOPOB SIBISIETCS PaBEHCTBO
HYJIIO UX CKaJIIPHOTO NPOU3BEJCHHUS:

M M ={x- Xo; Y- Yo; Z- Zo}; EZ{A; B; C}.
N-MM =0 = A(x- x0)*B(y- yo)+C(z- 20)=0 (1)

DTO U €CTh UCKOMOE YpaBHEHHE MIOCKOCTH I, T.K. eMy yAOBIETBOPSIOT
KOOPAMHATHI X; y; Z TOYKH M TOrz1a v TOJBKO TOraa, Koraa M JIEKHUT Ha IIJI0CKO-
ctu I1.

PackpsiBast ckoOku, npeactaBuM ypaBHeHue (1) B Bume Ax+By+Cz+(-
Ax0-Byo-Cz¢)=0. lanee, 0603nauas uncio -Axy-Byo-Czy 6ykBoii D, momyuum:

Ax+By+Cz+D=0.

Mpel BUIMM, 4TO MIOCKOCTh 11 NEHCTBUTENBHO ONpenenseTcsl ypaBHEHH-
eM IepBoi creneHu. Teopema goka3aHa.

[Ipou3BOIBHBIM HEHYJEBOW BEKTOp, NEPHNEHAUKYISAPHBIA IJIOCKOCTH,
HA3bIBACTCS HOPMAJBHBIM K HEH BEKTOPOM. YTOTPEOsisi 3TO Ha3BaHUE, MBI
MOXXEM CKa3aTh, 4TO ypaBHeHHE A(X- Xo)+B(y- yo)+C(z- 29)=0 ecTh ypaBHECHHE
IUIOCKOCTH, MPOXOsiIeil uepe3 Touky Mo(Xo; Yo; Zo) U UMEIOIIECH HOpMaIbHBIN
BekTop N={A; B; C}.

YpaBHeHue Buaa
Ax+By+Cz+D=0 2)
Ha3bIBACTCS OOIMM YPaBHEHHEM MJIOCKOCTH.

Teopema. B oexapmogvix koopounamax Kazxcooe YpasHeHue Nnepeou
cmeneHu onpeoensiem nioCKOCHb.

Joxa3arenscTBo. PaccMOTpUM NpOM3BOJIBHOE YPAaBHEHUE IIEPBOM CTEIeE-
Hu Ax+By+Cz+D=0 (A, B, C 0o1HOBpEeMEHHO HE PaBHBI HYJIIO).

[Tycts Xo, Yo, Zo MPOU3BOJIbHASL TPOWKA YHCEI, YIOBICTBOPSIONIAS YPaB-
HeHwuto (2):

AXO+ByO+CZO+D:0. (3)
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Borurem u ypaBHeHus (2) Toxaectso (3), moryuum
A(x-X0)tB(y-yo)+C(z-20)=0,

KOTOpPOE TI0 MPEIBIYIIEMY MPEICTAaBIsAET COOON ypaBHEHHE IJIOCKOCTH, TPOXO-
nsmen yepe3 Touky Mo(Xo; Yo; Zo) M1 UMEIOIIEe HOpManbHBIA BeKTOp N={A; B;
C}. Ho ypaBHeHue (2) paBHOCHIBHO ypaBHeHHuo (1), T.K. ypaBHeHue (1) moiy-
YyaeTcsl W3 ypaBHEHHMs (2) myTeM MNO4YWIEHHOTO BBIYMTAHHS ToxjectBa (3), a
ypaBHEeHUE (2) B CBOIO oOuepeab nosydaercsa u3 ypaBHeHud (1) myrem mouseH-
Horo mpubasiienust ToxaecTBa (3). CiaemoBarenbHO, ypaBHEHUE (2) SBISETCS
ypaBHEHHEM TOM ke MiaockocTu. Teopema qokazaHa.

JlokaxxeM Terephb CIeAyIollee BaKHOE YTBEPXKICHHUE: eciu 08a ypagHe-
Hus Aix+B;y+Ciz+D;=0 u Ax+Byy+Coz+D,=0 onpedensiom 00y u my ice
HIOCKOCMb, MO  KOIDDuyueHmol ux  NPONOPYUOHATLHBI. JIeHCTBUTENBEHO
ﬁF{Al; By;; Ci} un ﬁzZ{Az; B; C,} mepneHIuKyIsIpHBI K OJHOM U TOM ke
TUTOCKOCTH, CJIEIOBATEIBHO BEKTOPA N uN, - KOJUTMHEAPHBI, TOTIa

A1=A2-m; B]ZBQ'I’I]; C1:C2'1’1'1.

[Tycth My(Xo; yo; Zo) - Tt00ast TOUKa MIIOCKOCTHU: €€ KOOPAMHATHI JTOJDKHBI
YIOBJIETBOPSTH KOKJIOMYy W3 JaHHBIX YpPaBHCHHMH, TakuM oO0pa3oMm
Ax+B1y+Ciz+D1=0 u Ax+Boy+Cyz+D,=0. YMHOXUM BTOpOE€ U3 3THX pa-
BEHCTB HA M U BBIYTEM U3 MEPBOTO: MOTYyUHUM

A D
Dl-DszOI/IJ'H/IDl:DzmI/I—12—2&2—121’1’1.
A C D

2 2 2

Tem caMbIM Hallle yTBEPKACHHUE JOKa3aHO.

1.3.2. HenmoJiHble ypaBHEHUS MJIOCKOCTH

3nech OyaemM paccMaTpuBaTh YacTHBIE CIy4yau ypaBHEHHs MEPBOi CTe-
MeHU, Koraa Kakue-muoo u3 koddouiumentos A, B, C, D oOpamarorcst B HyJIb:

1) D=0: Ax+By+Cz=0 - ompezenseT IIOCKOCTb, MPOXOASIIYI0 Yepe3 Hayayio
KoopauHat, T.K. uucaa x=0; y=0; z=0 yI0OBIETBOPAIOT YpPaBHEHUIO
Ax+By+Cz=0. CnenoBareabHO Ha4aJI0 KOOPAUHAT IPUHAITIEKHUT INIOCKOCTH.

2) C=0: Ax+By+D=0 ompegensier MmiockocTh, mnapawieabHyo ocu Oz (uiam

MPOXOJAIIYIO Uuepe3 3Ty och). B aToM cimyuae HopMamnbHbI BekTOop N ={A; B;
C} umeer HyneByro mpoekiuio Ha ock Oz (C=0); cinemoBaTeNbHO, 3TOT BEKTOP
neprneHauKkyspes ocu Oz, a caMa IUIOCKOCTb MapajuienbHa €il (W NpoXoauT
yepes Hee).

3) B=0 u C=0: Ax+D=0 - ompenenser IOCKOCTh, MapajuIeIbHyI0 KOOPAUHAT-
HoM mockocty Oyz (MM coBHaAarollyro ¢ Hel). B aTom ciydae HOpManbHbIN

Bektop N={A; B; C} umeer nynenble npoexuun Ha ocu Oy u Oz (B=0 u
C=0); cnenoBarenbHO, BekTop N mepnenaukyispeH k ocsim Oy u Oz, a cama
IUIOCKOCTh NapajuiebHa UM (MM IPOXOAUT yepe3 Kaxayro u3 Hux). Ho ato u
O03HA4YaeT, YTO IJIOCKOCTh, ompeaensieMas ypaBHeHrneM Ax+D=0, napamienbHa
wiockocty Oyz UM COBMAJIACT C HEM.
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ITo ananorum c npeabIAymuM JICTKO YCTAHOBUTD, YTO:

1. VpaBuenne Ax+Cz+D=0 3agaer miockocTs, napamienpHyro ocu Oy (umum
npoxosiyto yepe3 Hee). YpaBHenue By+Cz+D=0 3amgaeT miockocTs, mapal-
nenpHy0 ocu OX (WM MPOXOAIIY IO Yepe3 Hee).

2. YpaBuenne By+D=0 3agaeT miockocTb, mapasuiesbHyto miockoctu Oxz (uiam
coBmajaroiyto ¢ Hert). YpasHenue Cz+D=0 3amaer miockoCTh, MapauiebHYIO
miockocTr OXy (MIJIM COBIAIAIONIYIO C HEH).

1.3.3. YpaBHeHHe IUIOCKOCTH B OTpe3Kax

[Tycts B ypaBHeHuH miockoct Ax+By+Cz+D=0 uu oaun u3 ko3dpdu-
mueHToB A, B, C, D He paBeH Hy:r0. Cenas ciieIyromnpe npeoopa3oBaHus:

Ax+By+Cz=-D;
A
X N By N Cz 1
-D -D -D
X y z
RN R
A B C
D D D
W BBOJS 0003HAYCHUS A = - b= ——, C=——, OJIy4YuM i+X_|_E =1
A B C a b ¢

OTO0 cnenyaibHbIi BHJ YpaBHEHUS MJIOCKOCTU Ha3bIBa€MbI ypaBHEHHU-
eM IUIOCKOCTH '"'B oTpe3kax''. 31ech unucna a, b, ¢ UMEIOT MPOCTOM reoMeTpu-
YEeCKUI CMBICI, @ UMEHHO a, b, C - 3TO BEIMYMHBI OTPE3KOB, KOTOPHIE IIIOCKOCTh
OTCEeKaeT Ha KOOPAMHATHBIX OCAX. UTOOBI yOeIUThCsl B 3TOM, JOCTaTOYHO HANTH
TOYKU TIepeceueHHsl MIOCKOCTH ¢ KOOPAMHATHBIMU OCsAMHU. Touka mepeceueHust
wIockocTu ¢ ocblo Ox ompexensercs W3 YpaBHEHHS OSTOH IUIOCKOCTH

X z
L A npu ycnoBuu y=z=0. Otctoga x=a. Takum oOpa3oMm, BenuuMHA
a

OTpE3Ka, OTCECKACMOTI'0 IJIOCKOCThKO Ha OCHU OX, ﬂeﬁCTBHTeHBHO paBHa a. Amna-
JIOTUYHO, OTPE3KU OTCCKACMBIC IINIOCKOCTHIO HAa OCAX Oy u OZ, HUMCIOT BCIINYH-
HbI, PaBHBIC COOTBCTCTBCHHO buc.

[Ipumep. CocTaBUTh ypaBHEHHE IUIOCKOCTH, 3HAs, YTO OHA OTCEKAET HA
KOOPJIMHATHBIX OCSAX OTpe3KH a=3; b=-4; c=2.

Pemenne. Ha ocHOBaHMU MpenbIayIEro MOJy4aeM HUCKOMOE ypaBHEHHUE
cpasy:

X _Y 1% | umm 4x-3y+62-12=0.
3 4 2
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1.3.4. HopmaJsibHOe ypaBHeHHE IJIOCKOCTH. PaccTosinue 0T TOYKHU
10 IJIOCKOCTH

Bosbmem B mpoctpanctBe XYZ Hekotopyro miiockocTs II. IIpoBenem
yepe3 HayaJlo KOOPAMHAT NPSAMYIO N, NEPHEHAUKYISApHYI0 K miuockoctu 11. Ha-
30BEM 3Ty NIPSAMYI0 HOPMaJblO, - U OTMeTHUM OykBoil P Touky mepeceueHus
HOpMaJIX ¢ IIIOCKOCThIO [1. Ha HOpManu BBeieM MOJIOKUTEIBHOE HAaIpPABICHUE
oT Hayana koopauHat O k touke P. Ecnu Touka P coBmamaet ¢ O, T.e. naHHast
IUIOCKOCTh IPOXOAMT YEPE3 HAa4yajo KOOPAMHAT, TO IMOJIOKUTEIbHOE HaIpaBile-
HHE HOpMaJId BbIOEpeM Mpou3BoiIbHO. O003HAYNM

yepes o, 3, Y YIVIbl, KOTOpbIE COCTaBIseT HalpaBiIeHHas HOPMAJb C OCSIMH KO-
OpIMHAT, Yepes p - nuHy oTpe3ka OP.

Msb1 BbIBElIEM YpaBHEHHE
mapHoM miockoctu II, cuumras
M3BECTHBIMH YHCIIa COS O, COS 3,
cos ¥ u p. C 3TOi 11eN1bI0 BO3bMEM
Ha 1uiockocTH I mpousBoJBHYIO
TO4YKy M u 0603HauuM 4epes X, y,
zZ ee KoopauHatel. OYeBUAHO,

Az n

npoekius Bekropa OM  Ha HOp-
Maib paBHa OP, a Tak kak mosuo-
1! KHUTEIbHOE HAIIPaBIICHHE OTPE3Ka

<

OP , TO BenuuuHa 3TOro OTpe3Ka
Puc. 1 BBIPAYKAETCS MIOJIOKUTEIBHBIM
X YHCIIOM P:

b, OM =P (1)
3ametum, uto OM ={Xx;y; z}, oTCcI01a b, OM =xcosa + ycosf + zcosy (2)
N3 paBencts (1) u (2) ciemyer, 9To X cosa + ycosP + zcosy = p uinu

xcosa + ycosf + zcosy - p=0 3)

DT0 ypaBHEHHE TUIOCKOCTH, OHO HOCHUT CIICI[HAJILHOC Ha3BaHHE: HOPMAJIbHOE
yYpPaBHEHHE IUIOCKOCTH; B 5TOM YpaBHEHHHU COSCL, COS[3, COSY CyTh HaIpaBIIsIo-
M€ KOCUHYChI HOPMAJIH, P - PACCTOSIHUE TUIOCKOCTH OT Havajia KOOPJAMHAT.

[TycTh Kak ¥ paHee n HOpMaib K MPOU3BOJIBHON M1ocKkocTu I1, M*- mpo-
W3BOJIbHAS TOYKA MPOCTPAHCTBA, d- €€ pacCcTOSIHME OTAAHHOW IUIOCKOCTH (CM.
puc. 1).

VYcnoBuMces HasblBaTh OTKJIOHEHHEM TOYKM M* 0T naHHOHM MIIOCKOCTH
yuciao +d, ecmu M* JeXUT 10 Ty CTOPOHY OT IUIOCKOCTH, KyAa HJIET MOJOKH-
TEIbHOE HamlpaBlieHue HopMand, -d, ecan M* nexur ¢ Apyrod CTOPOHBI OT
JaHHOM miockocTd. OTKIIOHEHHE TOYKHM OT IJIOCKOCTH 0003HauuM OyKBOH O;
TakuM o0pa3oM, 0=+ d, mpuyuem mosie3Ho 3aMeTHUTh, 4To d=+d, Korma Touka M*
U HayaJI0 KOOPJMHAT JIeXkKaT MO pa3Hble CTOPOHBI OT IIOCKOCTH, U &=-d, Korja
Touyka M* M Hayano KOOpAMHAT JIeXkKAT MO OJHY CTOPOHY OT IUIOCKOCTH (st
TOYEK, JISKAITUX Ha TIIOCKOCTH, 6=0).
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Teopema. Eciu mouxka M* umeem xoopounamoer (x*; y*; z*), a nioc-
KOCMb 3A0aHA HOPMATbHBIM YpasHeHueM X cosa + ycosf + zcosy - p=0, mo om-
KI0HeHue moyku M* om smotui niockocmu 3a0aemcs hopmynot
o= x*cosa + y*cosf + z*cosy - p.

JoxazatenbctBo. CripoekTpyeM Touky M™* Ha HOpmaib; mycTh Q - ee
npoekius (puc. 1); Toroa

$=PQ=0Q - OP,

rae PQ, OQ, OP - 3To Benn4YrHbBI HAITPABICHHBIX OTPE3KOB HOPMAJIH: m, @
u OP . Ho 0Q= np, OM *, OP=p; cnegoBareiabHO

5="P» OM* - p )
W3 panee noka3aHHOTO
by OM *= x* coso, + y*cosP + z*cosy (6)
U3 paBencts (5) u (6) monydaem:
d=x*cosa + y*cosf + z*cosy - p
Teopema noka3aHa.

[TokaxkeM, kak TpuBeCTH 00IIEee ypaBHEHUE TUIOCKOCTH K HOPMAJIbHOMY
Buay. [lyctsb
Ax+By+Cz+D=0 (7)

- of1iee ypaBHeHHE HEKOTOPOU TNIOCKOCTH, a
xcosa + ycosf} + zcosy - p=0 3)

- ee HopMasbHOE ypaBHeHue. Tak kak ypaBHeHus (7) u (3) onpenenstor oqHy U
Ty %€ IJIOCKOCTb, TO KO3((UIIMEHTHI ATUX YPaBHEHUH MPONOPIHMOHANIBHBL, T.€.
pA=cosa, uB=cosp, pC=cosy, uD= -p. (8)

YroObl HATU MHOXKHTENb |, BO3BEIEM MEPBbIE TPH U3 3TUX PABEHCTB B
KBaApar U cioxuM. [lomyunm:

W (AMB*+C*)=cos’a. + cos’B + cos’y.

2 2 2

T.k. cos“a. + cos™PB + cos™y=1, T0 . 1 .
VA’ +B* +C?

Uucno p Ha3pIBaeTCs HOPMHUPYIOIMM MHOXKHUTeJIeM. [l onpeneseHus
3HaKa HOPMHPYIOIIETO MHOXKHUTENS HCIONb3yeM TocleqHee U3 paBeHCTB (8):
uD= -p. CrnenoBarenbHO: 3HAK HOPMHUPYIOIIETO MHOXHTENS MPOTUBOMOIOKEH
3HaKy CBOOOJHOIO 4jieHa HOpMHUpyeMmoro ypaBHeHus. Eciau D=0, To 3Hak HOp-
MUPYIOIIEr0 MHOKHUTENSI MOKHO BBIOMPATH 10 JKEJTaHUIO.

[pumep. [anbr mrockocts 12x-4y+3z+14=0 u Touka M(1; 3; 4). Haiitu
OTKJIOHEHUE TOYKA M OT TaHHOH MJIOCKOCTH.

Pewmenue. [IpuBeneM naHHoe ypaBHEHUE K HOpMaiabHOMY Buay. Halinem
HOPMUPYIOIINNA MHOXKHTEIIb: -1 1 . YMHOXkas1 JaHHOE YpPaBHEHHE

VEaae122 13
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Ha |, TMOJYyYUM HCXOIHOE HOpPMaJIbHOE€  YpPaBHEHHE  IJIOCKOCTH:
B % (12x—4y+32+14) = 0 [ToxcTaBsisi B IEBYIO 4acTh 3TOTO YPaBHEHUS KOOPAUHATHI

Touku M, mmeeM: . Urak, Touka M umeer ortpuiia-

5:—%(12~1—4~3+3.4+14)=—2

TEILHOC OTKIIOHEHHE OT JAHHOM INIOCKOCTH U yAaJl€Ha OT HEC Ha paCCTOAHHC
d=2.

1.3.5. YpaBHeHue npsimoii B NpOCTPAHCTBE

PaccmoTpuM mpou3BoNIbHYIO TIPsAIMYT0, 0003HaUnM ee OykBoi a. O603Ha-
yum uepes [1; u I, kakue-HuOyAb 1Be pa3ianuHble MIIOCKOCTH, epeceKatonnecs
Mo MpsMON a W TPEANONIOKUM, YTO YpPaBHEHHUS OJTHUX IUIOCKOCTEH OyayT:
Ax+B1y+Ciz+D1=0 u A x+Byy+C,z+D,=0. Tak kak npsiMas a mpeacTaBisieT
coboit nmepeceuenue miaockocteit I1; u Il,, To oHa ompenensieTcsi COBMECTHBIM
3aJJaHUEM JIBYX YpaBHEHHII:

{Alx+ B,y+C,z+ D, =0, (1)
A,x+B,y+C,z+ D, =0.

[ToctaBum 3anmavy: Bcerjaa Ju JBa ypaBHEHHs MEPBOM CTENEHH COBMECT-
HO OMpPENEISIOT HEKOTOPYIO MpsMyto? O4YeBUAHO, ITO OYJET TOJIBKO B TOM CIIy-
yae, Korja COOTBETCTBYIOIIME UM MIOCKOCTH HE MapajuieNibHbl U HE COBMAAAI0T
Jpyr ¢ IpyroM, T.€. KOrJla HOpMallbHble BEKTOPbI ATHX miockoctelt Ni={A,, By,
Ci} u No={A,, B,, C;}ne xomnuueapHsl. J[Ba ypaBHeHus Buaa (1) coBmecTHO
OTIPECIISAIOT MPSIMYIO B TOMHU TOJBKO B TOM cliydae, Koraa Kodppuiuentsr A,
B, C| omHOTO U3 HUX HE MPOMOPIHOHANBHEI KO3 duimentam A,, B, C, npyro-
ro.

1.3.6. Hanpasasiromuii BekTop npsiMmoii. Kanonuveckue ypaBHeHHs
npsamoii. [lapamerpuyeckue ypapHeHus1 NpsiMoOii

PaccmoTpuMm nipousBosibHYI0 npsimyto. Kaxablii HE paBHBIA HYJIO BEK-
TOP, JeKAIIMN HA JAHHOW MPSIMOM WJIW MapaJlJIeIbHbIN €11, Ha3bIBACTCS HANIPAB-
JSAKIIUM BEKTOPOM 3TOW MpsIMO. YKa3aHHbIE BEKTOPbI HA3bIBAIOTCS HAIpaB-
JSIOUIMME  UMEHHO TOTOMY, 4YTO JII000# M3 HUX, OyAy4H 3aJaH, Omperenser
HaIlpaBJICHUE IIPSIMOA.
Hanpasnsirommuiit BexkTop mpsimoid Oyzaem 0003Ha-

yaTh OyKBOH | , €ro KOOpaAWHATHI - m, n, p:
1 ={m; n; p}

Puc. 2. BriBeneM ypaBHEeHHE TPSMOM, MPOXOASIIEH yepes
3alaHHyl0 TOYKy My(Xo; Yo; Zo) ¥ UMEIOLICH JaHHBIA HAMpPaBISIIONINIA BEKTOP

1 ={m; n; p}.

[Tycts M(X;y; z) - mpousBoibHas ("Tekymas") Touka npsMoil  (puc. 2).

Bexkrop MM ={x- X¢; y- Yo; Z- Zo} KOJUIMHEApEH HAIPABIAIOLIEMY BEKTOPY

| ={m; n; p}. CnenoBarenbHO, KOOpAUHATBI BekTopa M M mnponopruoHaabHbI

KOOpZAWHATaM BCKTOpa l:
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X=Xy _Y~Yo_2—-2 (1)
m n p

OTUM COOTHOILIEHHUSM YJIOBJIETBOPSIIOT KOOpPJAMHATHl KaKJIOW TOYKHU
M(x;y; z), nexanieil Ha paccMaTpuBacMOW MpPsIMOM, HAapOTUB, €CIM TOYKa
M(X; y; z) HE JEXKUT Ha NPSAMOU, TO €€ KOOPAUHATHI HE YIOBJIETBOPSAIOT COOT-

HomreHusM (1), Tak Kak B 3TOM ciiydae BeKTopsl MM u | He KoJIHMHEapHBI U

KOOpPAMHATHI WX HE MPOMOPIMOHANBHBL. Takum oOpa3oM, ypaBHeHus (1) mpen-
CTaBJISIIOT COOOW ypaBHEHUS MPSIMOM, IPOXOoadIen, yepe3 Touky Mo(Xo; Yo; Zo)

B HampaBlieHUH BekTopa | ={m; n; p}.
VYpaBuenus (1) mpsimoit Mbl OyzeM Ha3bIBaTh KaHOHM4YecKHMMHU. [lycTb
HEKOTOpas mpsiMasi 3aJaHa JByMs OOIIMMHU ypaBHEHHUSMHU:

A x+By+Cz+D, =0, (2)
A,x+B,y+ C,z+ D, = 0.

[Tokaxem, Kak COCTaBUTh KAHOHUYECKUE ypaBHEHUs 3TOH mpsimoid. O0o-
3HAYMM IUIOCKOCTH, ONpeJensieMble NaHHbIMU ypaBHeHHsMH, depe3 [I; u Iy,
HOPMaJIbHbIE BEKTOPBI ATUX IUIOCKOCTEN uepe3 Ni u Nz. [Insg coctaBineHus ka-
HOHUYECKUX YPAaBHEHHUI JaHHOMW MPSAMOM, HY>KHO:

1) HaliTH TPOM3BONIBHYIO €€ TOYKy Mo(Xo; Yo; Zo); AT TOrO CIEAyeT 3alaTh
YHUCJIICHHOC 3HAUYCHUC OHHOﬁ N3 HCHU3BCCTHBIX KOOPAUHAT X, Yo, Zo U TIOJACTABUTDH
€ro BMECTO COOTBETCTBYIOIIEH NMEPEMEHHON B YpaBHEHHS (2); TIOCIIE€ 3TOTO JIBE
OCTaJibHbIe KOOPIMHATHI OINpPENESIOTCS U3 ypaBHEHUH (2) myTeM HUX COBMECT-
HOTO PEIICHNUS;

2) Haiitu Hampaisitoumii Bektop | ={m; n; p}. Tak kak naHHas mpsiMas orpe-
JeneHa nepeceyenueM miaockocret uepes I, u I, To oHa nmeprneHaAnKyIspHa K

KaxxaoMy u3 BekTopoB Ni u N:. [loaTtomy B kauecTBe BekTOopa | MOXKHO B3ATh
1100011 BEKTOp, NEpHEHIUKYIISAPHBII K BekTopaM Ni u N2, Hampumep, UX BeK-

TOpHOE Tpou3BeneHue: | = [N1 Nz]. [Tockonpky KOOpAMHATBHI BEKTOPOB Ni U

N2 m3BectHol: Ni={A; B;; C;}, N2={Ay; By; C,}, s BeruricieHus: KOopau-
HaT BekTopa | ={m; n; p} mOCTaTOYHO MPUMEHUTH (POPMYITY IJII HAXOXKICHHS
KOOPJMHAT BEKTOPHOT'O MTPOU3BEICHUS.

[Ipumep. Haiitn kaHOHMYECKUE ypaBHEHUS IPSAMOI
2x+y—-z-4=0
3x-y+2z-5=0

Pemenwue. I[lomaras, Hampumep, Xo=1, HaxoOuUM U3 JAHHOW CHUCTEMBI:
y0=0, zo=4; TakuMm 00pa3oM, Mbl y>K€ 3HaeM OJHY TOUKy npsmoii: My(1; 6; 4).
Tenepr Haligem Hampapistomuid Bektop. Umeem: Ni={2;1;-1}, N2={3;-1;2};
orcioma | = [N1 NZ]Z{I; -7; -5}, 1.e. m=1, n=-7, p=-5. KaHoHn4eckoe ypaBHe-
HHUE JaHHOW MPSAMOW MBI NOJYYUM, TIOACTABIISIS HalIEHHbIC 3HAYCHHUS Xo, Yo, Z0,
m, n, p B paBeHctna (1):
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ITycTh aHbl KAHOHUYECKHE YpaBHEHUsI KakoW-HUOY b npsiMoit. O003Ha-
yuM OyKBOM t Ka)k/10€ U3 MapHbIX OTHOIICHUH, KOTOPhIE YYaCTBYIOT B 3THX Ka-
HOHMYECKUX YPaBHEHUSX; MbI MOJTYUYUM:

X=Xy _ Y=Y _2"%

=t

m n p
Otcrona
X =X, +mt
y =Y, +nt &)
z=2z,+pt

OTO0 - mapaMeTpU4ECKUe YpaBHEHUs MPSAMOH, MPOXOAAILEH Yepe3 TOUKY
Mo(Xo; Yo; Zo) B HampaBieHuH Bektopa | ={m; n; p}. B ypaBuenusx (3) t pac-
CMaTPUBAETCS KAK MPOU3BOJIBHO M3MEHSIOIUICS IIapaMeTp, X, Y, z-
Kak (QyHKIUH OT t; IPH U3MEHEHUH t BEJTMYUHBI X, Y, Z MEHSIOTCS TaK, YTO TOYKA
M(x; y; z) IBHXKETCS IO AaHHOM npsAMoii. [lapameTpruueckue ypaBHEHUs NpsIMON
yA0OHO MPUMEHSATH B TEX Clydasx, Korjaa TpedyeTcss HalTH TOUKY MepecedyeHus
MPSIMOM C TIOCKOCTBIO.

[Ipumep. aHbl npsmas X7 = 4 U TUIOCKOCTh X+2y+z-6=0.
1

Haiitn Touky ux nepecedeHus.

Pemenue. 3amaua cBOIUTCS K OMPENEICHUIO KOOPIUHAT TOUKH X, Y, Z U3
TpeX AaHHBIX YpaBHEHM (MbI UIMEEM J[Ba YPAaBHEHUS MPSIMON U OJTHO YpaBHEHUE
x-2 y-3 z—-4
21
[ToacTaBisisi 3TH BBIpAXEHHUS BJICBYIO YacTh YpPaBHEHHUS JAHHOHM TUIOCKOCTHU TIO-
ayuuM (2+t)+2(3+2t)+(4+t)-6=0.

Pemas sTo0 ypaBHeHue, Haxoaum: t=-1, ciieqoBaTeIbHO, KOOPAMHATHI
UCKOMOM Touku OynyT x=1, y=1, z=3.

miockocth). [lomaras =t, oTcroga x=2+t, y=3+2t, z=4-+t.

1.3.7. HexoTopble 7ONOJHUTEIbHbIE NMPEAI0KEeHUS] H IPUMePbI

1) B ananutuyeckoil reoMeTpuH 4acTo TpeOyeTcs COCTaBUTh ypaBHEHHUE Mps-
MOﬁ, 3Hasg ABC €€ TOYKMU. Pemmmum 9Ty 3aJavy B 06H_[CM BUAC, CUHUTasd JaHHBIMU
ABC IMTPONU3BOJIbHBIC TOUKHU:

Mi(x1; y15 1) 1 Ma(X23 ¥2; 22).
Jlns peuieHus 3aa4dl  JTOCTaTOYHO 3aMETUTh, UTO B KAUe€CTBE HAIPABIISAIOIIETO
BEKTOpa pacCMaTpyUBacMOM MPAMON MOKHO B3STh BEKTOP 1= MM, ; orcroga
m=Xj - X1; N=Y2 - Y1; P=Z2 - Z1, OKOHYATEJIILHO NOJIYYUM

X=X _ Y=V _ z2—7

XH =X Yoo N Z,— 7

DTO M €CTh UCKOMBIE (KAaHOHUYECKHE) YPaBHEHUS MPSIMOM, TPOXOISIICH
yepe3 JIBe JaHHble TOUKU: Mi(X1; yi; Z1) U Ma(X2; y2; Z2).

2) Pemum Taxke B oOIIEM BHJIE 3a7ady: COCTaBHThb YPaBHEHHE IUIOCKOCTH,
OPOXOJAIIeH uepe3 Tpu pasziauuHble Touku: Mi(Xi; yi; z1); Ma(X2; y2; 22);
Mi(x3; y3; 23).
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OO6o03HauuM uepe3 X, Y, Z KOOPAMHATHI MMPOM3BOJILHOW TOUkHM M mpo-
CTPaHCTBA U pacCMOTPUM TPHU BEKTOPA:

MM = {x=x;y-y;2-7}
MM, = {Xz = XY, Y5 % _Zl}
MM, = {X3 —XpYs T Y Z; _Zl}

Touka M nexut Ha iockoctd M{MaM3 B TOM U TOJNBKO B TOM CiIydae,

korzaa Bektoppl MM, MM, u MM, KOMIIIaHapHBI; yCIIOBUEM KOMILIaHAP-

HOCTH 3THUX TPEX BCKTOPOB ABJIACTCA PAaBCHCTBO HYJIIO UX CMCIIAHHOI'O ITPOU3-
BCACHWA WKW PpaBCHCTBO HYJIIO OIMPEACTIUTEIIA TPETHETO MOopsAaAKa, COCTaBJICHHO-
'O U3 UX KOOpAUHAT.

B namem ciygae umeem:
X=X Y=YV Z—7Z
X,=X Y,-Y, Z,—%|=0
X=X Y3V Z3— 7
DTO M €CTh UCKOMOE YPAaBHEHHUE IIOCKOCTH, TPOXOJALIEH Yepe3 TOUKH

Mi, M,, M3, Tak Kak emMy yJOBJIETBOPSIOT KOOPAUHATHI X, Y, Z TOUKH M B TOM U
TOJILKO B TOM CJIy4ae, KOrJla OHa JICKHUT B 3TOU MIOCKOCTH.

3) Yromn Mexay ABYMsI IPSIMBIMH.

YrioM MeXAy ABYMS MPSIMBIMH B IPOCTPAHCTBE HA3BIBAIOT JIOOOI W3 YTIIOB,
00pa30BaHHbBIX IBYMs MPSIMBIMU, IPOBEACHHBIMU U3 OJIHOM TOUKH, MapaieIbHO
JAHHBIM TpsIMBIM. Eciiu nipsiMble apaiienbHbl, TO YTOJI MKy HUMU CUUTAETCS

PaBHBIM HYJIIO WU TT.
[lycTb naHbl ypaBHEHUS JBYX MPSIMBIX:

X=X, _ Y=Y _2-%

s
ml nl pl

X=X, Y=YV, _ 72—-2

m, n, P,

O0603HauUMM Yroj MEXay MPSMBIMU Yepe3 O, a YroJl MEXIy HUX Halpas-
JstromnMu BekTopamu 11 u 12 - uepes @. Ilpu atom

o) =¥ (1)
‘11 1,

Tak kak o=@ Wik o=T - P, TO cosa=*cos@. Ciaea0oBaTeIbHO,

cosa:ig (2)
‘11 1>

WJIM B KOOPJMHATHOM dopme:
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m m2+nl n2+p1 p2
\/ml +n’+p,’ \/m2 +n,) +p,

®opmyusl (2) u (3) sBisAroTcs GOPMYITaMHU TS OTIPENIEIICHUS yTIIa MEX-
Iy ABYMs IPSMBIMU B IIPOCTPAHCTBE.

cosa =

3)

4) YcnoBusi mapaisielbHOCTH U TEPIEHIUKYISPHOCTH JIBYX TMPSMBIX B IPO-
CTpaHCTBE.

st Toro, yTOOBI IBE MpsAMbIE OBLIN napaenbHbl, HEO0OXOIUMO M JIOC-
TATOYHO, YTOOBI UX HANPAaBJISIOIINE BEKTOPBI 11 u 1, ObUIKM KONTUHEAPHBI, T.€.
COOTBETCTBYIOIIHE KOOPIUHATHI BEKTOPOB 1, u 1, Gbum MIPOTIOPITMOHATBHBI:

mo_n_p (4)

m, n, P

Ycnosue (4) sBaseTCs yCIOBHEM MapaJlJIebHOCTH IBYX MPSMBIX B IPO-
CTPaHCTBE.

Jlst Toro, 4TOOBI MPSIMBIE OBLTU TIEPIEHANKYIISIPHBI MEXKIy cCOOOH, He-

00X0AMMO M JOCTaTOYHO, YTOOBI HAIPABISAIONIME UX BEKTOpHl 11 u 1. ObuIH
OPTOTOHAJIBHBIMH.

YcioBre OpTOrOHAIBHOCTH IBYX BEKTOpOB 11 1 12
mimy+n;ny+p;p>=0 (%)
SIBJISICTCSL YCIIOBHEM MEPICHANKYIISIPHOCTH JABYX MPSIMBIX B POCTPAHCTBE.

IIpumep. Haiitu ypaBHeHHE npsMOH, mpoxoadiiei yepe3 Touky M(3; 2;
-1) nepneHAUKYJISIPHO JBYM MPSMBIM:

x—l_y—7_z+4,a Xx+3 y+5 z-9

a: = = s a,: = =
) -3 5 7 4 1 -2
CocTaBuM ypaBHEHHE JII000M MPSIMON, IPOXOsIIEH Yepe3 Touky M:
x-3 y-2 z+l (5)
m n p

Hcnons3ys ycnoBue NEpHEHAUKYIIPHOCTH UCKOMOM IIPSMOM K IPSAMOU
aj, a 3aTeM K MPSIMO a, MOJIyYUM
2m-3n+5p=0
4m+n-2p=0
W3 31Ol OAHOPOAHON CTPYKTYPBI JMHEHHBIX YPAaBHEHUN C HEU3BECTHBI-
MU M, N, p HAWJIEM OTHOILIECHHS HEU3BECTHBIX:
-3 5 5 21 2 3
m:n:p = : : =1:24:14
I =2 -2 4 4 1
IloncraBnsis B ypaBHeHHMsI NpsiMoi (6) BMECTO m, n, p NPONOPLUOHAIb-
HBIE UM BEJIMYMHBI, [I0JIyYUM UCKOMBIC YPABHECHMUS:
x-9 y+13 z-15
1 24 14
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5) Yriom mMexay npsMoil M IJIOCKOCTBIO HA3bIBAIOT JHOOOH M3 JIBYX CMEXHBIX
yIJI0B, 00pa30BaHHBIX NPsSMOM M ee Hpoekiueld Ha ruiockocTs. IlycTth mano
ypaBHeHUE mrockoctH 11:

Ax+By+Cz+D=0
U ypaBHEHUE npsMoii | :

X=Xy Y=Yy Z—-2

m n p

N={A; B; C}- HopMaJIbHBI} BEKTOP TJIOCKOCTH
1 ={m; n; p} - HanpaBIAIOMUNA BEKTOP MPSMOM

O6o3nauum yron Mexay Bektopamu N u | dyepes ¢, a yron mexay
miockocThio I1 m mpsimoii 1 - gepes o.. Haiinem KocuHycC yTiia ¢ MEXIy BEKTO-

pamu Nul:
N-1
COSP = g
N
[Tpu aToMm sina=xcos¢. CiemoBarenbHO,
. -1
sin o = iu
N
WJIM, B KOOPJUHATHOM dopme,
Am+Bn+Cp

sino =

t
JA? + B +C? -\/m2 +n’ +p’

st Toro, uytoObI mockocTh [1 Obiia mapamiensHa npsimMoit 1 Heobxo-

MO U J0CTaTo4Ho, yTo0bl BeKTOphl N ={A; B; C} u 1 ={m; n; p} Obutu opTo-
TOHAJIBHBI MEXIY COOOM.

YcnoBue opToroHanbHOCTH ABYX BekTopoB N u 1 MokeT ObITh 3amuca-
HO KaK PaBEHCTBO HYJIIO UX CKaJISIPHOTO MPOU3BEACHHUS:
(N-1)=0
WM B KOOPJIUHATHOUN opMe:
Am+Bn+Cp=0
Jluist Toro, uTo0b! ipsimast 1 Oblia mepreHauKysipHa miockocty I1, Heoo-

XOJIUMO U IOCTAaTOYHO, YTOOBI BEKTOp | ObLT KOJTMHEApEeH BeKTopy N .

YcioBre KOJUIMHEAPHOCTH JIBYX BEKTOpoB N u | MoxkeTr ObITh 3amuca-
HO KaK PaBEHCTBO HYJIIO MX BEKTOPHOT'O NPOU3BEICHHUS:

(N x1)=0
500041

A B C

m n p

[Ipumep. CocraBuTh ypaBHeHHE IIOCKOCTH 1, mpoxonsiieit yepe3 To4-
Ky M(-1;2; -3) napaymiensHO IByM TMPSMBIM:
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x—2 +6 z-6
(11) :Y =

3 4 -5
x+3 y—-4 z
| —_— ==
(1) > 3 "1

Hanumem YPAaBHCHUC CBA3KU IUIOCKOCTEH C LHCHTPOM B TOYUKE M:

A(x+1)+B(y-2)+C(z+3)=0 (4)

Hcnone3zyeM ycnoBue mnapamienbHocTu Iockoctu IT u mpsimoit 1,, a

3aTeM K npsmoi 1, :
3A+4B+5C=0
2A-3B+C=0

N3 3101 cucTeMbl OHOPOIHBIX YPABHEHUN ONPENEIUM OTHOLIEHUS KO-
s uruentoB A, B, C u 3atem B ypaBHeHue (4) BMecto koddduimentor A, B,
C nozxcraBUM PONOPLUOHAIBHBIE UM BEJIUYNHBI:
4 -5/.1-53].|3 4
301 1 21712 -3
11(x+1)+13(y-2)+17(z+3)=0;
11x+13y+17z+36=0.

A:B:C= : : =-11:-13:-17;

6) ITyuok miockocTeil.

Yepes BCAKYIO NPSAMYIO B IPOCTPAHCTBE MOXKHO IPOBECTU OECUUCIIEHHOE
MHOX€ECTBO IIOCKOCTeH. COBOKYITHOCTh BCEX IUIOCKOCTEH, MPOXOIAIIUX Yepes
OJIHY U TY K€ IPSAMYI0, Ha3bIBAECTCS MyYKOM IIOCKOCTEH.

IlycTe naHo ypaBHEHME NPAMOU KaK JUHUU NEPECEUYECHUS ABYX ILIOCKO-
CTEU:

{Alx+ Byy+C,z+D,=0 0

Ax+B,y+C,z+D, =0
CocTaBuM ypaBHEHHE:

A1X+B 1y+C 1 z+D 1 +}L(A2X+B2y+C2Z+D2):O, (2)

rae A - mpousBoJbHOE uyHcio. [lpu mob6oM A 3TO ypaBHEHHE TIEpBOH CTEITICHH,
KpPOME TOTO, MpH JIFOOOM A 3TO YpaBHEHHUE ONPEACISICT IUIOCKOCTh, MPOXOIs-
nryto gepes npsamyo (1).

JlelicTBUTENBHO, €Cli TOUKa My nmpuHaaiexut npsmou (1), To:
{A1X0 +By,+Ciz,+D; =0
Axy+ By, +Cyz,+ D, =0
U CJIEI0BATEILHO
AxotB 1Y()+C1Zo+D1+7\,(A2X0+B2yO+C2Z0+D2):O.

VYpaBHeHue (2) Ha3bIBacTCS YPABHEHHEM IYYKAa MJIOCKOCTEH, MPOXo-
ISHX yepes npsamyro (1).

VYpaBHeHue (2) gaeT J00YIO MJIOCKOCTh MyYKa, 32 UCKIIOYEHUEM ILUIOC-
KOCTH

65



1.3. AHaJIMTHYeCKasi TeOMeTPHUsl B IPOCTPAHCTBE

s 3amevyaHui

Axx+Boy+C,rz+Dy=0.

[Ipumep. Haittu npoekuuto npsamoit
{2x-3y+ 4z-1=0
x+35y-2z+3=0

Ha mnockocts 3x-4y+z-8=0 (II).

)

CocraBuM ypaBHEHHE MyyKa IUIOCKOCTEH, MPOXOISAIIUX Yepe3 MPIMYIo
(1)
2x-3y+4z-1+M(x+5y-2z+3)=0 3)
WIIH (2+0)x+H(5A-3)y+H(4-21)z+(3A-1)=0

Onpenenum A, UCHOJIB3YS YCIOBHE MEPHEHIUKYISPHOCTH IJIOCKOCTEH:
3(2+A)-4(51-3)+(4-21)=0. Otkyna ) =22 . IloacTaBUB 3HAYEHHE B YPABHEHHE
19
(3), HaiinemM ypaBHEHHUE MPOEKTUPYIOIIECH TIOCKOCTH:
2x—3y+4z—1+%(x+5y—2z+3) =0
60x +53y+32z+47=0

VYpaBHEeHHS] HCKOMOM MPOEKLUK MOXHO 3alucaTh KaK ypaBHEHUs JTUHUU
nepeceyeHusl IOCKOCTEMH:

3x-4y+z-8=0
60x+ 53y-32z+47=0

[pumep. CocTaBUTh YpaBHEHHUE TUIOCKOCTH, IPOXOISIICH Yepe3 IPSIMYIO
{3x+2y+52+6=0 x-1 y-5 z+]

napajuieIbHO MPSIMOH .
x+4y+3z+4=0 P P 3 2 -3

Pemenne. CocTaBuM ypaBHEHHE My4Ka IUIOCKOCTEH, MPOXOAAIIUX YEpe3
NIEPBYIO U3 TaHHBIX MPSMBIX:

3x+2y+5z+6+A(x+4y+3z+4)=0 (%)

[Ipeobpazyem 310 ypaBHeHue: (3+A)x+(2+4L)y+(5+31)z+(6+41)=0. Uc-
MOJIb3Ysl  yCIIOBHE TApPAUICIbHOCTH TPSAMONM H  IJIOCKOCTH — TOJYYUM:
3(3+A)+2(2+41)-3(5+31)=0. Otcroga A=1. [loacTaBmnsas HaliicCHHOE 3HAYCHHE A

B ypaBHEeHUE (*), Haiaem: 4x+6y+8z+10=0 unu 2x+3y+4z+5=0.
IIpumep. Haiitu paccrostaue ot Touku M(1;2; 3) mo npsimoit

x—11 y-18 z-4
2 5 -2

Pemenue. IlpoBenem uepes M mockocts 11, neprneHauKyasspHyro K JaH-
HOM NpsAMOM U HaieM TOYKy P, rie sTa INIOCKOCTh MEPECEKaeT NaHHYI0 IIps-
Mmyto. ckomoe paccTostHue oT TOUKM M 70 JaHHOUM mpsiMoil OyAeT paBHO pac-
CTOSIHUIO OT TOYKU M 110 Touku P.

Hckomoe ypaBHeHue miockoctu [1 MOKHO 3amucaTh B BUJC:
A(x-1)+B(y-1)+C(z-1)=0;
3Ta TIOCKOCTh JIOJDKHA OBITh MEPIIECHIUKYISPHA K JaHHOH mpsiMoit. TTo ycimoBuio
NEPICHIUKYJIIPHOCTH MPSIMOM K IMJIOCKOCTH UMEEM:

66



1.3. AHaJIMTHYeCKasi TeOMeTPHUsl B IPOCTPAHCTBE

s 3amevyaHui

A_B_C

2 5 -2
Bribupast 31eCh MHOXKHUTENb MPOTOPIIMOHATBHOCTH JJISl MPOCTOTHI PaB-
HBIM efuHuIe, HaxonuMm A=2, B=5, C=-2. HUTak, mI0CKOCTh UMEET YpaBHECHHE
2(x-1)+5(y-1)-2(z-1)=0 wm 2x+5y-2z=0.

Ternepb MBI JOJDKHBI HAWTH TOYKY P, B KOTOpOM 3Ta IJIOCKOCTH Iepece-
KaeTcsl ¢ JaHHOM IpsMOM. [[s 3TOro Hy»XHO ypaBHEHHE NAHHOM NPSAMOU pe-
LIMTh COBMECTHO C HalJICHHBIM ypaBHEHUEM IIOCKOCTH [1.

x—11 _ y—18 _ z—4 .
2 5 -2
Orcroga x=2t+11, y=5t+18, z=4-2t. [loacraBnsisa 3T ypaBHEHUS B ypaBHEHHUE
HaWJICHHOM TJIOCKOCTHU 2X+5y-27-5=0 nmomy4yum:

A+22+25t+90+4t-8-5=0;
33t=-99;
=3

Koopaunate! Touku P 6yayT paBabl X=5, y=3, z=10.

Hckomoe paccrosiuue d ot Touku M 10 JaHHOW TpsSMOM, paBHOE pac-
CTOSIHUIO MeXIy ToukamMu M u P, HaiineTcs mo ¢popmyiie HaX0KIECHHs paccTos-
HUS MEXKIy IBYMS TOUKAMH

d=+/(5-1)% +(3-1)* +(10-1)> =/101.

[Ipumep. OmnpenenuTs ycaoBUe, IPU KOTOPOM JIBE MPSMbIE

1) x-a, y-b, z-c
X = =

m, n, b,

x-a, y-b, z-c,

m, n, p,

(1,)

JIe’)KaT Ha OQHOM INIOCKOCTHU.

Pemenue. [lycte 11={m;; n;; p1} u lo={my; ny; p,} HampasustoIHE
BEKTOPHI TAaHHBIX MIpsAMBIX, Mj(ay; by; ¢1) 1 Ma(az; by; ¢2) - TOukH, mpuHaAIEKA-

mue npsameM 1, u 1,. Bektop M M, ={a-a;; by-b; c,-¢;} u Hanpasnsromme
BEKTOPHI MPSAMBIX 11 ¥ 12 KOMIUTaHApHBI B TOM U TOJBKO B TOM Cllydae, KOTJa
npsimble 1, u 1, nexaT B OTHOM TUIOCKOCTH. Y CIOBHEM KOMIUTAaHAPHOCTH TPEX
BEKTOPOB SIBISICTCSI PAaBEHCTBO HYJIIO WX CMEIIAHHOTO IPOM3BEACHHS:

MM, 1:1,=0, uTo B KOOpAUHATHOMN 3aIHCU MOXKET OBITh NPEACTABIECHO B ClIE-
JYIOLIEM BUJIE:
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1.3. AHastuTHYeCKasi TeOMeTPHs B IPOCTPAHCTBE

1.3.1. IL10CKOCTh KAaK MOBEPXHOCTH NEPBOI0 MOPSAKA

Teopema. B dexapmosoii npsamoy201bHoll cucmeme KOOPOUHAm Kaxcoas
NIIOCKOCMb ONPeOeisiemcs ypasHeHuem nepeoli cnmenetu.

JlokazarenbcTBO. PaccMoTpuM npou3BosbHYIO MI0CKOCTh 11 1 qokaxeM,
YTO 3Ta IJIOCKOCTh OIPEAEISAETCS YpaBHEHUEM IEepBOil creneHu. Bo3bmem Ha
MJIOCKOCTH T KaKyI0-HUOYab TOUKY Mo(Xo; Yo; Zo); BBIOEPEM KPOME 3TOTO, MPO-
U3BOJIbHBINA BEKTOp (HE HYJIEBOW) MEpNEeHIUKYISIPHbIN K uiockoctu [1. N LIL
ﬁZ{A; B; C}. Ilycts M(X; y; z) - npou3BojbHas Touka. OHaA JEKUT HA MIIOCKO-

CTH TOTJa U TOJIBKO TOTJa, Koraa Bekrop M M nepneHaukynspeH BekTopy N:
MM LN
VYcnoBueM NEpneHIUKYISIPHOCTH JIBYX BEKTOPOB SIBISIETCS PaBEHCTBO
HYJIIO UX CKaJIIPHOTO NPOU3BEJCHHUS:

M M ={x- Xo; Y- Yo; Z- Zo}; EZ{A; B; C}.
N-MM =0 = A(x- x0)*B(y- yo)+C(z- 20)=0 (1)

DTO U €CTh UCKOMOE YpaBHEHHE MIOCKOCTH I, T.K. eMy yAOBIETBOPSIOT
KOOPAMHATHI X; y; Z TOYKH M TOrz1a v TOJBKO TOraa, Koraa M JIEKHUT Ha IIJI0CKO-
ctu I1.

PackpsiBast ckoOku, npeactaBuM ypaBHeHue (1) B Bume Ax+By+Cz+(-
Ax0-Byo-Cz¢)=0. lanee, 0603nauas uncio -Axy-Byo-Czy 6ykBoii D, momyuum:

Ax+By+Cz+D=0.

Mpel BUIMM, 4TO MIOCKOCTh 11 NEHCTBUTENBHO ONpenenseTcsl ypaBHEHH-
eM IepBoi creneHu. Teopema goka3aHa.

[Ipou3BOIBHBIM HEHYJEBOW BEKTOp, NEPHNEHAUKYISAPHBIA IJIOCKOCTH,
HA3bIBACTCS HOPMAJBHBIM K HEH BEKTOPOM. YTOTPEOsisi 3TO Ha3BaHUE, MBI
MOXXEM CKa3aTh, 4TO ypaBHeHHE A(X- Xo)+B(y- yo)+C(z- 29)=0 ecTh ypaBHECHHE
IUIOCKOCTH, MPOXOsiIeil uepe3 Touky Mo(Xo; Yo; Zo) U UMEIOIIECH HOpMaIbHBIN
BekTop N={A; B; C}.

YpaBHeHue Buaa
Ax+By+Cz+D=0 2)
Ha3bIBACTCS OOIMM YPaBHEHHEM MJIOCKOCTH.

Teopema. B oexapmogvix koopounamax Kazxcooe YpasHeHue Nnepeou
cmeneHu onpeoensiem nioCKOCHb.

Joxa3arenscTBo. PaccMOTpUM NpOM3BOJIBHOE YPAaBHEHUE IIEPBOM CTEIeE-
Hu Ax+By+Cz+D=0 (A, B, C 0o1HOBpEeMEHHO HE PaBHBI HYJIIO).

[Tycts Xo, Yo, Zo MPOU3BOJIbHASL TPOWKA YHCEI, YIOBICTBOPSIONIAS YPaB-
HeHwuto (2):

AXO+ByO+CZO+D:0. (3)
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Borurem u ypaBHeHus (2) Toxaectso (3), moryuum
A(x-X0)tB(y-yo)+C(z-20)=0,

KOTOpPOE TI0 MPEIBIYIIEMY MPEICTAaBIsAET COOON ypaBHEHHE IJIOCKOCTH, TPOXO-
nsmen yepe3 Touky Mo(Xo; Yo; Zo) M1 UMEIOIIEe HOpManbHBIA BeKTOp N={A; B;
C}. Ho ypaBHeHue (2) paBHOCHIBHO ypaBHeHHuo (1), T.K. ypaBHeHue (1) moiy-
YyaeTcsl W3 ypaBHEHHMs (2) myTeM MNO4YWIEHHOTO BBIYMTAHHS ToxjectBa (3), a
ypaBHEeHUE (2) B CBOIO oOuepeab nosydaercsa u3 ypaBHeHud (1) myrem mouseH-
Horo mpubasiienust ToxaecTBa (3). CiaemoBarenbHO, ypaBHEHUE (2) SBISETCS
ypaBHEHHEM TOM ke MiaockocTu. Teopema qokazaHa.

JlokaxxeM Terephb CIeAyIollee BaKHOE YTBEPXKICHHUE: eciu 08a ypagHe-
Hus Aix+B;y+Ciz+D;=0 u Ax+Byy+Coz+D,=0 onpedensiom 00y u my ice
HIOCKOCMb, MO  KOIDDuyueHmol ux  NPONOPYUOHATLHBI. JIeHCTBUTENBEHO
ﬁF{Al; By;; Ci} un ﬁzZ{Az; B; C,} mepneHIuKyIsIpHBI K OJHOM U TOM ke
TUTOCKOCTH, CJIEIOBATEIBHO BEKTOPA N uN, - KOJUTMHEAPHBI, TOTIa

A1=A2-m; B]ZBQ'I’I]; C1:C2'1’1'1.

[Tycth My(Xo; yo; Zo) - Tt00ast TOUKa MIIOCKOCTHU: €€ KOOPAMHATHI JTOJDKHBI
YIOBJIETBOPSTH KOKJIOMYy W3 JaHHBIX YpPaBHCHHMH, TakuM oO0pa3oMm
Ax+B1y+Ciz+D1=0 u Ax+Boy+Cyz+D,=0. YMHOXUM BTOpOE€ U3 3THX pa-
BEHCTB HA M U BBIYTEM U3 MEPBOTO: MOTYyUHUM

A D
Dl-DszOI/IJ'H/IDl:DzmI/I—12—2&2—121’1’1.
A C D

2 2 2

Tem caMbIM Hallle yTBEPKACHHUE JOKa3aHO.

1.3.2. HenmoJiHble ypaBHEHUS MJIOCKOCTH

3nech OyaemM paccMaTpuBaTh YacTHBIE CIy4yau ypaBHEHHs MEPBOi CTe-
MeHU, Koraa Kakue-muoo u3 koddouiumentos A, B, C, D oOpamarorcst B HyJIb:

1) D=0: Ax+By+Cz=0 - ompezenseT IIOCKOCTb, MPOXOASIIYI0 Yepe3 Hayayio
KoopauHat, T.K. uucaa x=0; y=0; z=0 yI0OBIETBOPAIOT YpPaBHEHUIO
Ax+By+Cz=0. CnenoBareabHO Ha4aJI0 KOOPAUHAT IPUHAITIEKHUT INIOCKOCTH.

2) C=0: Ax+By+D=0 ompegensier MmiockocTh, mnapawieabHyo ocu Oz (uiam

MPOXOJAIIYIO Uuepe3 3Ty och). B aToM cimyuae HopMamnbHbI BekTOop N ={A; B;
C} umeer HyneByro mpoekiuio Ha ock Oz (C=0); cinemoBaTeNbHO, 3TOT BEKTOP
neprneHauKkyspes ocu Oz, a caMa IUIOCKOCTb MapajuienbHa €il (W NpoXoauT
yepes Hee).

3) B=0 u C=0: Ax+D=0 - ompenenser IOCKOCTh, MapajuIeIbHyI0 KOOPAUHAT-
HoM mockocty Oyz (MM coBHaAarollyro ¢ Hel). B aTom ciydae HOpManbHbIN

Bektop N={A; B; C} umeer nynenble npoexuun Ha ocu Oy u Oz (B=0 u
C=0); cnenoBarenbHO, BekTop N mepnenaukyispeH k ocsim Oy u Oz, a cama
IUIOCKOCTh NapajuiebHa UM (MM IPOXOAUT yepe3 Kaxayro u3 Hux). Ho ato u
O03HA4YaeT, YTO IJIOCKOCTh, ompeaensieMas ypaBHeHrneM Ax+D=0, napamienbHa
wiockocty Oyz UM COBMAJIACT C HEM.
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ITo ananorum c npeabIAymuM JICTKO YCTAHOBUTD, YTO:

1. VpaBuenne Ax+Cz+D=0 3agaer miockocTs, napamienpHyro ocu Oy (umum
npoxosiyto yepe3 Hee). YpaBHenue By+Cz+D=0 3amgaeT miockocTs, mapal-
nenpHy0 ocu OX (WM MPOXOAIIY IO Yepe3 Hee).

2. YpaBuenne By+D=0 3agaeT miockocTb, mapasuiesbHyto miockoctu Oxz (uiam
coBmajaroiyto ¢ Hert). YpasHenue Cz+D=0 3amaer miockoCTh, MapauiebHYIO
miockocTr OXy (MIJIM COBIAIAIONIYIO C HEH).

1.3.3. YpaBHeHHe IUIOCKOCTH B OTpe3Kax

[Tycts B ypaBHeHuH miockoct Ax+By+Cz+D=0 uu oaun u3 ko3dpdu-
mueHToB A, B, C, D He paBeH Hy:r0. Cenas ciieIyromnpe npeoopa3oBaHus:

Ax+By+Cz=-D;
A
X N By N Cz 1
-D -D -D
X y z
RN R
A B C
D D D
W BBOJS 0003HAYCHUS A = - b= ——, C=——, OJIy4YuM i+X_|_E =1
A B C a b ¢

OTO0 cnenyaibHbIi BHJ YpaBHEHUS MJIOCKOCTU Ha3bIBa€MbI ypaBHEHHU-
eM IUIOCKOCTH '"'B oTpe3kax''. 31ech unucna a, b, ¢ UMEIOT MPOCTOM reoMeTpu-
YEeCKUI CMBICI, @ UMEHHO a, b, C - 3TO BEIMYMHBI OTPE3KOB, KOTOPHIE IIIOCKOCTh
OTCEeKaeT Ha KOOPAMHATHBIX OCAX. UTOOBI yOeIUThCsl B 3TOM, JOCTaTOYHO HANTH
TOYKU TIepeceueHHsl MIOCKOCTH ¢ KOOPAMHATHBIMU OCsAMHU. Touka mepeceueHust
wIockocTu ¢ ocblo Ox ompexensercs W3 YpaBHEHHS OSTOH IUIOCKOCTH

X z
L A npu ycnoBuu y=z=0. Otctoga x=a. Takum oOpa3oMm, BenuuMHA
a

OTpE3Ka, OTCECKACMOTI'0 IJIOCKOCThKO Ha OCHU OX, ﬂeﬁCTBHTeHBHO paBHa a. Amna-
JIOTUYHO, OTPE3KU OTCCKACMBIC IINIOCKOCTHIO HAa OCAX Oy u OZ, HUMCIOT BCIINYH-
HbI, PaBHBIC COOTBCTCTBCHHO buc.

[Ipumep. CocTaBUTh ypaBHEHHE IUIOCKOCTH, 3HAs, YTO OHA OTCEKAET HA
KOOPJIMHATHBIX OCSAX OTpe3KH a=3; b=-4; c=2.

Pemenne. Ha ocHOBaHMU MpenbIayIEro MOJy4aeM HUCKOMOE ypaBHEHHUE
cpasy:

X _Y 1% | umm 4x-3y+62-12=0.
3 4 2
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1.3.4. HopmaJsibHOe ypaBHeHHE IJIOCKOCTH. PaccTosinue 0T TOYKHU
10 IJIOCKOCTH

Bosbmem B mpoctpanctBe XYZ Hekotopyro miiockocTs II. IIpoBenem
yepe3 HayaJlo KOOPAMHAT NPSAMYIO N, NEPHEHAUKYISApHYI0 K miuockoctu 11. Ha-
30BEM 3Ty NIPSAMYI0 HOPMaJblO, - U OTMeTHUM OykBoil P Touky mepeceueHus
HOpMaJIX ¢ IIIOCKOCThIO [1. Ha HOpManu BBeieM MOJIOKUTEIBHOE HAaIpPABICHUE
oT Hayana koopauHat O k touke P. Ecnu Touka P coBmamaet ¢ O, T.e. naHHast
IUIOCKOCTh IPOXOAMT YEPE3 HAa4yajo KOOPAMHAT, TO IMOJIOKUTEIbHOE HaIpaBile-
HHE HOpMaJId BbIOEpeM Mpou3BoiIbHO. O003HAYNM

yepes o, 3, Y YIVIbl, KOTOpbIE COCTaBIseT HalpaBiIeHHas HOPMAJb C OCSIMH KO-
OpIMHAT, Yepes p - nuHy oTpe3ka OP.

Msb1 BbIBElIEM YpaBHEHHE
mapHoM miockoctu II, cuumras
M3BECTHBIMH YHCIIa COS O, COS 3,
cos ¥ u p. C 3TOi 11eN1bI0 BO3bMEM
Ha 1uiockocTH I mpousBoJBHYIO
TO4YKy M u 0603HauuM 4epes X, y,
zZ ee KoopauHatel. OYeBUAHO,

Az n

npoekius Bekropa OM  Ha HOp-
Maib paBHa OP, a Tak kak mosuo-
1! KHUTEIbHOE HAIIPaBIICHHE OTPE3Ka

<

OP , TO BenuuuHa 3TOro OTpe3Ka
Puc. 1 BBIPAYKAETCS MIOJIOKUTEIBHBIM
X YHCIIOM P:

b, OM =P (1)
3ametum, uto OM ={Xx;y; z}, oTCcI01a b, OM =xcosa + ycosf + zcosy (2)
N3 paBencts (1) u (2) ciemyer, 9To X cosa + ycosP + zcosy = p uinu

xcosa + ycosf + zcosy - p=0 3)

DT0 ypaBHEHHE TUIOCKOCTH, OHO HOCHUT CIICI[HAJILHOC Ha3BaHHE: HOPMAJIbHOE
yYpPaBHEHHE IUIOCKOCTH; B 5TOM YpaBHEHHHU COSCL, COS[3, COSY CyTh HaIpaBIIsIo-
M€ KOCUHYChI HOPMAJIH, P - PACCTOSIHUE TUIOCKOCTH OT Havajia KOOPJAMHAT.

[TycTh Kak ¥ paHee n HOpMaib K MPOU3BOJIBHON M1ocKkocTu I1, M*- mpo-
W3BOJIbHAS TOYKA MPOCTPAHCTBA, d- €€ pacCcTOSIHME OTAAHHOW IUIOCKOCTH (CM.
puc. 1).

VYcnoBuMces HasblBaTh OTKJIOHEHHEM TOYKM M* 0T naHHOHM MIIOCKOCTH
yuciao +d, ecmu M* JeXUT 10 Ty CTOPOHY OT IUIOCKOCTH, KyAa HJIET MOJOKH-
TEIbHOE HamlpaBlieHue HopMand, -d, ecan M* nexur ¢ Apyrod CTOPOHBI OT
JaHHOM miockocTd. OTKIIOHEHHE TOYKHM OT IJIOCKOCTH 0003HauuM OyKBOH O;
TakuM o0pa3oM, 0=+ d, mpuyuem mosie3Ho 3aMeTHUTh, 4To d=+d, Korma Touka M*
U HayaJI0 KOOPJMHAT JIeXkKaT MO pa3Hble CTOPOHBI OT IIOCKOCTH, U &=-d, Korja
Touyka M* M Hayano KOOpAMHAT JIeXkKAT MO OJHY CTOPOHY OT IUIOCKOCTH (st
TOYEK, JISKAITUX Ha TIIOCKOCTH, 6=0).
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Teopema. Eciu mouxka M* umeem xoopounamoer (x*; y*; z*), a nioc-
KOCMb 3A0aHA HOPMATbHBIM YpasHeHueM X cosa + ycosf + zcosy - p=0, mo om-
KI0HeHue moyku M* om smotui niockocmu 3a0aemcs hopmynot
o= x*cosa + y*cosf + z*cosy - p.

JoxazatenbctBo. CripoekTpyeM Touky M™* Ha HOpmaib; mycTh Q - ee
npoekius (puc. 1); Toroa

$=PQ=0Q - OP,

rae PQ, OQ, OP - 3To Benn4YrHbBI HAITPABICHHBIX OTPE3KOB HOPMAJIH: m, @
u OP . Ho 0Q= np, OM *, OP=p; cnegoBareiabHO

5="P» OM* - p )
W3 panee noka3aHHOTO
by OM *= x* coso, + y*cosP + z*cosy (6)
U3 paBencts (5) u (6) monydaem:
d=x*cosa + y*cosf + z*cosy - p
Teopema noka3aHa.

[TokaxkeM, kak TpuBeCTH 00IIEee ypaBHEHUE TUIOCKOCTH K HOPMAJIbHOMY
Buay. [lyctsb
Ax+By+Cz+D=0 (7)

- of1iee ypaBHeHHE HEKOTOPOU TNIOCKOCTH, a
xcosa + ycosf} + zcosy - p=0 3)

- ee HopMasbHOE ypaBHeHue. Tak kak ypaBHeHus (7) u (3) onpenenstor oqHy U
Ty %€ IJIOCKOCTb, TO KO3((UIIMEHTHI ATUX YPaBHEHUH MPONOPIHMOHANIBHBL, T.€.
pA=cosa, uB=cosp, pC=cosy, uD= -p. (8)

YroObl HATU MHOXKHTENb |, BO3BEIEM MEPBbIE TPH U3 3TUX PABEHCTB B
KBaApar U cioxuM. [lomyunm:

W (AMB*+C*)=cos’a. + cos’B + cos’y.

2 2 2

T.k. cos“a. + cos™PB + cos™y=1, T0 . 1 .
VA’ +B* +C?

Uucno p Ha3pIBaeTCs HOPMHUPYIOIMM MHOXKHUTeJIeM. [l onpeneseHus
3HaKa HOPMHPYIOIIETO MHOXKHUTENS HCIONb3yeM TocleqHee U3 paBeHCTB (8):
uD= -p. CrnenoBarenbHO: 3HAK HOPMHUPYIOIIETO MHOXHTENS MPOTUBOMOIOKEH
3HaKy CBOOOJHOIO 4jieHa HOpMHUpyeMmoro ypaBHeHus. Eciau D=0, To 3Hak HOp-
MUPYIOIIEr0 MHOKHUTENSI MOKHO BBIOMPATH 10 JKEJTaHUIO.

[pumep. [anbr mrockocts 12x-4y+3z+14=0 u Touka M(1; 3; 4). Haiitu
OTKJIOHEHUE TOYKA M OT TaHHOH MJIOCKOCTH.

Pewmenue. [IpuBeneM naHHoe ypaBHEHUE K HOpMaiabHOMY Buay. Halinem
HOPMUPYIOIINNA MHOXKHTEIIb: -1 1 . YMHOXkas1 JaHHOE YpPaBHEHHE

VEaae122 13
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Ha |, TMOJYyYUM HCXOIHOE HOpPMaJIbHOE€  YpPaBHEHHE  IJIOCKOCTH:
B % (12x—4y+32+14) = 0 [ToxcTaBsisi B IEBYIO 4acTh 3TOTO YPaBHEHUS KOOPAUHATHI

Touku M, mmeeM: . Urak, Touka M umeer ortpuiia-

5:—%(12~1—4~3+3.4+14)=—2

TEILHOC OTKIIOHEHHE OT JAHHOM INIOCKOCTH U yAaJl€Ha OT HEC Ha paCCTOAHHC
d=2.

1.3.5. YpaBHeHue npsimoii B NpOCTPAHCTBE

PaccmoTpuM mpou3BoNIbHYIO TIPsAIMYT0, 0003HaUnM ee OykBoi a. O603Ha-
yum uepes [1; u I, kakue-HuOyAb 1Be pa3ianuHble MIIOCKOCTH, epeceKatonnecs
Mo MpsMON a W TPEANONIOKUM, YTO YpPaBHEHHUS OJTHUX IUIOCKOCTEH OyayT:
Ax+B1y+Ciz+D1=0 u A x+Byy+C,z+D,=0. Tak kak npsiMas a mpeacTaBisieT
coboit nmepeceuenue miaockocteit I1; u Il,, To oHa ompenensieTcsi COBMECTHBIM
3aJJaHUEM JIBYX YpaBHEHHII:

{Alx+ B,y+C,z+ D, =0, (1)
A,x+B,y+C,z+ D, =0.

[ToctaBum 3anmavy: Bcerjaa Ju JBa ypaBHEHHs MEPBOM CTENEHH COBMECT-
HO OMpPENEISIOT HEKOTOPYIO MpsMyto? O4YeBUAHO, ITO OYJET TOJIBKO B TOM CIIy-
yae, Korja COOTBETCTBYIOIIME UM MIOCKOCTH HE MapajuieNibHbl U HE COBMAAAI0T
Jpyr ¢ IpyroM, T.€. KOrJla HOpMallbHble BEKTOPbI ATHX miockoctelt Ni={A,, By,
Ci} u No={A,, B,, C;}ne xomnuueapHsl. J[Ba ypaBHeHus Buaa (1) coBmecTHO
OTIPECIISAIOT MPSIMYIO B TOMHU TOJBKO B TOM cliydae, Koraa Kodppuiuentsr A,
B, C| omHOTO U3 HUX HE MPOMOPIHOHANBHEI KO3 duimentam A,, B, C, npyro-
ro.

1.3.6. Hanpasasiromuii BekTop npsiMmoii. Kanonuveckue ypaBHeHHs
npsamoii. [lapamerpuyeckue ypapHeHus1 NpsiMoOii

PaccmoTpuMm nipousBosibHYI0 npsimyto. Kaxablii HE paBHBIA HYJIO BEK-
TOP, JeKAIIMN HA JAHHOW MPSIMOM WJIW MapaJlJIeIbHbIN €11, Ha3bIBACTCS HANIPAB-
JSAKIIUM BEKTOPOM 3TOW MpsIMO. YKa3aHHbIE BEKTOPbI HA3bIBAIOTCS HAIpaB-
JSIOUIMME  UMEHHO TOTOMY, 4YTO JII000# M3 HUX, OyAy4H 3aJaH, Omperenser
HaIlpaBJICHUE IIPSIMOA.
Hanpasnsirommuiit BexkTop mpsimoid Oyzaem 0003Ha-

yaTh OyKBOH | , €ro KOOpaAWHATHI - m, n, p:
1 ={m; n; p}

Puc. 2. BriBeneM ypaBHEeHHE TPSMOM, MPOXOASIIEH yepes
3alaHHyl0 TOYKy My(Xo; Yo; Zo) ¥ UMEIOLICH JaHHBIA HAMpPaBISIIONINIA BEKTOP

1 ={m; n; p}.

[Tycts M(X;y; z) - mpousBoibHas ("Tekymas") Touka npsMoil  (puc. 2).

Bexkrop MM ={x- X¢; y- Yo; Z- Zo} KOJUIMHEApEH HAIPABIAIOLIEMY BEKTOPY

| ={m; n; p}. CnenoBarenbHO, KOOpAUHATBI BekTopa M M mnponopruoHaabHbI

KOOpZAWHATaM BCKTOpa l:
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X=Xy _Y~Yo_2—-2 (1)
m n p

OTUM COOTHOILIEHHUSM YJIOBJIETBOPSIIOT KOOpPJAMHATHl KaKJIOW TOYKHU
M(x;y; z), nexanieil Ha paccMaTpuBacMOW MpPsIMOM, HAapOTUB, €CIM TOYKa
M(X; y; z) HE JEXKUT Ha NPSAMOU, TO €€ KOOPAUHATHI HE YIOBJIETBOPSAIOT COOT-

HomreHusM (1), Tak Kak B 3TOM ciiydae BeKTopsl MM u | He KoJIHMHEapHBI U

KOOpPAMHATHI WX HE MPOMOPIMOHANBHBL. Takum oOpa3oM, ypaBHeHus (1) mpen-
CTaBJISIIOT COOOW ypaBHEHUS MPSIMOM, IPOXOoadIen, yepe3 Touky Mo(Xo; Yo; Zo)

B HampaBlieHUH BekTopa | ={m; n; p}.
VYpaBuenus (1) mpsimoit Mbl OyzeM Ha3bIBaTh KaHOHM4YecKHMMHU. [lycTb
HEKOTOpas mpsiMasi 3aJaHa JByMs OOIIMMHU ypaBHEHHUSMHU:

A x+By+Cz+D, =0, (2)
A,x+B,y+ C,z+ D, = 0.

[Tokaxem, Kak COCTaBUTh KAHOHUYECKUE ypaBHEHUs 3TOH mpsimoid. O0o-
3HAYMM IUIOCKOCTH, ONpeJensieMble NaHHbIMU ypaBHeHHsMH, depe3 [I; u Iy,
HOPMaJIbHbIE BEKTOPBI ATUX IUIOCKOCTEN uepe3 Ni u Nz. [Insg coctaBineHus ka-
HOHUYECKUX YPAaBHEHHUI JaHHOMW MPSAMOM, HY>KHO:

1) HaliTH TPOM3BONIBHYIO €€ TOYKy Mo(Xo; Yo; Zo); AT TOrO CIEAyeT 3alaTh
YHUCJIICHHOC 3HAUYCHUC OHHOﬁ N3 HCHU3BCCTHBIX KOOPAUHAT X, Yo, Zo U TIOJACTABUTDH
€ro BMECTO COOTBETCTBYIOIIEH NMEPEMEHHON B YpaBHEHHS (2); TIOCIIE€ 3TOTO JIBE
OCTaJibHbIe KOOPIMHATHI OINpPENESIOTCS U3 ypaBHEHUH (2) myTeM HUX COBMECT-
HOTO PEIICHNUS;

2) Haiitu Hampaisitoumii Bektop | ={m; n; p}. Tak kak naHHas mpsiMas orpe-
JeneHa nepeceyenueM miaockocret uepes I, u I, To oHa nmeprneHaAnKyIspHa K

KaxxaoMy u3 BekTopoB Ni u N:. [loaTtomy B kauecTBe BekTOopa | MOXKHO B3ATh
1100011 BEKTOp, NEpHEHIUKYIISAPHBII K BekTopaM Ni u N2, Hampumep, UX BeK-

TOpHOE Tpou3BeneHue: | = [N1 Nz]. [Tockonpky KOOpAMHATBHI BEKTOPOB Ni U

N2 m3BectHol: Ni={A; B;; C;}, N2={Ay; By; C,}, s BeruricieHus: KOopau-
HaT BekTopa | ={m; n; p} mOCTaTOYHO MPUMEHUTH (POPMYITY IJII HAXOXKICHHS
KOOPJMHAT BEKTOPHOT'O MTPOU3BEICHUS.

[Ipumep. Haiitn kaHOHMYECKUE ypaBHEHUS IPSAMOI
2x+y—-z-4=0
3x-y+2z-5=0

Pemenwue. I[lomaras, Hampumep, Xo=1, HaxoOuUM U3 JAHHOW CHUCTEMBI:
y0=0, zo=4; TakuMm 00pa3oM, Mbl y>K€ 3HaeM OJHY TOUKy npsmoii: My(1; 6; 4).
Tenepr Haligem Hampapistomuid Bektop. Umeem: Ni={2;1;-1}, N2={3;-1;2};
orcioma | = [N1 NZ]Z{I; -7; -5}, 1.e. m=1, n=-7, p=-5. KaHoHn4eckoe ypaBHe-
HHUE JaHHOW MPSAMOW MBI NOJYYUM, TIOACTABIISIS HalIEHHbIC 3HAYCHHUS Xo, Yo, Z0,
m, n, p B paBeHctna (1):
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ITycTh aHbl KAHOHUYECKHE YpaBHEHUsI KakoW-HUOY b npsiMoit. O003Ha-
yuM OyKBOM t Ka)k/10€ U3 MapHbIX OTHOIICHUH, KOTOPhIE YYaCTBYIOT B 3THX Ka-
HOHMYECKUX YPaBHEHUSX; MbI MOJTYUYUM:

X=Xy _ Y=Y _2"%

=t

m n p
Otcrona
X =X, +mt
y =Y, +nt &)
z=2z,+pt

OTO0 - mapaMeTpU4ECKUe YpaBHEHUs MPSAMOH, MPOXOAAILEH Yepe3 TOUKY
Mo(Xo; Yo; Zo) B HampaBieHuH Bektopa | ={m; n; p}. B ypaBuenusx (3) t pac-
CMaTPUBAETCS KAK MPOU3BOJIBHO M3MEHSIOIUICS IIapaMeTp, X, Y, z-
Kak (QyHKIUH OT t; IPH U3MEHEHUH t BEJTMYUHBI X, Y, Z MEHSIOTCS TaK, YTO TOYKA
M(x; y; z) IBHXKETCS IO AaHHOM npsAMoii. [lapameTpruueckue ypaBHEHUs NpsIMON
yA0OHO MPUMEHSATH B TEX Clydasx, Korjaa TpedyeTcss HalTH TOUKY MepecedyeHus
MPSIMOM C TIOCKOCTBIO.

[Ipumep. aHbl npsmas X7 = 4 U TUIOCKOCTh X+2y+z-6=0.
1

Haiitn Touky ux nepecedeHus.

Pemenue. 3amaua cBOIUTCS K OMPENEICHUIO KOOPIUHAT TOUKH X, Y, Z U3
TpeX AaHHBIX YpaBHEHM (MbI UIMEEM J[Ba YPAaBHEHUS MPSIMON U OJTHO YpaBHEHUE
x-2 y-3 z—-4
21
[ToacTaBisisi 3TH BBIpAXEHHUS BJICBYIO YacTh YpPaBHEHHUS JAHHOHM TUIOCKOCTHU TIO-
ayuuM (2+t)+2(3+2t)+(4+t)-6=0.

Pemas sTo0 ypaBHeHue, Haxoaum: t=-1, ciieqoBaTeIbHO, KOOPAMHATHI
UCKOMOM Touku OynyT x=1, y=1, z=3.

miockocth). [lomaras =t, oTcroga x=2+t, y=3+2t, z=4-+t.

1.3.7. HexoTopble 7ONOJHUTEIbHbIE NMPEAI0KEeHUS] H IPUMePbI

1) B ananutuyeckoil reoMeTpuH 4acTo TpeOyeTcs COCTaBUTh ypaBHEHHUE Mps-
MOﬁ, 3Hasg ABC €€ TOYKMU. Pemmmum 9Ty 3aJavy B 06H_[CM BUAC, CUHUTasd JaHHBIMU
ABC IMTPONU3BOJIbHBIC TOUKHU:

Mi(x1; y15 1) 1 Ma(X23 ¥2; 22).
Jlns peuieHus 3aa4dl  JTOCTaTOYHO 3aMETUTh, UTO B KAUe€CTBE HAIPABIISAIOIIETO
BEKTOpa pacCMaTpyUBacMOM MPAMON MOKHO B3STh BEKTOP 1= MM, ; orcroga
m=Xj - X1; N=Y2 - Y1; P=Z2 - Z1, OKOHYATEJIILHO NOJIYYUM

X=X _ Y=V _ z2—7

XH =X Yoo N Z,— 7

DTO M €CTh UCKOMBIE (KAaHOHUYECKHE) YPaBHEHUS MPSIMOM, TPOXOISIICH
yepe3 JIBe JaHHble TOUKU: Mi(X1; yi; Z1) U Ma(X2; y2; Z2).

2) Pemum Taxke B oOIIEM BHJIE 3a7ady: COCTaBHThb YPaBHEHHE IUIOCKOCTH,
OPOXOJAIIeH uepe3 Tpu pasziauuHble Touku: Mi(Xi; yi; z1); Ma(X2; y2; 22);
Mi(x3; y3; 23).
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OO6o03HauuM uepe3 X, Y, Z KOOPAMHATHI MMPOM3BOJILHOW TOUkHM M mpo-
CTPaHCTBA U pacCMOTPUM TPHU BEKTOPA:

MM = {x=x;y-y;2-7}
MM, = {Xz = XY, Y5 % _Zl}
MM, = {X3 —XpYs T Y Z; _Zl}

Touka M nexut Ha iockoctd M{MaM3 B TOM U TOJNBKO B TOM CiIydae,

korzaa Bektoppl MM, MM, u MM, KOMIIIaHapHBI; yCIIOBUEM KOMILIaHAP-

HOCTH 3THUX TPEX BCKTOPOB ABJIACTCA PAaBCHCTBO HYJIIO UX CMCIIAHHOI'O ITPOU3-
BCACHWA WKW PpaBCHCTBO HYJIIO OIMPEACTIUTEIIA TPETHETO MOopsAaAKa, COCTaBJICHHO-
'O U3 UX KOOpAUHAT.

B namem ciygae umeem:
X=X Y=YV Z—7Z
X,=X Y,-Y, Z,—%|=0
X=X Y3V Z3— 7
DTO M €CTh UCKOMOE YPAaBHEHHUE IIOCKOCTH, TPOXOJALIEH Yepe3 TOUKH

Mi, M,, M3, Tak Kak emMy yJOBJIETBOPSIOT KOOPAUHATHI X, Y, Z TOUKH M B TOM U
TOJILKO B TOM CJIy4ae, KOrJla OHa JICKHUT B 3TOU MIOCKOCTH.

3) Yromn Mexay ABYMsI IPSIMBIMH.

YrioM MeXAy ABYMS MPSIMBIMH B IPOCTPAHCTBE HA3BIBAIOT JIOOOI W3 YTIIOB,
00pa30BaHHbBIX IBYMs MPSIMBIMU, IPOBEACHHBIMU U3 OJIHOM TOUKH, MapaieIbHO
JAHHBIM TpsIMBIM. Eciiu nipsiMble apaiienbHbl, TO YTOJI MKy HUMU CUUTAETCS

PaBHBIM HYJIIO WU TT.
[lycTb naHbl ypaBHEHUS JBYX MPSIMBIX:

X=X, _ Y=Y _2-%

s
ml nl pl

X=X, Y=YV, _ 72—-2

m, n, P,

O0603HauUMM Yroj MEXay MPSMBIMU Yepe3 O, a YroJl MEXIy HUX Halpas-
JstromnMu BekTopamu 11 u 12 - uepes @. Ilpu atom

o) =¥ (1)
‘11 1,

Tak kak o=@ Wik o=T - P, TO cosa=*cos@. Ciaea0oBaTeIbHO,

cosa:ig (2)
‘11 1>

WJIM B KOOPJMHATHOM dopme:
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m m2+nl n2+p1 p2
\/ml +n’+p,’ \/m2 +n,) +p,

®opmyusl (2) u (3) sBisAroTcs GOPMYITaMHU TS OTIPENIEIICHUS yTIIa MEX-
Iy ABYMs IPSMBIMU B IIPOCTPAHCTBE.

cosa =

3)

4) YcnoBusi mapaisielbHOCTH U TEPIEHIUKYISPHOCTH JIBYX TMPSMBIX B IPO-
CTpaHCTBE.

st Toro, yTOOBI IBE MpsAMbIE OBLIN napaenbHbl, HEO0OXOIUMO M JIOC-
TATOYHO, YTOOBI UX HANPAaBJISIOIINE BEKTOPBI 11 u 1, ObUIKM KONTUHEAPHBI, T.€.
COOTBETCTBYIOIIHE KOOPIUHATHI BEKTOPOB 1, u 1, Gbum MIPOTIOPITMOHATBHBI:

mo_n_p (4)

m, n, P

Ycnosue (4) sBaseTCs yCIOBHEM MapaJlJIebHOCTH IBYX MPSMBIX B IPO-
CTPaHCTBE.

Jlst Toro, 4TOOBI MPSIMBIE OBLTU TIEPIEHANKYIISIPHBI MEXKIy cCOOOH, He-

00X0AMMO M JOCTaTOYHO, YTOOBI HAIPABISAIONIME UX BEKTOpHl 11 u 1. ObuIH
OPTOTOHAJIBHBIMH.

YcioBre OpTOrOHAIBHOCTH IBYX BEKTOpOB 11 1 12
mimy+n;ny+p;p>=0 (%)
SIBJISICTCSL YCIIOBHEM MEPICHANKYIISIPHOCTH JABYX MPSIMBIX B POCTPAHCTBE.

IIpumep. Haiitu ypaBHeHHE npsMOH, mpoxoadiiei yepe3 Touky M(3; 2;
-1) nepneHAUKYJISIPHO JBYM MPSMBIM:

x—l_y—7_z+4,a Xx+3 y+5 z-9

a: = = s a,: = =
) -3 5 7 4 1 -2
CocTaBuM ypaBHEHHE JII000M MPSIMON, IPOXOsIIEH Yepe3 Touky M:
x-3 y-2 z+l (5)
m n p

Hcnons3ys ycnoBue NEpHEHAUKYIIPHOCTH UCKOMOM IIPSMOM K IPSAMOU
aj, a 3aTeM K MPSIMO a, MOJIyYUM
2m-3n+5p=0
4m+n-2p=0
W3 31Ol OAHOPOAHON CTPYKTYPBI JMHEHHBIX YPAaBHEHUN C HEU3BECTHBI-
MU M, N, p HAWJIEM OTHOILIECHHS HEU3BECTHBIX:
-3 5 5 21 2 3
m:n:p = : : =1:24:14
I =2 -2 4 4 1
IloncraBnsis B ypaBHeHHMsI NpsiMoi (6) BMECTO m, n, p NPONOPLUOHAIb-
HBIE UM BEJIMYMHBI, [I0JIyYUM UCKOMBIC YPABHECHMUS:
x-9 y+13 z-15
1 24 14
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5) Yriom mMexay npsMoil M IJIOCKOCTBIO HA3bIBAIOT JHOOOH M3 JIBYX CMEXHBIX
yIJI0B, 00pa30BaHHBIX NPsSMOM M ee Hpoekiueld Ha ruiockocTs. IlycTth mano
ypaBHeHUE mrockoctH 11:

Ax+By+Cz+D=0
U ypaBHEHUE npsMoii | :

X=Xy Y=Yy Z—-2

m n p

N={A; B; C}- HopMaJIbHBI} BEKTOP TJIOCKOCTH
1 ={m; n; p} - HanpaBIAIOMUNA BEKTOP MPSMOM

O6o3nauum yron Mexay Bektopamu N u | dyepes ¢, a yron mexay
miockocThio I1 m mpsimoii 1 - gepes o.. Haiinem KocuHycC yTiia ¢ MEXIy BEKTO-

pamu Nul:
N-1
COSP = g
N
[Tpu aToMm sina=xcos¢. CiemoBarenbHO,
. -1
sin o = iu
N
WJIM, B KOOPJUHATHOM dopme,
Am+Bn+Cp

sino =

t
JA? + B +C? -\/m2 +n’ +p’

st Toro, uytoObI mockocTh [1 Obiia mapamiensHa npsimMoit 1 Heobxo-

MO U J0CTaTo4Ho, yTo0bl BeKTOphl N ={A; B; C} u 1 ={m; n; p} Obutu opTo-
TOHAJIBHBI MEXIY COOOM.

YcnoBue opToroHanbHOCTH ABYX BekTopoB N u 1 MokeT ObITh 3amuca-
HO KaK PaBEHCTBO HYJIIO UX CKaJISIPHOTO MPOU3BEACHHUS:
(N-1)=0
WM B KOOPJIUHATHOUN opMe:
Am+Bn+Cp=0
Jluist Toro, uTo0b! ipsimast 1 Oblia mepreHauKysipHa miockocty I1, Heoo-

XOJIUMO U IOCTAaTOYHO, YTOOBI BEKTOp | ObLT KOJTMHEApEeH BeKTopy N .

YcioBre KOJUIMHEAPHOCTH JIBYX BEKTOpoB N u | MoxkeTr ObITh 3amuca-
HO KaK PaBEHCTBO HYJIIO MX BEKTOPHOT'O NPOU3BEICHHUS:

(N x1)=0
500041

A B C

m n p

[Ipumep. CocraBuTh ypaBHeHHE IIOCKOCTH 1, mpoxonsiieit yepe3 To4-
Ky M(-1;2; -3) napaymiensHO IByM TMPSMBIM:
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x—2 +6 z-6
(11) :Y =

3 4 -5
x+3 y—-4 z
| —_— ==
(1) > 3 "1

Hanumem YPAaBHCHUC CBA3KU IUIOCKOCTEH C LHCHTPOM B TOYUKE M:

A(x+1)+B(y-2)+C(z+3)=0 (4)

Hcnone3zyeM ycnoBue mnapamienbHocTu Iockoctu IT u mpsimoit 1,, a

3aTeM K npsmoi 1, :
3A+4B+5C=0
2A-3B+C=0

N3 3101 cucTeMbl OHOPOIHBIX YPABHEHUN ONPENEIUM OTHOLIEHUS KO-
s uruentoB A, B, C u 3atem B ypaBHeHue (4) BMecto koddduimentor A, B,
C nozxcraBUM PONOPLUOHAIBHBIE UM BEJIUYNHBI:
4 -5/.1-53].|3 4
301 1 21712 -3
11(x+1)+13(y-2)+17(z+3)=0;
11x+13y+17z+36=0.

A:B:C= : : =-11:-13:-17;

6) ITyuok miockocTeil.

Yepes BCAKYIO NPSAMYIO B IPOCTPAHCTBE MOXKHO IPOBECTU OECUUCIIEHHOE
MHOX€ECTBO IIOCKOCTeH. COBOKYITHOCTh BCEX IUIOCKOCTEH, MPOXOIAIIUX Yepes
OJIHY U TY K€ IPSAMYI0, Ha3bIBAECTCS MyYKOM IIOCKOCTEH.

IlycTe naHo ypaBHEHME NPAMOU KaK JUHUU NEPECEUYECHUS ABYX ILIOCKO-
CTEU:

{Alx+ Byy+C,z+D,=0 0

Ax+B,y+C,z+D, =0
CocTaBuM ypaBHEHHE:

A1X+B 1y+C 1 z+D 1 +}L(A2X+B2y+C2Z+D2):O, (2)

rae A - mpousBoJbHOE uyHcio. [lpu mob6oM A 3TO ypaBHEHHE TIEpBOH CTEITICHH,
KpPOME TOTO, MpH JIFOOOM A 3TO YpaBHEHHUE ONPEACISICT IUIOCKOCTh, MPOXOIs-
nryto gepes npsamyo (1).

JlelicTBUTENBHO, €Cli TOUKa My nmpuHaaiexut npsmou (1), To:
{A1X0 +By,+Ciz,+D; =0
Axy+ By, +Cyz,+ D, =0
U CJIEI0BATEILHO
AxotB 1Y()+C1Zo+D1+7\,(A2X0+B2yO+C2Z0+D2):O.

VYpaBHeHue (2) Ha3bIBacTCS YPABHEHHEM IYYKAa MJIOCKOCTEH, MPOXo-
ISHX yepes npsamyro (1).

VYpaBHeHue (2) gaeT J00YIO MJIOCKOCTh MyYKa, 32 UCKIIOYEHUEM ILUIOC-
KOCTH
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Axx+Boy+C,rz+Dy=0.

[Ipumep. Haittu npoekuuto npsamoit
{2x-3y+ 4z-1=0
x+35y-2z+3=0

Ha mnockocts 3x-4y+z-8=0 (II).

)

CocraBuM ypaBHEHHE MyyKa IUIOCKOCTEH, MPOXOISAIIUX Yepe3 MPIMYIo
(1)
2x-3y+4z-1+M(x+5y-2z+3)=0 3)
WIIH (2+0)x+H(5A-3)y+H(4-21)z+(3A-1)=0

Onpenenum A, UCHOJIB3YS YCIOBHE MEPHEHIUKYISPHOCTH IJIOCKOCTEH:
3(2+A)-4(51-3)+(4-21)=0. Otkyna ) =22 . IloacTaBUB 3HAYEHHE B YPABHEHHE
19
(3), HaiinemM ypaBHEHHUE MPOEKTUPYIOIIECH TIOCKOCTH:
2x—3y+4z—1+%(x+5y—2z+3) =0
60x +53y+32z+47=0

VYpaBHEeHHS] HCKOMOM MPOEKLUK MOXHO 3alucaTh KaK ypaBHEHUs JTUHUU
nepeceyeHusl IOCKOCTEMH:

3x-4y+z-8=0
60x+ 53y-32z+47=0

[pumep. CocTaBUTh YpaBHEHHUE TUIOCKOCTH, IPOXOISIICH Yepe3 IPSIMYIO
{3x+2y+52+6=0 x-1 y-5 z+]

napajuieIbHO MPSIMOH .
x+4y+3z+4=0 P P 3 2 -3

Pemenne. CocTaBuM ypaBHEHHE My4Ka IUIOCKOCTEH, MPOXOAAIIUX YEpe3
NIEPBYIO U3 TaHHBIX MPSMBIX:

3x+2y+5z+6+A(x+4y+3z+4)=0 (%)

[Ipeobpazyem 310 ypaBHeHue: (3+A)x+(2+4L)y+(5+31)z+(6+41)=0. Uc-
MOJIb3Ysl  yCIIOBHE TApPAUICIbHOCTH TPSAMONM H  IJIOCKOCTH — TOJYYUM:
3(3+A)+2(2+41)-3(5+31)=0. Otcroga A=1. [loacTaBmnsas HaliicCHHOE 3HAYCHHE A

B ypaBHEeHUE (*), Haiaem: 4x+6y+8z+10=0 unu 2x+3y+4z+5=0.
IIpumep. Haiitu paccrostaue ot Touku M(1;2; 3) mo npsimoit

x—11 y-18 z-4
2 5 -2

Pemenue. IlpoBenem uepes M mockocts 11, neprneHauKyasspHyro K JaH-
HOM NpsAMOM U HaieM TOYKy P, rie sTa INIOCKOCTh MEPECEKaeT NaHHYI0 IIps-
Mmyto. ckomoe paccTostHue oT TOUKM M 70 JaHHOUM mpsiMoil OyAeT paBHO pac-
CTOSIHUIO OT TOYKU M 110 Touku P.

Hckomoe ypaBHeHue miockoctu [1 MOKHO 3amucaTh B BUJC:
A(x-1)+B(y-1)+C(z-1)=0;
3Ta TIOCKOCTh JIOJDKHA OBITh MEPIIECHIUKYISPHA K JaHHOH mpsiMoit. TTo ycimoBuio
NEPICHIUKYJIIPHOCTH MPSIMOM K IMJIOCKOCTH UMEEM:
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A_B_C

2 5 -2
Bribupast 31eCh MHOXKHUTENb MPOTOPIIMOHATBHOCTH JJISl MPOCTOTHI PaB-
HBIM efuHuIe, HaxonuMm A=2, B=5, C=-2. HUTak, mI0CKOCTh UMEET YpaBHECHHE
2(x-1)+5(y-1)-2(z-1)=0 wm 2x+5y-2z=0.

Ternepb MBI JOJDKHBI HAWTH TOYKY P, B KOTOpOM 3Ta IJIOCKOCTH Iepece-
KaeTcsl ¢ JaHHOM IpsMOM. [[s 3TOro Hy»XHO ypaBHEHHE NAHHOM NPSAMOU pe-
LIMTh COBMECTHO C HalJICHHBIM ypaBHEHUEM IIOCKOCTH [1.

x—11 _ y—18 _ z—4 .
2 5 -2
Orcroga x=2t+11, y=5t+18, z=4-2t. [loacraBnsisa 3T ypaBHEHUS B ypaBHEHHUE
HaWJICHHOM TJIOCKOCTHU 2X+5y-27-5=0 nmomy4yum:

A+22+25t+90+4t-8-5=0;
33t=-99;
=3

Koopaunate! Touku P 6yayT paBabl X=5, y=3, z=10.

Hckomoe paccrosiuue d ot Touku M 10 JaHHOW TpsSMOM, paBHOE pac-
CTOSIHUIO MeXIy ToukamMu M u P, HaiineTcs mo ¢popmyiie HaX0KIECHHs paccTos-
HUS MEXKIy IBYMS TOUKAMH

d=+/(5-1)% +(3-1)* +(10-1)> =/101.

[Ipumep. OmnpenenuTs ycaoBUe, IPU KOTOPOM JIBE MPSMbIE

1) x-a, y-b, z-c
X = =

m, n, b,

x-a, y-b, z-c,

m, n, p,

(1,)

JIe’)KaT Ha OQHOM INIOCKOCTHU.

Pemenue. [lycte 11={m;; n;; p1} u lo={my; ny; p,} HampasustoIHE
BEKTOPHI TAaHHBIX MIpsAMBIX, Mj(ay; by; ¢1) 1 Ma(az; by; ¢2) - TOukH, mpuHaAIEKA-

mue npsameM 1, u 1,. Bektop M M, ={a-a;; by-b; c,-¢;} u Hanpasnsromme
BEKTOPHI MPSAMBIX 11 ¥ 12 KOMIUTaHApHBI B TOM U TOJBKO B TOM Cllydae, KOTJa
npsimble 1, u 1, nexaT B OTHOM TUIOCKOCTH. Y CIOBHEM KOMIUTAaHAPHOCTH TPEX
BEKTOPOB SIBISICTCSI PAaBEHCTBO HYJIIO WX CMEIIAHHOTO IPOM3BEACHHS:

MM, 1:1,=0, uTo B KOOpAUHATHOMN 3aIHCU MOXKET OBITh NPEACTABIECHO B ClIE-
JYIOLIEM BUJIE:
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Jlnst 3amevyanni

1.4. BBeeHne B MaTeMaTHYeCKU aHAIN3
1.4.1. OcHOBHbIE OHSTHS 0 MHOKECTBAX, JOrHYeCKas CHMBOJIHKA
1.4.1.1. Hekomopbie cee0enus 0 MHOMCECMEax

OcHOBHbBIC TIOHATHSA

MHOECTBO - €CTh HCXOTHOE, HadyaJIbHOE (2 CIIeI0BAaTEeNbHO, U HEOTIpe-
JemnsieMoe) oHsTHe. MOXKHO JIMIIB CKa3aTh, YTO MHOKECTBO €CTh COOpaHHe
00BEKTOB, IPH 3TOM He OyJIeM YTOUYHSTh, KaKue coOpaHHst 00BEKTOB SBISIOTCA
MHOXecTBaMU. OOBEKTHI TOT0 COOpaHUS HAa3bIBAIOTCS SJIEMEHTAMH MHOXECTBA.

MHoskecTBa, COCTOSAIINE U3 KOHEYHOTO YHCIa DJIEMEHTOB, HA3bIBAIOTCS
KOHEYHBIMU MHOXKECTBAaMH. ECIIM MHOKECTBO COCTOUT U3 N DIIEMEHTOB, TO ATO
0003HAYAIOT CIIEIYIOIUM 00pazoM:

A:{xl,xz,...,xn} :{xn}.

YacTo npuxoauTcs CTaJIKUBATHCA C IPYTUMHU, HEKOHEUHBIMU, WJIH, KaK
MPUHATO TOBOPUTH, 0ECKOHEYHBIMU MHOXKECTBaMU. TaKOBbI, HAIpUMep, MHOXKe-
CTBa BCEX HATypPAJIbHBIX UHCEJ, BCEX HEUETHBIX YMCEN U T.1I.

K uncny KoHEUHBIX MHOKECTB MBI O0y/IEM OTHOCUTH U ITyCTOE MHOXKECT-
BO, T.€. MHOKECTBO, HE COZIep Kalllee HU OJHOTO AIEMEHTA; YUCIIO 3JIEMEHTOB
MyCTOTO MHOYKECTBA €CTh HYJIb. Takoe MHOKECTBO 0003HAYHM CUMBOJIOM .

Ecnu sneMeHT X NpUHAIJIC)KUT MHOKECTBY A, TO MUIIYT XE A.

3amuck X € A, WU X¢g A 03HA4aeT, YTO X HE €CTh DJIEMECHT MHOKECTBA
A.

3anuce ACB (unu BDA) o3Hauaer, 4To KaK/Iblil 2JIEMEHT MHOXKECTBA A
ABJIIETCS 2JIEMEHTOM MHOXKeCTBa B mim, Ipyrumu cioBamu, MHOXKECTBO A €CTh
MOJIMHOKECTBO MHOKECTB B (M1 MHOKECTBO A BKJIFOYEHO B MHOXKECTBO B).

JIBa MHOKECTBA Ha3bIBAKOTCS PABHBIMH, €CJIM OHU COCTOAT U3 OJHUX U
TEX K€ JIEMEHTOB: 3anuch A=B.

Ecnu A ectb nogMHOXkecTBO B, mprueM MHOKECTBO A HE COBIMAJIAET C
MHOkecTBOM B, To numryt A < B unu B © A.

Ecnu MHOecTBO A HE IPUHAUIEKUT MHOXKECTBY B, To nuiyT

Az B, A eB.3naku €, c, <, D, D Ha3bIBAIOTCS 3HAKAMH BKIIOUCHHS.
pa3bepeM HEKOTOpbIE MOHATUS MaTeMaTHYecKoi toruku. [Ipexne Becero,
YTO TaKO€ MaTeMaTH4YecKast JIOTHKa?

MaremMaTHueckas JIOTHKa- HayKa O 3aKOHAX JIOTHYECKOT0 BbIBOJIA.

B maTemaTuueckoil Joruke 1noja npeuiokeHueM MOHUMAIOT TO K€ CaMoe,
YTO BKJIAJIBIBAIOT B CMBICII 3TOTO TEPMHUHA B PaMMaTHKe JI000r0 eCTECTBEHHOTO
SI3BIKA.

Beicka3piBaHuEM Ha3bIBAE€TCS NPEAJIOKEHHE, O KOTOPOM UMEET CMBICT
TOBOPUTH, YTO OHO UCTMHHO WM JI0KHO. Kax10e BbICKa3bIBaHUE JINOO UCTUHHO,
1100 710XHO. ICTHHHOMY BbICKa3bIBaHUIO Oy/1€M CTaBUTh B COOTBETCTBHE €11~
HUILY, a JIOXKHOMY- Jlorudeckuil Houb (1;0).

IIpumep: (10=15)=0 (Bbicka3biBanue “10 paBHO 157 105KHO)
(5>-1)=1 (BbIcka3bIBaHue “5 O0bIIC -1 UCTUHHO).
Bynem o603HauaTh BbICKa3bIBaHUS OyKBaMH Kakoro-nmoo andasura:
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Bricka3piBaTenbHas (bOpMa— 9TO BbIPAKCHUE, COACPIKALICC OAHY TN
HCCKOJIBKO MCPEMCHHBIX U CTAHOBAUICCCS BHICKA3BIBAHUCM ITPU MMOACTAHOBKE
YHCE WU DJIEMEHTOB KaKUX-JIMOO0 MHOXKECTB BMECTO CBOMX MEPCMCHHBIX.

OcHoBHBIC OnIepanuy AJredpbl TOTHKH.

[Tpu 3anmucu MaTeMaTHIECKUX PACCYKIEHUH OyJeM MCIOIb30BaTh Clie-
JYIOIIYI0 S5KOHOMHYIO CHMBOJIMKY, OTIMCBIBAIOIIYIO PA3IMYHbIC alreOpandyeckue
orepaiuu (onepanuu anreopsl JOTHKH).

a) OTpuiianue (HeroIus) : X X -“ne X7, OTtpurianueM BBICKAa3bIBAaHUS
X HasbiBaercs X mwim | X (“ne X” unu “HeBepHO, uTO X)), KOTOPOE O3HAYALT
BBICKa3bIBaHUE, YTBEPKIAIOLIEE, YTO X JIOKHO.

Tadauua HCTHHHOCTH

X | X
1 0
0 1

0) KonbroHknmel (JIormueckuM Mpor3BeIeHNEM ) BbICKa3bIBaHud X, Y
Ha3bIBaeTcs BhicKasbiBaHUEe X A Y (“X 1 Y”), ICTUHHOE TOI'/la ¥ TOJIBKO TOT /A,
Kornaa o0a BeICKa3eIiBaHuA, X U Y, HCTUHHEI.

X Y XAY
1 1 1
1 0 0
0 1 0
0 0 0

B) J{M3bIOHKIIMA (JIOTMUECKOE CII0KEHNE) BhICKa3bIBaHUN X, Y- XVY
(“X mm Y”) - BRICKa3bIBaHHE HCTHHHOE TOT/IA M TOJIBKO TOT/1a, KOT/1a HCTUHHO
XOTA OBl OJTHO U3 BBICKA3pIBaHuili XU Y.

X | Y |  Xvy
1 1 1
1 0 1
0 1 1
0 0 0

r) Ummmukanus (morudeckoe cnencteue) X = Y (“ecou X, 1o Y ““ win
“n3 X crmemayet, uTo Y’) eCTh BhICKa3bIBaHUE, JIOKHOE TOTAa M TOJIBKO TOT/a,
Korjga X UCTUHHO, Y JIO)KHO. B octanbHbIX ciydasx X = Y HUCTUHHO.
X = Y o3Hauaet: X SABJISIETCSA TOCTATOYHBIM yCiaoBUeM i Y. Y sBIsETCS He-
00XOUMBIM yCJIOBUEM A X.

Tadauua HCTHHHOCTH
Y |  X=v

oo»—a>—t><

1
0
1
0

—_—— O =
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1) DKBUBAJIEHTHOCTH ABYX BbICKa3biBaHuii X U Y (“X TOr/Aa U TOJIBKO
Torna, Koraa Y’) - eCTh BbICKa3biBaHUE X <> Y, HCTUHHOE TOTJa U TOJIBKO TO-
raa, koraa o0a BeICKa3bIBaHUS X U Y Cpa3y UCTUHHBI WIIH JIOKHBI.
X << Y - “X” aBnsieTcss HEOOXOAUMBIM U IOCTATOYHBIM yCIoBHEeM “Y .

Tadauuma HCTHHHOCTH.

X | Y XoY

1 1 1

1 0 0

0 1 0

0 0 1
KBanTopsbl.

NHuorna ynoOHO peicTaBUTh HEKOTOPHIE CIIOBECHBIE BHIPAKECHHUSI T10-
CpPEACTBOM CHUMBOJIOB.

V - KakoBO OBbI HH OBLIO, JUIS TFOO0TO0 (KBAHTOP BCEOOITHOCTH).

3 - cymiecTByeT (KBAaHTOP CYLIECTBOBAHHUS).

(‘v’x € A): O -JUTsI TIOOOTO X € A BBITIONHSACTCS MPEUIOKCHHE OL.

CumBosioM “:” 6ynem 0003Ha4YaTh CJIEAYIONIYIO TPYIITY CJIOB: “TaKoe,

2 ¢

4yTO”, “yAOBJIETBOPSET YCIOBUIO’, BHIITOIHSAETCS .

OTpunanue BbICKa3bIBAHUI, COAEPKANUX KBAHTOPbI
Otpunanue noj 3HakoM V Uiy 3 npeBpalaeTr ero, COOTBETCTBEHHO, B
3HaK J Wik V ¥ IEPEHOCUTCS Ha CBOMCTBO, CTOAIIIEE MOCIIE IBOCTOUHS.

IIpumep 1.

[Tycth umeeM BoickasbiBaHue: (VxeA): x < & (ams 1000T0 X U3 MHOXKE-
cTBa A MMeeT MECTO HEpaBeHCTBO X < &). Ecnu BbIcka3zbiBaeMoOe yTBEPKIACHHE
HE UMEET MECTO, TO CJIeI0BATEIbHO, HEPABEHCTBO X < & BBIMOJIHACTCS HE IS
KaXI0ro X €A, 3HAUYUT CYUIECTBYET AJIEMEHT X €A, AJI1 KOTOPOT0 HEPABEHCTBO X
< & He BBINOJHACTCA.

(‘v’x eA):XSE_,@ (EIX EA):XSE,@(EIX eA):X>§

IIpumep 2.

Hcnonb3ys 3akon Moprana, moCTpOUTh OTPUIIaHUE npeaena GyHKIUN
f(x) B Touke x=a.

Chopmynupyem onpenenenue npeaena pyHkiuu f(x) B Touke x=a mo
Koiu ¢ ucnosb30BaHUEM BBEICHHOW CHMBOJIMKH

(lim f(x) = b) d;f(VE >0)(38 > 0):(Vx € {x})[o <|x—al <5 =|f(x)-b|< s] .

311ech Ha S3bIKE aareOphl 3aIMCaHO: BEIIECTBEHHOE YHCIIO a Ha3bIBACTCA
npenenoM ¢pyHkuuu f(x) B Touke x=a, ecliu AJis1 JJF000ro BEUIECTBEHHOIO MOJIO0-
XKHUTEIbHOTO uncia E HaiineTcs BelecTBeHHOE MOI0KUTENBHOE YUCIIO O, UTO
JJIA BCEX 3HAUCHUHN ApryMCHTA X U3 obactu OIpPCACIICHUA TaKUX, 4TO, CCIIN
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BBITIOJIHCHBI HCPABCHCTBA 0< |X— a| <d , 6yI[eT CJICA0BATh HCPABCHCTBO
f(x)—b|<e.

Onepamm HaJ1 MHOKEeCTBaAMHU

Oo0benunenne AUB MmHoxkecTB A u B
MHO0XeCTBO, COCTOSIIIEE U3 JIIEMEHTOB, KaXK/IbIi U3 KOTOPBIX MpPUHAJIJIE-
SKUT XOTSI OBl OJHOMY M3 JaHHBIX MHOYXCCTB, HA3bIBACTCA 06’I)CZII/IH€HI/ICM MHO-
’)kectBa A 1 B. YkazaHHOe onpe/iesieHne JIETKO pacipOoCTPaHIETCs Ha Cllydan

TpEX U 0os1ee MHOXKECTB
dtf

AUB E{x:(x eA)u(x EB)}

@ AUB  3amTpuxoBaHO Ha Auarpamme.

Ipumep 1.
A{1,2,3,4,5},
B{1,2},
AUB={1,2,3,4,5}.

MuoxecTBo AUB 10 onpeneneHno He COAEPKUT HEPAZTIUUUMBIX 3JIe-
MEHTOB H, CJICIOBATEIbHO, PJICMEHTHI 1 N2, BXOIsIIHe B MHOKeCcTBa A n B,
BXOJT B AUB oniuH pas.

Ilepeceuenune ANB MHOkecTB A 1 B eCTh MHOKECTBO 3JIEMEHTOB, PUHAJIJIC-

xammx 1 A u B.
def

ANB E{x:(x eA)/\(x eB)}

EB AMB 3amrpuxoBaHo Ha TUarpamme.

IIpumep 2.
A{1,2,3,4,5}; B{1,2}
AnB={1,2}
JlBa MHOXecTBa A U B Ha3bIBalOTCs HENEPECEKAOIUMHUCS, ECIIH
ANB=0.

Pa3znocts A\B MmHo:kecTB A 1 B

PasnocTeio MHOKeCTB A 1 B Ha3biBaeTcst COBOKYIIHOCTbH TE€X 3JICMCHTOB
A, KOTOpBIE HE coaepxkaTcs B B.

A\Bd;f{x:(x EA)/\(X gB)}

)
%‘B A\B 3amTpuxoBaHo Ha AUarpaMMe.
A

IIpumep 3.
A={1,2,3,4,5}, B={1,2}
A\B={3,4,5}.
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B3anMHO 01HO3HAYHOE COOTBETCTBHE H YKBHBAJIEHTHOCTHL MHOKECTB

Ecam xaxaomy 31eMeHTy MHOKECTBa A CONOCTaBJIEH €AMHCTBEHHBII
AJIEMEHT MHOECTBa B W mpu 3TOM BCSIKHIA 3JIEMEHT MHOXECTBa B comocrasns-
€TCS OJTHOMY U TOJBKO OJJHOMY AJIEMEHTY MHOKECTBa A, TO TOBOPSIT, UYTO MEXK-
Iy MHOKeCTBaMHu A U B yCTaHOBJIEHO B3aUMHO OJJHO3HaYHOE COOTBETCTBHE.

MHoxecTBa, MEXAY KOTOPHIMU YCTAaHOBJIEHO B3aMMHO OJIHO3HAYHOE
COOTBETCTBUE, HA3bIBAIOTCS SKBUBAJICHTHBIMU. JTO 3aMHUCHIBACTCS CIIETYIONITUM
obpasom : A~B. Eciii 1Ba MHOXECTBa SKBUBAJICHTHBI, TO TOBOPST, YTO OHU PaB-
HOMOIIIHBI, WJIA UMEIOT OJIHY U TY € MOIIHOCTb.

IIpsimoe npou3BeneHne IBYX MHOKECTB

[Tycts nmerotcst 1Ba MHOXKecTBa A 1 B 1 mycth a€ A, be B. CoBokym-
HOCTh BCEBO3MOJKHBIX YITOPSIIOYEHHBIX Tap (a,b) cocTaBiisieT HOBOE MHOXKECTRBO,
Ha3bIBaeMoe MpsMbIM MpousBeneHueM A u B. [Ipsmoe npousBenenne o603Hava-
ercst AxB.

1.4.1.2.Bewsecmeennvie yucaa u ux uzooparcenue Ha YUci060i ocu
OcHogHnble céolicmea payuoHaANbHBIX wuces

OCHOBHBIM TTOHSATHEM MaTEMAaTHKU SIBJISIOTCS YHCla HaTypaJbHOTO ps-

na:
def
N =123,...,n,... KOTOpbIC NOSIBUWINCH B PE3YJbTATE CUETA IPEAMETOB.
def
Lenpre uncna : z = —...—3,-2,—1,01,23,...

PaHI/IOHaHLHBIM YHCJIOM HA3bIBACTCA YUCIIO, MPECACTABUMOC B BU/JIC OT-

HOLIEHHUS ABYX LIEJbIX YHCENT p (q#0; p u g- LeBIe YnCIa).

OTMeTHM NP 3TOM, YTO OJIHO U TO K€ PALIMOHAIBHOE YNCIIO IIPEICTa-
2 4 6
BHMO B BHJIC OTHOLICHHS Pa3JIMYHBIX LEJIBIX YUCEI 3 = s = 3 =

BCEX PaIMOHAJIBHBIX Yncel OyieM 0003HavaTh uepes Q, Torma
def
Q E{x:(x= pj /\(p,q ez)/\(q * 0)}
q

B kypce anemeHTapHOi MaTeMaTHKX BBOAMIUCH ONPEAETICHUS Oleparuii
CJIOKEHHUS U YMHOKEHUS PALIMOHAIIbHBIX YKCE, 1aBAJIOCh MTPABUJIO CPABHEHUS
ATHUX YUCE, JOKA3bIBAIUCH MPOCTEUIIINE CBOMCTBA.

[Toaromy nepeunciaum 0e3 JoKa3zaTeNbCTBa OCHOBHBIE CBOWMCTBA palko-
HAJIBHBIX YHUCEIl, BRITEKAIOIINE U3 COOTBETCTBYIOIIMX CBOMCTB LIEIBIX YUCEN.

I'1aBHYIO0 pOJIB CpEIM CBOMCTB UIPArOT TPU IPAaBUIIA:

- PAaBUJIO CPABHEHUS;

- IpaBUJIO0 00pa30BaHUs CyMMBI;

- IpaBUJIO OOPA30BaHMSI POU3BEIACHHUS.

1. [TpaBuiio cpaBHEHUS: JTFOOBIE IBa pallHOHATBHBIC YUCTa a U b CBSA3aHBI O
HUM 1 TOJIBKO OJTHUM U3 TPEX 3HAKOB >, <, =, IpU4eM ecim a>b, To b< a.

.... MHOXecTBO
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IIpaBuio cpaBHEHMs pallMOHATIBHBIX YHced (POpMyIIUpyeTCs Tak: ABa

HEOTPULATCIIbHBIX pallMOHAJIBHBIX YHCJIa a= & ub= & CBA3aHbI TECM Xe
q, q,

3HAKOM, 4TO U JIBa LENbIX YUCIA P,(, U P,(, ; ABa HEIOJIOXKHUTEIbHbIX PALAO-

HAJIBHBIX YHUCJIa @ U b CBSA3aHBI TEM e 3HAKOM, YTO U JIBa HEOTPULIATEIbHBIX
grcna |b| u |a| ; ecin a - HeOTpUIATEIBHOE, a b - OTpUIIATEIBHOE YUCITO, TO a>b.
[IpaBusno cpaBHeHUs 00JIadaCT CICTYIONIUM CBOMCTBOM:
1. (u3 a>b u b>c)= a>c (CBOWCTBO TPAaH3UTUBHOCTH 3HAKA >);
(13 a=b u b=c)=> a=c (CBONCTBO TPaH3UTUBHOCTH 3HaKa =).
II. ITpaBuiio 06pa3oBaHUS CyMM.
Cy1ecTByeT npaBmuilo0, HOCPEICTBOM KOTOPOTO JIFOOBIM JIBYM paruo-
HAJIbHBIM YHCJIaM a M b CTAaBUTCS B COOTBETCTBUE ONPEACICHHOE PAllHOHAIEHOE
YHUCJIO C, HA3bIBAEMOE X CYMMOM M 0003HAYaeMO€ CUMBOJIOM c=a+b.

P, P,
[TpaBuio o6pa3oBaHMs CyMMBI pAallHOHAJIBHBIX YUCEN a = — U b =—
q, 9,

+
omnpenensercss Gopmyaon B P2 _ P2 TP

94 9> 9.9,
CYMMBI Ha3bIBACTCSI CJIOKECHUEM.
[TpaBuI0 ClIO’KEHUS pallHOHATLHBIX YMCEI 00J1a1aeT CIeAYIOMIMMU
CBOMCTBAMH:
2. atb=b+a (KOMMyTaTUBHOCTb, WJIA TIEPEMECTUTEIHHOE CBOMCTRO);
3.(atb)+c=a+(b+c) (acconmMaTUBHOCTD, WIIH COUETATEIILHOE CBOKCTBO);

4. (EIO eqQ: [(Va € Q)((a +0) = a)]) (ocobast poutb HyJIs);

1
5.(Va e Q)(Ela1 € Q): [a +a' = 0] ; UMCIIO @' HA3BIBAETCS TIPOTHUBOIIONOKHBIM

. Onepanus HaxOXACHUS

JUI 9McIa a.
II1. TTpaBuno ob6pazoBaHus IPOU3BEICHUS.

Cy1iecTByeT npaBuiio, OCPEICTBOM KOTOPOTO JIFOOBIM JIBYM parfo-
HAJIHBIM YHCJIaM a M b CTaBUTCS B COOTBETCTBUE ONPEACICHHOE paIllHOHAIEHOE
YHCJIO C, HA3bIBAEMOE UX MPOU3BEJICHHE U 0003HaYaeMO€e CUMBOJIOM c=ab.

[IpaBuio o6pa3oBaHMsl MPOU3BEICHUS PALIMOHAIBHBIX YHCEI

a= il nub= i ompezensercs GopMynoi 4m MM .
n, n, n, n, mNn,
Omneparyst HaX0XKJICHHsI TPOU3BEICHNs Ha3bIBaeTCsl yMHOXKeHHeM. CBoiicTBa
NpaBUIa YMHOKEHUS PAllMOHAIBHBIX YUCEIT:

6. (Va, be Q):[ab = ba] (mepemecTUTENILHOE CBOMCTBO);
7. (Va, b,c € Q): [(ab)c = a(bc)] (couerarenbHOE CBOICTBO);

8. (3 le Q):(Va € Q)[a 1= a] (ocobast posIb €AMHUIIBI);
9. (Va #0Aa eQ)(EI a” EQ)Z [a al = 1] palMOHAIBHOE YUCIIO a'a_1 Ha3bl-

BaeTCsl OOPATHBIM PAIMOHATLHOMY YHCIY a.
CBOWCTBO, CBS3BIBAIOIINE TIPABHIIA CIIOKCHUS U YMHOXKCHHUS:
10. (‘v’a, b,c € Q) [(a + b)c =ac+ bc] (pacnipenenuTesbHOEe CBOMCTBO YMHOXKeE-

HUSI OTHOCUTEIIHO CYMMBI).
CBoiicTBa, CBS3BIBAIOIIME 3HAK > CO 3HAKOM CIIOKEHUS U YMHOKEHHUS:
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11. (Va,b,ceQ)la>b=>a+c>b+c|
12. (Va,b,c eQ)[(a >b)/\(c>0):>ac>bc].

[TocnenHee cBONCTBO, HA3bIBAEMOE aKCHOMOM Apxumena, GopMyIupy-
eTcsl CIEeYIOIIM 00pa3oM.

KakoBo Obl HH OBLIO pallMOHAIBHOE YHCIIO A, MOXKHO YHCIIO | MOBTOPUTH
cJIaraéMbIM CTOJIBKO pa3, YTO MOIy4YEeHHasi CyMMa MPEB30MIET a.

W3 BBILIENIEpEUNCIIEHHBIX OCHOBHBIX CBOIMCTB PallMOHAIBHBIX YHCET MO-
I'YyT OBbITh IOJYYEHBI KaK CJIEJICTBUE BCE JAPYyTUe anredpandyeckue CBOMCTBA STHX
YHces, OTHOCSIIUECS KaK K apu(METUIECKUM JCHCTBUSIM, TaK U K COUCTAHHIO
PABEHCTB M HEPABEHCTB.

N3mepenne 0Tpe3KOB YHCIOBOI OCH

[Tycts MMeeTcst uuciioBast OCh, T.€. IpsIMasi, Ha KOTOPOU BEIOpaHbI ompe-
neneHHas Touka O- Hauano orcueTa, MaciTadHbI oTpe3ok OE, nnuHa koTopo-
'O CHUTACTCA paBHOI\/JI CAWMHUIIC, U TTOJIOKUTCIILHOC HAIIPABJICHUEC (06I)I‘~IHO Ha-
MpaBJICHUE CJIEBa-HAPABO)

0 E

[TonbITaeMcst MOCTaBUTH B COOTBETCTBHE KaXK0M Touke M 4HCIOBOM OCH
HEKOTOPOE YHUCIIO, BhIpaxkaroliee IIuHy orpe3ka OM. DTo uncno cuuraercs
MOJIOKUTEBHBIM, €CITU ToukKa M JIexKuT crpaBa oT TOYkd O U OTpUIIATEIBHBIM -
B IIPOTUBOIOJIOXKHOM CIyYae.

O4eBHIHO, YTO KAKIOMY PallMOHAILHOMY YHCITY COOTBETCTBYET Ha YH-
CJIOBOM OCH ompe/ieleHHast TOUKa.

B camom niene, U3 Kypca 35eMeHTapHOM MaTeMaTUKU U3BECTHO, KakK I0-

1
CTPOUTH OTPEC30K, AJIMHA KOTOPOI'0 COCTABJIACT — YaCTh JJIMHBI MacIITadHOIo
n

orpeska OE (VneN). Toraa nerko moctpouts oTpe3ok AB, 1iHa KOTOporo

m
OTHOCHTCS K JyTiHE MacmTabHoro otpeska OE, kak — (Vm, ne N).
n

0 B E A B

0B/ = |0 AB = 2|0
n n
OtnoxuB oTpe3ok AB BipaBo (BieBo) oT Touku O, MOTYyYUM TOUKY

m( m
M;(M;) ,cOOTBETCTBYIOIIYIO PAITAOHAIBHOMY YHCITY +— (— —)
n n

ol ,+3)

Opnako, U3 Kypca 3J1eMEeHTapHOW MaTeMaTHUKU U3BECTHO, YTO HapsLy C
COM3MEPUMBIMH OTpe3KaMu (0Tpe3KaMU, OTHOIIIEHUE JJTUH KOTOPBIX BhIpasKaeT-
Csl pPallMOHAIBHBIM YHCJIOM) CYIIECTBYIOT U HECOM3MEPUMBIE OTPE3KHU (TIpruMe-
POM HECOM3MEPUMBIX OTPE3KOB MOTYT CITYKHTh CTOPOHA M BBICOTA PABHOCTO-
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POHHETO TPEYTrOoJIbHUKA). DTO MO3BOJISIET YTBEPKIATh, UTO He BCE TOUKHU YH-
CJIOBOIi OCH COOTBETCTBYIOT PAlIHOHATbHBIM YHCJIaM.

EcTtecTBeHHO, BO3HUKAET MOTPEOHOCTh PACIIMPUTH 00JACTh palliOHAIIb-
HBIX YHCEJ U BBECTHU B PACCMOTPEHUE TaKKE€ YHCIIA, KOTOPhIE COOTBETCTBOBAJIHN
OBl BCEM TOYKaM YHCIIOBOW OCH U MO3BOJISITU ObI PU OMOIIHM MaCIITa0HOTO
orpe3ka OF uzmeputs 110001 OTPE3O0K.

OmnurieM mporecc, MO3BOJISIONINN H3MEPUTS JIF000H oTpe3ok OM uuco-
BOI1 ocu. Byer mokazaHo, 4To 3TOT Mpoliecc MO3BOISIET TAKKE MOCTABUTh B CO-
OTBETCTBUE 000 Touke M 3T0il 0OCH HEKOTOPYIO BIIOJIHE OMpe/esieHyto Oec-
KOHEYHYIO JIECATUYHYIO IPOOb.

[Tycte M - mro6ast Touka yucioBou ocu. JJist onpeeIeHHOCTH MPeIIo-
70uM, 9To T.M nexut npasee O (cM. puc.)

%o
0 E N PM

Bbynem u3mepsats orpe3ok OM npu nmomornm macmrtadHoro orpeska OE.

BersicHuM, ckonpko pa3 nensii otpe3ok OE ykiaapIBaeTcsl B OTpE3Ke
OM. MoryT npeacTaBuThbCs JBa Caydas.
1). Otpesok OFE yknansiBaeTcst B oTpe3ke OM 1enoe 9ucio o pa3 ¢ HEKOTOPBIM
ocratkoM NM, menbimum OE (cm.puc.). B aTom cinyuae 1ienoe 4ucio o ecTh
NpUOIMKEHHBINA PE3yIbTaT U3MEPEHHS [0 HEIOCTATKY C TOYHOCTHIO /10 €IUHH-
IBI.
2). Otpesok OE yknaneiBaercs B oTpeske OM wenoe uucio o +1 pa3 6e3 oc-
TaTka. B 3TOM ciydae o Takke mpeacTaBisieT co00M MpUOIMKEHHBIA PE3YIlhb-
TaT U3MEPEHUS [10 HEJIOCTATKY C TOYHOCTHIO 10 eAUHHUIIbI, 100 oTpe3ok OF yk-
nanpiBaetcs B otpeske OM oy pa3 c octatkom NM, paBabiM OE (Ha npakTuke B
3TOM CJIy4ae MPOoIecC U3MEPEHUS CUUTAIOT 3aKOHYEHHBIM U MOJaratoT JJINHY
orpeska OM paBHO# Olo+1 ).

S
rd

1
BrissicanM Tenepb, CKOBKO pa3 m gacTh MacmTabroro orpeska OF yk-
naneiBaeTcs B octatke NM. OTsITh MOTYT NIPEICTaBUTRCS 1B CITydasl.

1
1). 0 yacTh oTpe3ka OF yknazabiBaercs B orpeske NM 1ie5ioe uncio oy pas ¢

1
HEKOTOPBIM OcTaTKOM PM, MeHbITUM 0 yacTtu otpeska OE (cwm. puc.). B atom

clly4ae paloHaJIbHOE YHCIIO O, O] €CTh PE3yJIbTaT U3MEPEHHUs 10 HEJIOCTAaTKy

1
C TOYHOCTBIO 10 — .
10

1
2). 0 yacTh oTpe3ka OF yknazapiBaercs B orpe3ke NM 11e5ioe uncio oo+ pas
0e3 ocTtatka. B 3TOM citydae palmoHanbHOE YUCIIO Cly, OLj TAKXKE €CTh Pe3yJIbTaT

I/ISMepeHI/IH 10 HeILOCTaTKy C TOYHOCTBKO 10 —, T.K. — 4YaCTb OTpCBKa OE yK-
10° 10

1
naasiBaetcs B orpe3ke NM o pas ¢ ocratkoM PM, paBHbIM 0 4acTH OTpe3Ka

OE.
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ITponomkast HEOrpaHUYEHHO YKa3aHHBIE PACCYXKIECHUS, MbI [TOJIYyYUM
0OECKOHEUHYI0 COBOKYITHOCTh PAallMOHAIBHBIX YHCE

0l 5 Olg, OL1 5 ...s OLg, OLT, OL2,... Olnj ...y (1)
KaXJ10€ U3 KOTOPBIX NPECTaBIsAeT coO00M pe3yiabTaT usmepenus orpeska OM no
HEJIOCTaTKy C COOTBETCTBYIOLIEH CTENEHBIO TOUHOCTU. BMecTe ¢ TeM Kaxaoe u3
yrcen (1) MOXKeT OBITh MOTy4eHO MOCPEICTBOM OOPBIBAaHHS HA COOTBETCTBYIO-
I[eM 3HaKe OECKOHEYHOU JECATUYHOMN IPOOH.

Oy, O] Olp O3 ...00, ... (2)

Ecmu Touka M nexxur sieBee Touku O, TO , MPUMEHSISI aHAIOTUYHBIC pac-
CYKIEHUS, OTy4YrM, 4TOo Bce urcia (1) u 6eckoHeuHas fgecsiTuaHasi ApoOb Oy-
IyT UMETh OTPHUIIATETIHHBIN 3HAK.

Takum 00pa3oM, MbI YCTAaHOBHIIH, YTO ITOCPECTBOM OITUCAHHOTO U3MeE-
penust otpeska OM m000it Touke M 4UCIOBOM OCH MOYKHO TTOCTaBUTH B COOT-
BETCTBHE BIIOJIHE ONPE/ICICHHYI0 OCCKOHEUHYIO JECATUYHYIO IPOOb.

Wtak, onucaHHBIH BHIIIE MPOLIECC TPUBOIUT HAC K PACCMOTPEHUIO YH-
CeJI, IPEJICTABUMBIX B BUJC OCCKOHEUHBIX JECATHUHBIX APOOCH.

BwmecTe ¢ Tem kaxaas 6eckoHeqHas AeCITHIHAS IPOOb (2) MOTHOCTHIO
XapaKTepu3yeTcs OECKOHEUHOM COBOKYIHOCTBIO (1) pallMOHaIbHBIX YHCET,
MPUOIIKAIONIUX ATy POOE.

PaccMOTprM MHOKECTBO BCEBO3MOXHBIX OECKOHEYHBIX JISCATUIHBIX
npobeit. Yncna, mpecTaBUMbIe STUMU IpO0sMH, Oy1eM Ha3bIBaTh BEIIECTBEH-
HbIMU. MHOXECTBO BCEX BEILIECTBEHHBIX Uncell OyaeM 0003HauyaTh yepes R.

JlaHHOE BEIIECTBEHHOE YMCIIO MBI Oy/IeM CUHTATh MOJIOKUTEIHHBIM (OT-
pHUTIATEIILHBIM ), €CJIM OHO TIPEJICTABUMO B BHJIC TIOJIOKUTEIIBHOMN (OTpHIIATE b~
HOI1) 0ECKOHEUHOU ACCATUIHOU TPOOH.

B cocraB MHOKeCTBa BEIIECTBEHHBIX YUCEI BXOIAT U BCE PALIMOHAIBHBIC
qrcia, 00 BCe OHU MPEJCTABUMBI B BUJIE OECKOHEUHBIX JECATHUHBIX APOOCH.

1
Tak, palnoHaNIbHOMY YHCITy — CTaBUTCS B COOTBETCTBUE O€CKOHEUHas Jecs-

4
tuyHast 1poos 0,4999...9..., pauoHaNbHOMY YUCITY 3 OeckoHeYHas 1ecATHUY-

Has apoOb 1,333...3....

BemecTBeHHbBIC UKCIa, HE SBISIONIUECS PAlMOHATBHBIMHE, HA3BIBAIOT
UPPaAIMOHATILHBIMH.

Ha ciry9aif mpuBOJIEHBIX BEMICCTBEHHBIX YUCEIT TIEPEHOCATCS TPH TPaBH-
Jla ¥ BCE OCHOBHBIC CBOWCTBA PAIlMOHAIILHBIX YHCEJI, IEPSYHCICHHBIC BHIIIIC.
Tem caMbIM /Jisl BEIIECTBEHHBIX YHCell 000CHOBBIBAIOTCS BCE TIPAaBUIIA dIIEMEH-
TapHOU aJIreOpbl, OTHOCSIIHECS K apU(PMETUICCKUM JISHCTBUSM U K COUYCTAHHUIO
PaBEHCTB ¥ HEPABEHCTB.
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1.4.1.3. Ozpanuuennvie MHOMCECHBA 6EULECHBEHHBIX YU CEN

PaccMoTprM mpon3BOIBHOE MHOKECTBO BEIIECTBEHHBIX YHCENT, KOTOPOE
Oyznem 0003HauaTh CHMBOJIOM {X }. Byem npenmnonarath, 4T0 MHOXKECTBO {X }
COJICPIKUT XOTs OBI OJTHO YHCITIO (HEMmycToe MHOXKeCTBO). O003HaueHHe: {X }#J.
Onpenenenne 1. MHOXKeCTBO BELIECTBEHHBIX YUCEN {X } HA3bIBACTCS OIPaHU-
YEHHBIM CBEPXY (CHHU3Y), €CIIU CYLIECTBYET TAaKOE BEIIECTBEHHOE Unciio M (dmc-
JI0 M), 9TO KXKIBII SJIEMEHT X MHOKECTBA YIOBJIETBOPSIET HEPABEHCTBY X < M.
(x =2 m).

Kiacc orpanndeHHbIX cBepXY (CHH3Y) MHOXKECTB BEIIECTBEHHBIX YHCEI
Oyzem 0003Ha4YaTh CUMBOJIOM ﬁ(m) , TaK YTO 3aIUCh {x} em ({X} € m) O3Ha-

qacT, YTO MHOXXCCTBO BCIICCTBCHHBIX YHCCII {X} SABJISICTCSA OIrPAHUYCHHBIM CBEP-

Xy (cHHU3Y).
Ha s13p1Ke anreOphl TOTUKH JaHHBIE ONpeaeTieHUs GOpMYITUPYIOTCS Clie-
TyIOIUM 00pazoM:

def N .?}.\
(x) em) (3 R ):(vx e {x)[x<M] T

L
((x} em)=(@m eR)(vxe{x})xzm] ™

Uncma M 1 m Ha3bIBalOTCS, COOTBETCTBEHHO, BEPXHEH IPaHbIO (HUKHEH

TpaHbl0) MHOXKECTBA {X}.

3ameuanue. Ecnu BemecTBeHHOE uncio M sBisieTcs BEpXHEW IpaHblO MHOXKE-
CTBa {X}, TO U F000€ BEUIECTBEHHOE YHCIIO Ml, bonblree M, TakKe SIBIIETCS
BEpXHEH TpaHbIo ATOro MHOKecTBa. OTCIOIa BRITEKAET, YTO JTF000E OTpaHryeH-
HOE CBEPXY MHOXKECTBO {X} UMeeT OECKOHEYHO MHOT'O BEpXHUX TpaHEH.
AHaJOru4HbIE BBIBOABI MOKHO CIENATh U B OTHOIIICHUU HIKHUX TpaHe
OTPAHHYEHHOTO CHU3Y MHOXKECTBa {X}.
IIpumep 1. MHOXeCTBO Bcex LIEIbIX OTPULIATENBHBIX Unce -1,-2,-3,... orpaHu-
YeHo cBepXy. B kauecTBe BepxHEH rpaHu 3TOr0 MHOKECTBA MOKHO B3STh J1II000€
BEIIECTBEHHOE YHCTI0 M, YIOBIIETBOPSIOINIECe HEPABEHCTRY M>-1.
IIpumep 2. MHOXECTBO BCEX MOJTOKHUTEIBHBIX BEIIECTBEHHBIX YHCEN OTPaHU-
YeHO CHU3Y. B kKaduecTBe HMXKHEH IpaHH dTOTO0 MHOYKECTBA MOXKHO B3ATh JTFO00E
HETOJIOKUTEIBHOE BEIIECTBEHHOE YUCIIO.
Onpenesienne 2. TouHOM BEPXHEH I'PaHbIO OTPAHUYEHHOTO CBEPXY MHOKECTBA
{x} Ha3pIBaETCS HAMMEHBIIASI U3 BCEX BEPXHUX I'paHEll 3TOro MHOXKeCTBa. To4-

Hasi BEpXHss TPaHb {X} 0003HAYACTCS CHMBOJIOM X = sup{x} (sup - epBbI€ TpH

OYKBBI JIATHHCKOTO CJIOBA supremum (“‘cynmpeMyM’), KOTOpOE TIEPEBOIUTCS KaK
“HauBbICIIIEE”).

HauGonbias U3 BceX HUKHUX TpaHell OrpaHMYEeHHOTO CHU3Y MHOKECTBa
{X} Ha3pIBaeTCS TOYHOW HWKXHEH TpaHBIO ITOTO MHOXKECTBA M 0003HAYACTCS
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CUMBOJIOM X = inf {x} (ot matunHckoro crnoBa infimum (“nHpuMym”), KOTOpOE
NEepeBOIUTCS KaK “‘HauHM3ILIee”).

Onpenenenne 2 GOpMyITUPYIOT YaIlle U MO-APYyTOMY:

Uucno X (YUCio X ) Ha3bIBACTCSI TOYHOM BEpXHEH (TOUYHON HUKHEH )

TPaHbIO0 OTPAHUYEHHOTO CBEPXY (CHU3Y) MHOXKECTBA {X }, €CIIM BHITIOJTHEHBI
CJICIYIOIIHNE 1BA TPCOOBAHMUS:

1) KX bl JIEMEHT X € {X} yJIOBJIETBOPSET HEPABEHCTBY X < i(x > )_;) ;

2) KaKoBO GBI HH OBIIO BEIIECTBEHHOE YMCIIO X' MeHbIIee X (Gombliee
X ), HAlAeTCst XOTs OBl OAMH 3JIEMEHT X, € {x} , YJIOBJICTBOPSIONINI HEPABEHCT-
BY X, > xl(xo < Xl).

B stom onpenenenuu tpedboBanue 1 03HAYAET, YTO YUCIO X (UUCIIO X )

SIBIISIETCS OJTHOW M3 BEPXHUX (HM)KHUX) TpaHei, a TpeOoBaHuE 2 TIOKa3bIBAeT,
YTO 9Ta TPaHb SBJSICTCS HAUMEHbIIEH (HanOoJbIe) 1 YMEHbBIIICHA (YBETHYCHA)
OBITH HE MOXET.

L(vx efad) = (x<%) 5

T e er):ly <o, el <, 5]

S T bt R

x=inflx} =1 - R)l ((V>_{)](}; ({>}5)[ e 3y
w el (o) P

x = inf{x} = 2. (Ve > 0)(3X0 e{x}):[?jﬁ X, < X+é]

IIpumep 3. Y MHOXECTBA BCEX LIENIBIX OTPULATENBHBIX YKcen -1,-2,-3,... cy1e-
CTBYET TOYHAsl BEPXHSS IPaHb X= -1, KOTOpasi IPUHAATIEKUT ITOMY MHOKECTBY
(T.e. ABNSAETCA HAMMEHBIIMM JIEMEHTOM 3TOTO MHOYKECTBA).

Y MHOX€ECTBa BCEX ITOJIOKUTEIBHBIX BEIIECTBEHHBIX YACEN CYLIECTBYET
TOYHAsl HYWKHSISI TpaHb- 9Kciio 0, Mpu4eM 3TO YUCIIO HE IPUHAMIEKNUT YKa3aH-
HOMY MHOKECTBY.

Nwmeer mecTo creayromias Teopema.

Teopema 1.

((x12D) A {x} em N (Eb_; eR):(i = éup{x})
{X em} (EI)_( ER):()_(= mf{x})
Ecnu MHOeCTBO BEIIECTBEHHBIX YHCEN COACPKUT XOTsI Obl OJIMH 3Jie-
MEHT 1 OTPAaHUYEHO CBEPXY (CHU3Y), TO CYIIECTBYET BEIIECTBEHHOE YHCIIO

7{()_() , KOTOpOE SIBJISIETCS. TOUHOM BEpXHEH (TOYHOM HUKHEH) TPAHBIO ATOTO

MHOXXECCTBA.
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o o 1
HOKaBaTeHLCTBO JAaHHOU TECOPEMBbI MOKHO HAUTH B HCKOTOPBIX pa60TaX.

1.4.1.4. Hekomopbvie KOHKPEemHble MHOMCECMEA 6CU{eCMEEHHBIX YUCe

[TycTs nMeeTcst MPOM3BOIBHOE MHOXKECTBO BEIICCTBEHHBIX YHCEI
{x}#C, OyieM roBOpUTh, YTO TOYKA X| MHOXKECTBA{X } OTJIMYHA OT TOYKH X,
ATOTO MHO>KECTBA, €CJIM BEIIECTBEHHBIE YUCIIA X| U X HE PaBHBI IPYT IPYTY.
Ecnu npu 3TOM cripaBeisTMBO HEPABEHCTBO XX, (X1<X3), TO OyJIeM TOBOPHUTb,
YTO TOYKA X| JISKUT MpaBee (JIeBee) TOUKH Xo.

1. CerMeHT (3aMKHYTBIH OTPE30K MJIM OTPE30K)- CUMBOJIMYECKas 3aIuch [a,b].

[a,b]d;{ {X} c R:[(‘v’x € {X})(a <x< b)]} (a < b) .

Uucna a 1 b Ha3pIBAIOTCS TPAaHUYHBIMUA TOYKAMH WM KOHIIAMU CETMEHTA, a JIto-
00€ YnCII0 X, YIOBJIETBOPSIOIICE HEpaBeHCTBAM a < X < b, OyjeM Ha3bIBaTh
BHYTPEHHEH TOYKOW CErMEHTA.

2. Moaxycerment. CUMBOJIMUECKAS 3aMKCh: [a, b) wu (a, b] .
def

[a, b) E{{X} c R: :(‘v’x € {X})(a <xX< b)

(a,b] {{X} c R: :(‘v’x € {X})(a <x< b)

3.UntepBan. CumBoIMYECKas 3aMuch (a, b).

—_—— —

(.0) = {x} = R (vx < {x})a < x <)
4. OxpectHOCTBIO TOukH C Ha3bIBaeTCs JIIOOOW MHTEPBAJ, COAEPIKAILUN TOUKY
C.

def

(c—a,c+b) s{{x}cR:[(Vxe{x})(c—a<x<c+b)]}.

5. € - okpecTHOCTBHIO TOukM C Ha3bIBaeTCs UHTEPBAT (c-€, ct¢), e £>0.
6. YucaoBas (0eckoHeyHas) MPAMAasi- CUMBOJIMYECKast 3alUCh (- o, + o0)

(—oo,+oo) d;f{ {x} c R:[(Vx € {x})(—oo <x< +oo)]} .

7. Ioaynpsimasi -[a,+ o0) win (- o0, b]

[a0) = {x} = R:[(vx e {x} o < x < 0]

(—oo, b] {{x} c R:[(Vx IS {x})(—oo <x< b)]} |

8. OTkpbITas noaynpsimas - (a, +oo) wiu (- o, b).
def

(a,+oo) E{{X} C R:[(VX € {x})(a <X< +oo)]}

def

() <] R (o5 <t

fe——

"' 1.Cm., Hanpumep: Mibun B.A., TTosnsk D.I. OCHOBbI MATEMATHYECKOr0 aHAN3a.-M. :
Hayxka, 1971 (u mocnenyromue n3ganus), 4.1.
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1.4.2. Teopus mocjieq0BaTeILHOCTEMH

1.4.2.1. Ilonamue uucnoeoit nocieoosamerbHocmu

Onpenenenne 1. [TycTs kKaXXa0My 4KCIly N HATypaJbHOTO psga yucen 1,2,3,...,n
MOCTaBIIEEHO B COOTBETCTBUE 10 OMPEACIEHHOMY 3aKOHY HEKOTOPOE BEIIEeCT-
BEHHOE YHUCJIO X, (TIPU 3TOM MOXKET OKa3aThCsl, YTO Pa3HBIM HATYpPATHHBIM YHC-
JlaM n CTaBSITCSl B COOTBETCTBUE U OJIMHAKOBBIE unciia). Torna MHOXKECTBO 3a-
HYMEpPOBaHHBIX BEIIECTBEHHBIX YHCET

X1, X2+« 0y Xy« o (D)
Ha3bIBACTCS UUCITOBOM MOCIEA0BATEIbHOCTHIO HIIM IIPOCTO MOCJIEI0BATEIBHO-
cThio. Kaxioe oTAenbHOE YUCIIO X, HA3bIBAETCS 3JIEMEHTOM HJIN WIEHOM I10CIIe-
JIOBATEIbHOCTH.

CoxkpallleHHO MOCIe0BaTeNLHOCTD C DIIEMEHTaMU X, OyJieM 0003Ha-
4aTh{ X, }.

ApudmeTrueckue onepanuy HaJl YUCIOBBIMU MTOCIIE0BATEIbHOCTIMU
BBOJSTCS CIEAYIOIIUM 00Pa3oM.

[TycTe nanbl 1BE MPOU3BOJIBHBIC MOCIEAOBATEIIBHOCTH {Xn} U {Yn}.
CyMMOH, pa3HOCTBIO, TPOU3BEACHUEM U YACTHBIM 3THX MOCJIEA0BATEIbHOCTEN
HA3bIBAIOTCSI COOTBETCTBEHHO MOCIIEI0BATEIBHOCTH:

{Xntyn}s {XnYn}s {Xn¥n}, {Xn/ ¥n}.

[Ipu onpeneneHnM 9acTHOTO MPEoaraeTcs, 4To Jubo Bce y, oT 0,
1100 BCE Y, OTIMYHBI OT HYJIsl HAUMHAS C HEKOTOPOTo HoMepa. Toraa yacTHOe
{Xn/ yn} ompenensercs ¢ 3Toro Homepa.

1.4.2.2. Beckoneurno oonvuiue u 6eCKOHEYHO Maivle NOC1E008AMEAbHOCMU

Omnpenesenune 1. [locnenoBaTeabHOCTh X, HA3bIBAETCS OIPAHMUYEHHOM CBEPXY
(cHHBY), €ClTU CYIIECTBYET TAKOE BEIIECTBEHHOE YUCIO M (YHCIIO m), YTO BCe
3JIEMEHTHI MOCJIEA0BATEILHOCTH {X,} YAOBIETBOPSIOT HEPABEHCTBY

X <M (x5 > m)

def

({xn} eﬁ) (EIM eR)(Vxn e{xn }):(Xn SM)

({xn} em) d;f(EIm € R)(Vxn € {xn }) (xn 2 m)

Yucno M(m) Ha3bIBaeTCsl BEpXHEH (HUKHEH) IpaHbIO MTOCIEA0BATEIbHO-
CTH {Xp}.
3ameuanue 1. JIro0ast orpaHudeHHast CBepXy (CHHU3Y) MOCIEI0BATEIBHOCTD { Xy }
uMeeT OECUMCIICHHOEe MHOKECTBO BEPXHUX (HMKHUX ) TPAHEH.
Omnpenenenue 2. IlocienoBaTeIbHOCTh HA3BIBAETCS OTPAHUYEHHOM C 00EnX
CTOPOH MJIM MPOCTO OTPAaHUYEHHOH ({X,} €M), €CIM OHAa OTPaHUYEHA U CBEPXY U
CHH3Y, T.€. €CIIH CYIIECTBYIOT TaKHe BEIIECTBEHHBIE yncia M 1 m, 4To JIs Ka-

JKAOTO 3JICMCHTA IMMOCJICAOBATCIIBHOCTH X, BBIIIOJIHAKOTCA HEPABCHCTBA M <xp <
M

def

({xn} em) E(EIM,m eR)(VXn e{xH }):[m <X, SM].
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3ameuanme 2. Ilycth {X,} €m, ¥ M 1 m- ee BepXHss1 UHIKHSASA TPaHU, TOT /A,

oOo3Hauasa A = max{|M m|} , AIME@eM | X, | < A 117151 BCeX AJIeMEHTOB MOCIe10-

2

BaTENBHOCTH { X, }. Hao00opoT, ecinu asist Bcex 3JIeMEHTOB MOCIIEI0BATEILHOCTH
{ Xn } BBITIOTHEHO HEPABEHCTBO | X, | < A, TO cripaBeUIMBHI HEpaBeHCTBA -A < X,
< A. Takum oOpa3om, orpe/ielieHue OTPaHMYSHHO MTOCIIE0BATEILHOCTH MOXK-
HO c(hOpMYIMPOBATH CIEAYIOMIUM 00pa3oM:
def

({xn } em) E(EIA >0nA € R)(Vxn € {xn }) [|Xn| < A].
Omnpenenenne 3. IlocienoBaTeIbHOCTD { X, } Ha3bIBAETCS HEOTPAHUUCHHOM
({Xn} ¢m), ecau 1151 TEOOOTO MOJOKUTETFHOTO YUCIIAa A HANIETCS DIEMEHT X,
MOCJIEIOBATEILHOCTH { Xy}, YIOBICTBOPSIONINI HEPABEHCTRY | X, [~A.
IIpumepsbl.

1. MocnenoBarensHOCTD {n°}=1, 8, 27, . . . OrpaHHYCHA CHU3Y (HUKHSIS PaHb-
naro6oe neficTBUTENbHOE YHCao m < 1) U HeorpaHHUYEHa CBEPXY.
241, n}=1,-1,1,-2,1,-3,...,1,-n,... orpaHu4eHa CBEpXy U HE OrpaHUYCHA

CHM3Y, T.€. HCOTPAaHUYCHHA, T.K. JIJIS JIIOOOTO TOJI0KHUTEIBHOTO JICHCTBUTEIILHO-
ro yucna A, cpeau SJIEeMEHTOB TIOCIE0BATEIHPHOCTH C YETHBIMUA HOMEpaMH Haii-
IyTCS TAKHE, JUI1 KOTOPBIX BBIITOJIHACTCSI HEPABEHCTBO

| xn PA.

Omnpenenenue 4. [TociienoBarenbHOCTD { X, } Ha3bIBaeTCsI OECKOHEYHO 0OJTh-
IIIOM MTOCJIE0BATEILHOCTRIO ({X,} €B), ecru 11t TF0O0TO0 MOTOKUTETHLHOTO YHC-
na A (ckoyib ObI GONBIIMM OHO HE OBLIO) MOXHO yKa3aTh TaKOi HOMEp Ny (B CH-
Jy 3aBUCHUMOCTH Ny OT A WHOTJIa TUIIYT Nop= Ng (A)), 9TO IpHU N > ny BCe JIe-
MEHTBI X, TOU TOCIIEA0BATEIHHOCTH YIOBICTBOPSIFOT HEPABEHCTRY | X, [~A

({x.} eB)d;f(VA >0AA eR)(3n, eN)(vx, efx, }k[nzn, =|x,|>A)

V LLLLLLLALLLLLLLL)
| | !

-A 0 A

>
7

B 3amrpuxoBaHHOM Ha pUC. 00IACTH COIEPIKUTCS JIUIITH KOHEYHOE YHCIIO 1ie-
HOB TIOCJICTOBATEILHOCTH {Xp} .
3ameuanue 3.

Ecmu ({xn} €B)=( {Xn} ¢m). [lelicTBUTENBHO,

def

({xn} € B) E(VA > O)(Eln0 eN)(Vxn € {xn }):[n 2n, = |xn > A).
CnenoBaTenbHO, HAWJETCS MO KpallHEe Mepe OJIUH TaKOM 3JIEMEHT X, , 4TO
| xn [>A. OBpatHOe, BOOOI1IIE roBOps, HeBepHO. HeorpannueHHas nocienona-
TEIBHOCTH {1, - n} He sABIAETCS OECKOHEUHO OOJBINON, T.K. Tpu A>1 11 Bcex
DIIEMEHTOB X, C HEYETHBIMU HOMEpPaMH HEPABEHCTBO | X, [~A He UMeeT MecTa.
Omnpenenenune S. IlocienoBaTeabHOCTh {X,} Ha3bIBaeTCSI OECKOHEUYHO MaJION
MOCIIEA0BATENBHOCTHIO ({Xy} €0), €cu 71 IF000TO MOJIOKUTEILHOTO YUCIA €
(cKOJIB OBI MAJTBIM MBI €T0 HH B3SUTH) MOKHO YKa3aTh HOMEp Ny TaKOM, 4TO MPH N
> 1o BCE DIIEMEHTHI X;, ATON MOCIEI0BATEIBHOCTH YIOBIECTBOPSIN HEPABEHCTRY |
Xn [< €

def

({Xn} 68) E(Vs > 0)(EInO eN)(‘v’xn € {Xn }):[n >n, = |Xn

Tak xak HOMEp Ny, BOOOIIIE TOBOPSI, 3aBUCHUT OT €, TO YaCTO MUIITYT Ny=no(€)

<d]
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-£ €
VLLLLLLLLYLL LLLLLY
I 1 !

~

7

B He3amTpuxoBaHHON Ha pUCYHKE 00JIaCTH OCTAHETCS JIUIITh KOHEUHOE YUCIIO
3JIEMEHTOB TIOCIIEIOBATEIHLHOCTH { Xy |-

1.4.2.3. Ocnosnvie meopemvt 0 66CKOHEUHO MAIBLIX NOCAEO06AMETbHOCMAX

Teopema 1. CymMma aByX OECKOHEUHO MaJsbIX IOCJIEI0BATENLHOCTEN €CTh Oec-
KOHEYHO MaJiasi IOCJIe0BaTeIbHOCTD

({o,} €8A{B,} €8)=({o, £B,} €3).
CaencrBue. Anredpandeckasi CyMma JIF000ro KOHEYHOT'O YHciia OECKOHEYHO

MaJbIX MOCJIEIOBATEIbHOCTEN €CTh OECKOHEUHO Maslas MOCIe0BaTEeIbHOCTb.
Teopema 2. beckoHeUHO MaJiasi MOCJIEA0BATEILHOCTh OrPAaHUYEHHA.

({ocn} 66) = ({ocn} em).
Teopema 3. [IponsBenenre orpaHUYEHHON MOCIE0BATEIPHOCTA Ha OECKOHEY-

HO MaJIy1O TOCJICAOBATCIbHOCTD SABJIACTCA OECKOHEYHO MAaJIOH IoCJIICJ0BATCIIb-
HOCTBIO

({xn} em/\{ocn} eS):({xnan} 66).

Caencrsue. [IponsBenenue 1r000ro KOHEYHOTO YMCIIa OECKOHEYHO MaJIbIX MO-
CJIEZIOBATENILHOCTEH SIBIISIETCSI OECKOHEYHO MaJION MOCIIEI0BATEIbHOCTHIO.
3ameuanue 1. YacTHOe 1ByX OECKOHEUHO MaJIBIX MOCIEI0BATEIHHOCTENH MOXKET
OBITH MTOCIIEIOBATEIHLHOCTHIO JIIOOOTO THIIA M JJaKE MOXKET HE UMETh CMBICTIA:

1. Ecnu, nanpumep, o, = 1/n 1 B, = 1/n, TOo BCe 3IIEMEHTHI TOCIEI0BATEILHOCTH
{an/ Pn } paBHBI 1.

2. Eciut oy = 1/n, By=1/n*, 10 {0ty / P } €B.

3. Ecm o, = 1/n2, Bn=1/n, T0 {04, / B } €0.

I[Ipu onpeneneHny 9acTHOTO ABYX MOCJIEAOBATEIBHOCTEH MPEAIIOIaraeTcsi, YTo
y TOCIIEA0BATENBLHOCTH {3y } BCE 3JIEMEHTHI 3, OTIUYHBI OT HYJISl, HAUMHAS C
HEKOTOPOTO HOMeEpa.

Teopema 4. Ecnu Bce aneMeHTB OECKOHEYHO MaJIoH MMOCIeI0BATEILHOCTH { Oy }
paBHBI OJTHOMY U TOMY e YHuciy ¢, To ¢=0

o e€dAVa =constd;fc = (c=0).
{o,) .

Teopema 5. Eciii mociieoBaTeIbHOCTD {X,} SBISIETCS OECKOHEYHO OOJIBIION,
TO HaYMHAas C HEKOTOPOTO HOMEpA N OIpeieieHa MOCIeI0BaTeNbHOCTD { 1/Xy},
KOTOpasi ABJIsieTcs: 6ecKOHeuHO Maioi. Eciu Bce ayieMeHThl O0ECKOHEYHO Majlon
MOCJIEIOBATEILHOCTH {0l } HE paBHBI 0, TO MOCIEA0BATENBHOCTD { 1/0,} sIBIsIET-
cs1 6ECKOHEYHO OOJBIION.

({xn} eB):>(EInO eN)(Vn eN):[nZn0 = {l/xn} 68]
({an} edAVa, ;tO):({l/ocn} eB).
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1.4.2.4. Cxo0amwueca nocnedosamenvnocmu. OCHoGHble OnpedeieHUs

Onpenenenue 1. [TocnenoBaTenbHOCTD {X,} HA3BIBAETCS CXOAAIIEHCS ({X,} €C),
€CJIM CYIIECTBYET TaKOe JACHCTBUTEIHHOE YHCIIO a, UTO TOCICIOBATEIIEHOCTD { Xy

- a} SABJSETCS OECKOHEYHO MAaJION IIOCJICA0OBATCIIBHOCTHIO
def

({xn} ec) (Ela eR):[{xn —a} 68].
3ameuanme. lcxons U3 3TOTO ONpENENEHHs CIEAYET, YTO BCSIKast 0ECKOHEYHO
MaJiast IoCIeJ0BaTeIbHOCTS SIBIISICTCS CXOSIIEHCS 1 MeeT CBOMM npezenom 0.
Onpenesienne 2.
def

({xn} ec) E(Ha € R)(Va > 0)(Eln0 eN)(Vxn € {xn }):[n >2n, = |xn - a| < 8].
OueBUIHO, YTO HEPABEHCTBO | Xy - a|<€ AKBUBAJIEHTHO HEPAaBEHCTBAM
-e< Xp-a < € WIN a-€< Xy< ate , KOTOPOE 03HAYAET, YTO HEKOTOPBII AIMEMEHT X,
MIOCJIEIOBATENBHOCTH { X, } MPUHAUIEKHUT €, OKPECTHOCTH YHUCIIA &, TOITOMY
OIIpEJIETICHNE CXOAAIICHCS TOCIEJ0BATEIbHOCTH MOKHO 1aTh CIIEAYIOIINM 00-
paszom:

\4

i } W }

a—¢ a Xn a+e
Omnpenenenne 3. IlocienoBaTebHOCTD {X;,} HA3bIBACTCS CXOMSINCHUCS, €CITH
CYILIECTBYET NEHCTBUTEIILHOE YUCIIO a TAKOE, YTO B JIFOOOH € - OKPECTHOCTH YHC-
J1a @ HaXOJATCS BCE DJIEMEHTHI MOCIEA0BATEIIBHOCTH {X,} HAUYWHAsL C HEKOTOPO-
ro Homepa. Hucro a, purypupyroiiee B OrpeaeacHusIX, Ha3bIBaeTCsl MPEAEIOM
MOCJIEIOBATEILHOCTH {Xp} .

CumBoMYecKas 3anuch CyIIECTBOBAHUS MPEEsa MOCIEA0BATEIbHOCTH
{Xn}, paBHOTO a, 3aIIUCBIBACTCS TaK : lim X, =a, W {X,}—>a IpU N—>0 .

n—ow
beckoHeuHO 6osblIMe MOCIE10BAaTEILHOCTH HHOT/Ia Ha3bIBAIOTCS MOCIIE-
JOBAaTEJIbHOCTAMHU, CXOASIIUMUCS K OECKOHEUHOCTH, TO3TOMY €CIH {X,} €b, TO
CHMBOJIMYECKH JTO 3aMUCBIBAECTCS CIAEAYIOMMM 00pa3oM: lim X = co, uiu

N
{Xn}— o0 mpu n— 0.

Ecnu sneMeHTh 0eCKOHEUHO OOJIBIION ITOCIeI0BAaTEIbHOCTH HAUMHAS C
HEKOTOPOTO HOMEpPa UMEIOT ONPEAETICHHBIN 3HAK, TO TOBOPST, YTO {X,} CXOIHT-
cs1 K OECKOHEYHOCTH ONPEAETICHHOr0 3Haka lim X = +oo

n—ow

wim limx, = -oo.

oo
3ameuanue 1. 13 onpenenenus 1 cxopsueiics mocneqoBaTeIbHOCTUA BHITEKAET,
YTO MOCJIEA0BATEIBHOCTD {X, - a} €. O003Hauas 37IEMEHTHI ATOH MOCIIe0Ba-
TETBHOCTH YePe3 Oy, Oln= Xy -8, MBI IMIOJTYYHM, YTO JFOOON IIEMEHT X, CXOJIS-
HIEHCS TTOCIIeIOBATEIBHOCTH {X;, |, HMEIOIIEH TIPEIeIOM YHCIIO a, MOXKET OBITh
MPEJICTABJICH B BUJIE X, =a+0ly, TJE Oy - SJIEMEHT OECKOHEYHO MaJIOi MOCIeI0Ba-
TEJILHOCTH.

3ameuanue2. U3 onpenenenus npejena nmociaea0BaTeIbHOCTH BHITEKAET, YTO
KOHEYHOE YKCJIO 3JIEMEHTOB HE BIIHACT Ha CXOAUMOCTh 3TOM MOCJIEI0OBATEIHHO-
CTH U Ha BEJIMUYUHY €€ Mpeaena.
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Ipumep. [Tokaxewm, uto mocineaoBareabHOCTh {1+ (-1)"/n}cxoautes. [penenom
ATOH MOCIIeOBATENHLHOCTH ABIIsieTCs Yrcio 1. s moka3aTenbcTBa JOCTATOYHO
I0Ka3aTh, YTO IOCIIEA0BATENBHOCTD {X, - a}= {(-1)"/n} €8. B camom nere, eciau
n=>ng, TO ‘(—l)n / n‘ = 1 < L, MO3TOMY TI0 TaHHOMY €>0 ciieryeT BbIOpaTh

n n,
HOMEp Ny TAKOU, YTOOBI BHIMIOIHSIIOCH YenoBue 1/ng <g, T.e. no=[1/e]+1, rae [x]-
1eNast 9acTh YMCla X - T.€. HanOoJIbIIIee IIeJI0€ YHCII0, He IPEBhIIIAIoIIee X.
(Hampuwmep, [6,187]=6; [-5,87]=-6 ).

B kadecTBe ny MOXKHO B35Th U JIt000i HOMeD [ 1/¢]+k, rae k>1.
Onpenenenue 4. [TocnenoBatensHOCTD {X,} Ha3bIBaeTcs (PyHIAMEHTAIBHOM
({Xn} €®), ecnu 1151 1FOOOTO MONOKUTEIBHOTO YUCIIA € HAllIETCS HOMEp Ny Ta-
KO, 4TO JUIsl BCEX HOMEPOB N , YAOBIETBOPSIONIUX YCIOBUIO N > Ng, U AJIS BCEX

HaTypaJbHbIX uncen p(p=1, 2, . . . ), Bce 2JIEMEHTHI X, 3TOH MocIe10BaTeIbHO-
CTH yJOBIICTBOPSIIOT HEPABCHCTBY (X, — X, | <&

def
({xn} e(D) E(Vg > O)(En0 eN)(Vp eN)(Vxn € {xn }):[n 2N, = [X,,, ~X,[< 8]

Chopmynupyem 6e3 nokaszarensctBa Kpurepuii Komru o Heobxoagumom
U IOCTATOYHOM YCIIOBUH CXOJUMOCTH IOCJICIOBATEILHOCTH.
Teopema. [[1s1 TOro, 4TOOBI IOCIEIOBATENHHOCTD {X; ) ObLIA CXOMASIICHCS, HE-
00X0IMMO U JOCTATOYHO, YTOOBI OHA OBLIBI (hyHAAMEHTATBHOM.

({xn } ec) = ({xn} € (D).

1.4.2.5. OcnogHble c801ICMEA CXOOAUUXCA NOCTE008AMEIbHOCMEl

TeopeMa 1. CXOI[SIHIH?IC?I MoCJICA0BATCIIBHOCTh UMECT TOJIBKO OAWH ITPECACII

({xn} ec):> (a zliﬂin)/\(bzlimxn) :>(a:b) .

n—»o

Teopema 2. Cxopsimasicsi TOCIEI0BATEILHOCTh OTPaHUYEHA

(1} <¢)= (1.} <m)
3ameuanue. OOpaTHas TeopeMa HE UMEET MecTa, KOO OrpaHUYCHHAS TTOCIIE/0-
BaTEJIbHOCTH, BOOOIIE TOBOPS, MOKET M HE OBITh cXopsielcs. Tak, Hanpumep,
{xn}={1+(-1)"1=0, 2,0, 2, 0, 2, . . . OrpaHMYEHHA, HO HE ABIAETCS CXOIALIENCS.
JlelcTBUTENBHO, eciiu OBl {X,}ecu limX, =a, To {Xp-a} € U {Xn+1 - a} €I,

n—ow
Toraa u {(Xn-a)- (Xn+1 - a)} €0 (Teopema 1,2,3).
Ho {(xn-a)- (Xn+1 - @) }={Xp - Xp +1 } HE ABIsICTCA OECKOHEUHO MAJIOH, T.K.
[Xn - Xn+1| = 2 ams VneN.

1.4.2.6. Apugpmemuueckue ceoiicmea cxo0AuUxXca nOC1e006amenbHocmeil

Teopema 1. Ecau mocnenoBaTeabHOCTH {Xn} U {yn} CXOHATCA, TO cymMMa (pas-
HOCTB), IPOM3BEICHUE U YaCTHOE ATUX MOCIIEI0BATEILHOCTEH (HacTHOE TIPH
YCIIOBUH, 4TO MPEAEN MOCIEI0BATEIBHOCTH { Yy }#0) €CTh CXoasIIuecs nocie10-
BaTENbHOCTH, MIPEEIIbI KOTOPBIX COOTBETCTBEHHO PAaBHBL: CyMMeE (pa3HOCTH),
IPOU3BEICHUIO U YaCTHOMY INIPEJEIIOB ATUX MOCIEA0BATEIbHOCTEH
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(lim X, = aj /\(lim y, = bj =

= | lim(x, +y,)=a+b;limx,y, =ab;lim =2 b0

n—oo n—oo y
n

1.4.2.7. Monomonnwvie nocieoosamenbHocmu

Onpenenenue 1. [TocaenoBarenbHOCTD {X, | Ha3bIBaeTCs HEBO3pacTaroUIen (He-
yOBIBAIOIIEH ) MOCIICIOBATEILHOCTHIO, €CITH KK bl MOCIICAYFOIINUN WICH 3TON
MOCJIETIOBATEILHOCTH HE 00JIbIle (He MEHBIIE) IPEABIAYIIET0, T.€. €CIIH TS
VneN crpaBeIiBO HEPABEHCTBO Xy = X +1 (Xn < Xp +1). TaKue mocieaoBaTesb-
HOCTHU Ha3bIBAIOTCS MOHOTOHHBIMH I10CJI€IOBATEILHOCTSIMH.
Omnpenenenne 2. Ecnu 17151 Bcex HOMEPOB N 3JIEMEHTHI TTOCIIEIOBATEILHOCTH
{Xn} YIOBIETBOPSIIOT HEPABEHCTBY Xy, > Xy +1 (Xn < Xp +1), TO TaKasi OCIEI0BA-
TEJILHOCTh Ha3bIBaeTCs yObIBaroIel (Bo3pacratolieii). Y ObIBaromume 1 Bo3pac-
TAIOMIUE MMOCIICIOBATSIILHOCTH HA3BIBAIOTCS CTPOTO MOHOTOHHBIMH.
3ameuanue. OTMETHM, 9TO HEYOBIBAIOIIME H HEBO3PACTAOIINE TIOCIIEI0BA-
TEILHOCTH OTPAHUYCHBI CBEPXY U CHU3Y COOTBETCTBEHHO CBOMMU MEPBHIMHU
anemenTaMu. [losTomy HeyObIBatoIas (HeBO3pacTarolas) Nocae10BaTeNbHOCTh
OyJeT orpaHUYeHa ¢ ABYX CTOPOH, €CIIM OHA OTpaHUYCHA CBEPXY (CHHU3Y).
BBeneMm criemyromniyie 0003HaYCHUS:
" {Xn} - HEBO3pacTaroIas MOCIe0BATEILHOCTD { Xy},
I {Xn} - HEYOBIBaIOIIAS TIOCTEAOBATEIBHOCTD {X, },
T {Xn} - BO3pacraroIas Mmocaea0BaTeIbHOCTh{ X},
d {X,} - yOBIBAIOIIAs [IOCIIEHOBATEIBHOCTD { Xy ).
IIpumep 1. IlocnenoBatensHocTh {n,n}=1,1,2,2, .. .n,n, ... HeyObIBaromas
MOHOTOHHasA. CHHU3y OHa OrpaHUYEHA NIEPBBIM IEMEHTOM - “1”, a cBEpXy He
OTpaHHYCHA.
n 123 n
Ipumep 2. [locnenoBarenbHOCTh  —— ¢ = —,—,—,...,——,... BO3pacTalo-
n+1 234 n+1

mias. CHI/I3y 9Ta NOoCJICA0BATCIIBHOCTh OTpaHNYC€HAa CBOMM IICPBBLIM 3JICMCHTOM
1 .
E , 4 CBEpXY , HAlIpUMEp, CBOUM IPCACIIOM- CANHUILICH, T.C. 9Ta TOCICAOBATCIIb-

HOCTh OTpaHHYCHA.

Teneps goKakeM OCHOBHYIO TEOPEMY O CXOJIUMOCTH MOHOTOHHOM TO-
CJIEZIOBATEIIHOCTH.

Teopema. Ecniu HeyObIBaroas (HEBO3pacTaroias) mociieJ0BaTeIbHOCTh Orpa-
HUYEHA CBEpXY (CHU3Y), TO OHA CXOIUTCSI.

[ ({x } e AN (xa})]= {xa J € c,

[(txa } e M)A xah)]= (xS e .

B cury 3ameuanus, copMyIHpPOBaHHOTO BEIIIE, HEYyObIBaroIue (HEBO3-
pacraroiue), orpaHUYCHHBIE CBEPXY (CHHU3Y) MOCIEA0BATEIIbHOCTH SIBIISTFOTCS
OTPaHUYCHHBIMHU C 00enX cTOpoH. [103TOMy TIOCIIETHIOI TEOPEMY MOKHO
chopMyIHpOBATH TAK:
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1T {x,}
NAx,}

{x,} ema = {x, | ec.

3ameuanue 1. YcnoBue orpaHu4€HHOCTH MOHOTOHHOM MOCJIEI0BATEIbHOCTH
€CTh HEOOXOAUMOE M IOCTATOYHOE YCIOBHE €€ CXOAUMOCTH.

B CaMOM ACJIC, €CJIM MOHOTOHHAsA IIOCJICA0BATCIIbHOCTD orpaHI/meHa, TO
B CHJTy JIOKa3aHHOM TE€OPEMBI OHA CXOJIUTCS.

Ecam sxe MOHOTOHHAS TIOCTIEIOBATEIBHOCTD (712 ¥, BOOOIIIE, JIr00ast 1mo-
CJIeIOBATEeNbHOCTbD) CXOJUTCS, TO OHA OTpaHUYeHa (CM. TeopeMy 2).

3ameuanue 2. Eciu mocienoBaTeIbHOCTE CXOOUTCSA, TO OHA MOXKET U HE OBITh
MOHOTOHHOM. Tak, Imocne10BaTeILHOCTD {xn } = {(—1)n / n} CXOOUTCS U UMEET

npezaenom “0”. OHaKo 3Ta NOCJIeI0BATEIbHOCTh HE SIBISETCS MOHOTOHHOM, T.K.

3HAKH JIEMEHTOB 3TOM MOCIIEOBATEILHOCTH YePEAYIOTCS.
1.4.2.8. Qucno e

PaCCMOTpI/IM MpUMCEP MOCICAOBATCIBLHOCTH, AJId HAXOXKICHHUA IMPCACIIa
KOTOpOM OyIeT UCIIOJIb30BaHa BhIIIIEyKa3aHHas TeopeMa (1. 2.7.) o mpenaene
MOHOTOHHOH IOCIIEIOBATEITILHOCTH.

ITycTh 1aHa MoCne10BaTEIBHOCTD {xn } = {(1 +1/ n)n } , T.€. K&KIBIU DIIe-

v n
MEHT 3TOM MOCIE0BATEIBHOCTH X, = (1 + 1/ n) . IlokaxxeM, 9TO 3Ta mocienoBa-

TELHOCTH BO3PAcTaeT U OTPaHUYCHA CBEPXY.
Hcnons3ys popmyny 6uHoma Herorona
n -1 -D(n-2

(a + b) =a"+na""'b+ n@ =l a" b + n(@=hn=2)

2! 31
+n(n—l)...[n—(m—l)]al n(n—l)...[n—(n—l)]bn’

a" b +.. .+

"Mp™ L +nab™! 4+

m! n!
IIOJIYyYUM
Xn=1+nl+n(n_l)LJrn(n_l)(n_z)L+,,_+
n 2! n® 3! n’
+n(n—1)(n—2)...[n—(n—l)]i
n! n"
501041
- - - -D(n—-2)...]n—(n—-1
Xn:eri_irn(n 1)+ln(n D(n 2)+.“+Ln(n )(n—2) [n (n )]’
2! 'n-n 3! n-n-n n! n-n-n...n
N

T N

AHanoruyHo 9TOMY
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xn+1:2+l[l—L)+l(l— ! )(1— 2 j+...+i(1—Lj...(l—n—_l)+
2! n+1 3! n+1 n+1 n! n+1 n+1

+(nil)!(l_nil)m(l_ﬁ)

OueBugHO, uTO 1) (1 — Ej < (l — Lj qutst moboro k: 1<k <n;
n n+1

2) BC€ YJICHBI ITOCJIIECA0BATCIIBPHOCTU {Xn} CTPOro NOJOKHUTCIIbHEI,

3) Xp+1 IO CPABHEHHIO C Xy, COACPIKUT JUIIHUN TOJOKUTENbHBIN YJIeH.

[ToaToMy Xp,<Xpi1 U {xn} - BO3pacTaroliias mociae[0BaTeIbHOCTh. [1oka-

JKEM TeTepb OrPaHUYEHHOCTh CBEPXY 3TOMH MOCIEI0BATEILHOCTH.
Hcnonb3yeM HEpaBEeHCTBO
1

JlercTBUTENBHO,

k k-1

Y4uuThIBas, 9TO KaXKI0€ BRIPAKEHUE B KPYTIIBIX CKOOKax Gopmyiisl (1) cTporo
MeHbIIIe 1, U 3aMEHsIsI €r0 MO3TOMY €IMHUIIEH, TOIYyYHM, YTO
1

2n—1

1 1 1 1 1
X, <2+ —+—+.+— UM Xn<2+5+2_2+"'+ .

21 3! n!

Cymmupys n-1 uneH yObiBaro1iell reoOMeTpUUYECKOM MpOrpeccuu co 3Ha-
MeHatenem 1/2, momyunm

2,
2o 1 1

=2+l-—=3-
1_1 + 21’171 21’171

2
Urak, nocneaoBarenbHOCTh {xn} BO3pAacCTaeT U OrpaHUYEeHa CBEPXY.

X, <2+

[To noxazanno# Teopeme (11. 2.7.) 3Ta MOCIEI0BATEILHOCTH UMEET IIPeIe, KO-
TOPBIN HA3bIBAIOT YUCIIOM €.

. n"
[To onpenenenuto e = llm(l + —) .

n—oo n

87



1.4. BBeaenue B MaTeMAaTHYECKHUH aHAJIN3

Jis 3ameyanui

1.4.2.9. IIpeoenvnulit nepexoo ¢ Hepagencmeax

[Tokaxem, 4TO HEPABEHCTBA, KOTOPBHIM YAOBJIETBOPSIOT AJIEMEHTHI CXO-
JSIIMXCS TTOCTIEI0BATENBHOCTEH, B peielie ePEeX0IsT B COOTBETCTBYIOIIUE
HEpaBEHCTBA VISl IPEIENIOB ATUX MOCIEI0BATEIbHOCTEN.

Teopema 1. Ecnu a11eMeHTBI cXOAIIEHCS TOCIIEI0BATEIBHOCTH {xn} HavyuHas

C HEKOTOPOI'0 HOMEpa yIOBJIETBOPSIIOT HEPABEHCTBY X, = b (X, <b), TO 1 npe-
JIeJ a 9TOM TOCIIeIOBATEIFHOCTH YIOBJICTBOPSIET HEPAaBeHCTBY a > b (a <b)
x, 2b a2b
({Xn}—>a)/\ (VnZnO)/\(no EN)Z( »2b) :>( ).
(x, £b) (a<b)

3ameuanne. Eciii seMeHTHI CXOMAIIEHCS MOCIIEA0BATEIbHOCTH {Xn } YAOBJIC-

TBOPSIIOT CTPOTOMY HEPABEHCTBY X,>b, TO Mpe/elt a 3ToH MOCIeI0BaTEebHOCTH
MOJKET BCE )K€ 0Ka3aThCs PaBHBIM b.
Tax, uIeHbl NOCIe10BaTEIbHOCTH {xn} = {1/ n} CTPOTO MOJIOKUTEIbHBI

(I/n > 0), a mpeien 3TOM MOCIIENOBATENBHOCTH PABEH HYJTIO.

CaencrBue 1.
(X, <¥,) (a<b)
[({xn} - a)v({yn} - b)]/\ (Vn > no)/\ (no eN):(Xn >y ) = @b’
Ecau seMeHThI X, U Yy CXOASIIUXCS MOCIIEeI0BATEIbHOCTEN {xn} u
{yn} HA4MHAas C HEKOTOPOT0 HOMEpa YA OBIETBOPSAIOT HEPABEHCTBY X, <y

(X, 2, ), TO UX Ipe/ieIibl YIOBIETBOPSIIOT TAKOMY 7K€ HEPaBEHCTBY
limx, <limy, (limx, >limy, ).
n—oo n—oo n—oo n—oo

CaencrBue 2. Ecau Bce dieMeHThI CXOQAIIEHC TOCIIEN0BATEILHOCTHA {xn}

HauWHAas ¢ HEKOTOPOTO HOMEpa HaXoAATcsl Ha cermMenTe [a,b], To u ee mpexen C
TaKOKe HAXOAUTCS Ha 9TOM CErMEHTe.

{({xn} —>C)A[(Vn2n0)/\(n eN)(ann Sb)]}:(aﬁcgb).

Teopema 2. [Tycts nocienoBaTeabHOCTH {xn} U {zn } CXOJATCS M UMEIOT 00-

i npenen a. [Ilycts HaunHas ¢ HEKOTOPOro HOMEpa IEMEHTHI ITOCIIEI0Ba-
TEIBHOCTH {yn} YAOBIIETBOPSIOT HEPABEHCTBaM X, <y <z . Torma nocneno-

BaTCJIIbHOCTH {yn } CXOOUTCA U UMCCT MIPEIACI a.
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1.4.2.10. Iloonocnedoseamenvrocmu YUCa06bIX ROCIEO06AME/IbHOCH Nl

[Tycts X1, X2,.., Xk,... HEKOTOpAsi YMCIIOBAs MMOCIEI0OBATEILHOCTD.
PaccMoTpuM poM3BOIBHYIO BO3PACTAIONIYIO MTOCIEI0BATENLHOCTD LIEJBIX MO~
JIOKUTENBHBIX YHCEI Ny, Ny,.., Nk,... © BEBIOEPEM U3 MMOCIICIOBATEILHOCTH {xk}
AJIEMEHTBI C HOMEPaMHU Ny, Ny,.., N,... . PACTIONIOKUM 3TH JIEMEHTHI B TAKOM KE
MOPSIIKE, KaK M YHCHIA N, X, ,X, ,...,X, ... . [IOJy4ECHHYIO TaKuM o0pazom uu-
CJIOBYIO MOCIIEOBATEIBHOCTH OyIEM HAa3bIBATh MOAINOCIEI0BATETFHOCTHIO MO~
CJIENOBATEIILHOCTH {xk} . B yactHoCTH, cama nociie10BaTeNbHOCTh MOXKET pac-

CMaTPUBATHCS KaK TOIIOCIIEIOBATEIIBHOCTE (B 3TOM ciiydae ng = K).

3ameuanue. OueBUIHO, YTO /IS JTIOOOTO HOMEpa k cipaBeaJIMBO HEPABEHCTBO
n, = k.9To BUAHO U3 CIEAYIOLIETo NpuMepa:

(X} = X% XXy {n,}=38910151720,...

Ecmm k=5, Tonk=15un, >k.

CsoiictBo 1. Eciin noCJIICA0BATCIIbHOCTD {Xk } CXOOUTCA 1 UMCCT CBOUM IIpEC-

JACJIOM 4YUCJIO a4, TO U mo0ast noAIOCICaJ0BaTCIbHOCTD 3TOM oCJICaA0BaTCIBHO-
CTHU CXOOUTCA U UMECT NPCACIOM YHUCIIO a

({xk} —>a):>(V{xnk} e{xk} —)a).

CsoiicTBO 2. ECciin Bce moanocie0BaTeI-HOCTH TaHHOHN ITOCIIE0BATEILHOCTHU
{xk } CXOJSTCS, TO MPEAEIbl BCEX 3TUX MONOCIEA0BATEIHHOCTE paBHbI OJHO-

MY U TOMY € YHUCITy a; B YACTHOCTH, K 3TOMY K€ YMCIIy CXOAMUTCS U MOCIIE10Ba-
TEJILHOCTh {xk}

(Y{x,, } e s} A (Yx,, F ee)= [(‘v’{xnk > a)a({x ) a)]

CsoiicTBo 3. Kaxxnas noAmociieoBaTelIbHOCTE OECKOHEYHO OOJIBIIION TOCIIENO-
BaTENBHOCTH TaKXke OyJ1eT OECKOHEYHO OO0JIBIION

({xk } EB) = (‘v’{xnk } € B).

Jemma 1. M3 xaxxgol cXOmSIIENCS ITOCIEN0BATEILHOCTA MOKHO BBIAEIIUTH
MOHOTOHHYIO CXOJISIIIIYIOCS TIOCTIEIOBATEIBHOCTb.

3ameuanue. M3 kaxnoii 6€CKOHEUHO OOJIBIION IOCIEI0BATEIEHOCTH MOKHO
BBIJICINTh MOHOTOHHYIO OECKOHEYHO OOJIBIITYIO MOCIIEI0BATEILHOCTD.
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1.4.2.11. Ilpedenvnvie mouku nocieoo8amenibHOCHmU

Onpenenenune 1. Touka X OeCKOHEUHOH MPSAMON Ha3bIBACTCS MPENEIbHOMN TOY-
KOH TTOCJIEIOBATEILHOCTH {Xp}, €CJIM B JIIOOOH € - OKPECTHOCTH 3TOW TOUKH
uMmeeTcsi 06CKOHEYHO MHOTO 3JIEMEHTOB MOCIEA0BATEIHHOCTH {Xp} .
Jlemma 1. Ecnu X- npenenbHas TOUKa MOCIEI0BATEILHOCTH {Xk}, TO U3 3TON
MOCIIEA0BATEIHHOCTH MOXKHO BBIICITUTH TOAIIOCTEIOBATENBHOCTD { Xk}, CXOMSI-
OIYIOCS K YUCHTY X.
3ameuanue. CnipaBeyiuBO U 00paTHOE yTBEepkaeHue. Ecnu u3 mocnenoBaTenb-
HOCTHU {Xy} MOXXHO BBIACIUTH MOJIOCIEI0BATENBHOCTD, CXOIALIYIOCS K UUCITY
X, TO YUCJIO X ABIISETCS MPEIEIbHON TOYKOM MocienoBaTenbHOCTH {Xy }. JlercT-
BUTEJIBHO, B JIIOOOH € - OKPECTHOCTH TOYKH X UMEETCS OECKOHEYHO MHOTO dJIe-
MEHTOB IOATNOCIEI0BATEIbHOCTH, a CTaJI0 OBITh U CaMOM MOCIIE0BATEILHOCTH
{xic}

W3 nemmbl 1 cnepyer, 4TO MOKHO AaTh APYTroe OnpeaesieHUue Mpeeiib-
HOW TOYKH ITOCJICIOBATEIILHOCTH, YKBUBAJICHTHOE OMPEACIICHUIO 1.
Omnpenenenune 2. Touka X 6€CKOHEUHO MPSIMON HA3bIBAETCS MPEEIIbHON TOUKOM
MOCIIE0BATENBHOCTH {Xk}, €CIH U3 3TOM MOCIEeI0BATEIFHOCTH MOKHO BhIJIE-
JUTH MOATMOCIEI0OBATEILHOCTD, CXOISAIIYIOCS K X.
Jlemma 2. Kaxxgas cxonsmascst Hocjae10BaTENbHOCTh KIMEET TOJIBKO OJIHY Tpe-
JENBHYIO TOUKY, COBIAAIONIYIO C MPEIeJIOM 3TOU MOCIEA0BATEIHHOCTH.
3ameuanue. Eciu mocnenoBaTeIbHOCTh CXOAUTCS, TO OHA B CHITY JIEMMBI 2
UMEET TOJIBKO OJIHY IPEeJeNbHYI0 TOUuKy. OHAKO, €CIIU {X,} HE SIBISIETCA CXO-
JISIENCS, TO OHA MOYKET UMETh HECKOJIBKO TMPEIeIbHBIX TOUEK (¥, BOOOIIe Oec-
KOHEYHO MHOTO Hpe/ebHBIX ToueK). [TokaxkeM, Hampumep, uto { 1+(-1)"} numeer
JIBE TIPEJICITbHBIC TOYKH.

JeiictBurensHo, {1+(-1)"1=0,2,0,2,0,2,... UMeET ABE NpeaeIbHbIE TOUKH
0 u 2, T.x. nognocnenoBarenbHocTH {0}=0,0,0,... 1 {2}=2,2,2.... 3TOI1 MOCIIEO-
BaTEILHOCTH UMEIOT TMpeeiaMu COOTBeTCTBeHHO uncia 0 u 2. [lpyrux mnpe-
JIeIBHBIX TOYEK Y 3TOM MOCIEA0BATENIBHOCTH HET. JleMCTBUTENBHO, ITYCTh X -
a100ast TOUYKa YUCI0BOM ocH, oTiIuHas oT Touek 0 u 2. Bo3smeM € >0 HACTOIIb-
KO

-ls l0 € Xx-€ X Xxte 2l-8 '2 2'+s X
MaJIbIM, YTOOBI € - OKPECTHOCTH To4ek 0, X U 2 He mepeceKanuch. B &- okpect-
HocTAX To4ek 0 u 2 comeprkarcs BCE AIEMEHTHI [TOCIIEJ0BATEILHOCTH U IOATOMY
€ - OKPECTHOCTb TOUKH X HE MOXKET CO/IePKaTh OECKOHEUHO MHOTO JIEMEHTOB
{1+(-1)"} u TO9TOMY HE SIBJISIETCS MPEIETBHON TOUYKON STOU MOCIIE0BATEIHHO-
CTH.
Teopema. Y BCSKON OTpaHUYEHHON MOCTIEA0BATEIIBHOCTH CYIIECTBYET XOTS OBl
OJIHA MpeJenbHas TOUKa.
3ameuanue. Hu ogHO yuCiO X , MPEBOCXOAILEE X, HE SBIIAETCS MPEAEIbHOM
TOYKOM MOCIIeI0BATEIBHOCTH {Xp}, T.€. X - HAUOOJIbIIAs MIPEaeIIbHAS TOUKA
MOCJIEIOBATEILHOCTH {Xp} .

[Tyctsb x- moboe ymcio, npeBocxoadiiee X . Beidepem £>0 HaCTONBKO
MaJibIM,
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! X—€& x X+¢&

>+
ol

qTO0 X-£>X.

Tak kak
def

(i = inf{x}) E(Vx— £> i)(EIX1 € {x}):[i <x'<x- g],

ux' €{x}, npaBee X' TEKHT KOHEUHOE YHCIIO FNEMEHTOB [OCIEI0BATEILHOCTH
{Xn} WM UX BOBCE HET, T.€. X HE SIBJIAETCS MPeeIbHOM TOUKOI Mmoce10BaTeb-
HOCTH {Xp}.

Onpenenenne. Hanbonpias npenenbHas TOYKa X MMOCIEA0BATEILHOCTH {Xp}
Ha3bIBACTCS] BEPXHUM TIPEIEIIOM TOCIEIOBATEIBHOCTH M 0003HAYAETCSI CHMBO-

oM X = limX, . 3 3ameyanus cneayer, yTo y BCAKOM OorpaHMYEHHOM mocieno-

N—oo
BaTEJIbHOCTHU €CTh BEPXHUU Ipee.
AHaIOru4Ho BBOJUTCA MMOHATUC HUIKHETO IIPEACIIA X = lim X, (KaK Hau-
n—oo

MEHBIIIEH TTPEACIbHON TOYKH TIOCIEIOBATENHHOCTH {Xy} ).
Wtak, Mbl OoKa3anu claeayrolee yTBepkKIeHue. Y BCIKOW OrpaHUYeHHOM
MOCIIEI0OBATEIHHOCTHU CYIIECTBYET BEPXHUN U HIKHUN TIPEJIEITbIL.
Chopmynupyem 6€3 10Ka3aTeabCTBa CASAYIONIYIO TEOPEMY.
Teopema. /{151 TOro, 4T00ObI MOCIEIOBATENBHOCTD {X,} OblIa cXonsuIeiics, He-
00X0IMMO U JOCTAaTOYHO, YTOOBI OHA OblIa OTPAHUYEHHOMN M YTOOBI €€ BEpXHUI
Y HWKHUM TIpeAenbl X U X COBIIAJAIIH.

Pe3ynbpTaThl 3TOr0 MyHKTa NPUBOJAT K CIEAYIONIEH OCHOBHOM Teopeme boblia-
Ho-Beliepmrpacca.

Teopema Boabuano-Beiiepmtpacca. 3 nmo60it orpaHnyeHHON OCIeA0Ba-
TEIBHOCTH MOYHO BBIIEIIUTH CXOJAILYIOCS OAIOCIIEN0BATENBHOCTD.
Jloka3aTejbcTBO. Tak Kak MOCIE0BATEIBHOCTD {X,} OTPaHUYEHA, TO OHA UMe-
eT XOTsI Obl OIHY IPEJENbHYIO TOUKY X. Torja u3 3Toil nocie10BaTeIbHOCTH
MOYKHO BBIJICJIUTh MOAIOCIEI0BATEIbHOCTD, CXOASIIYIOCA K TOUKE X (CIenyeT u3
ofpenieNieHus 2 NpeaeabHON TOUKH).

3ameuanmue. 13 11000ii orpaHn4eHHON NOCIEI0BATEIBHOCTH MOXHO BBIJIEIUTD
MOHOTOHHYIO CXOJSIILYIOCS [TOCIIE0BATEIbHOCTb.

1.4.3. llonsatue pynxknuu. lpenesn ¢pynkuuu. HempepbiBHOCTH
1.4.3.1. Onpeodenenue ¢pynxkyuu

Omnpenenenne 1.

[TycTh maHbl 1BA HEMYCTHIX OJMHOXKECTBA {X}u {y}MHOxecTBa R.
Ecnu kax7j0My 3J1€MEHTY X U3 {X} CTaBUTCS B COOTBETCTBUE OJMH JIEMEHT y U3
{y}, To y HazpIBaercs ¢pyHkuuen f (oroOpakeHneM) aprymMeHTa X. ITO 3aIHChl-
BaeTcs B BUJE:
y= f(X)VX € {X}, WM y = f(x),x € {x} .
JpyruMu cioBamH, ¢ HoMoubio GyHKIuu y=f(X) MoIMHOXECTBO {X} 0ToOpa-
KaeTcsl B IOAMHOXKECTBE {Y}, IO3TOMY JIOIMyCcTUMa 3anuch xa f (x), X € {x}

[ToamuoxkecTBO {X} mu D(f) Ha3wpiBaeTcs 00aacThIO onpeaeneHus PyHKIUN Y,
noaMHoxkecTBO {y} unu E(f) - MHOKecTBOM ee 3HaueHuH. APryMeHT X 4acTo
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Ha3bIBAIOT HE3aBUCHMOM MMEPEeMEHHON, PYHKIIUIO Y -3aBUCMOM MMEPEMEHHOM, a
COOTBETCTBUE MEKYy HUMHU- (YHKIIMOHATLHOU 3aBUCHMOCTBIO.

YactapiM 3HaUeHHEM GyHKIMH y=f(X) nMpu Xx=a, a€ {X} Ha3bIBACTCS TO 3HAUCHHE
y , KOTOpOE COOTBETCTBYET 3a/IaHHOMY 3HaueHuto X. OHO 0003HauaeTcs yepes
f(a), nn ylx=, .

@OyHKIIMU MOTYT OBITh 3a/I1aHBI AHATUTHYECKH, TPa(QUIECKH U C TIOMO-
IO TaOJINII.

1.4.3.2. Cnocoowl 3a0anua ynxyuii

@OyHKIMA 32]aHA AaHATUTHYECKH , €CIIM (PyHKIMOHAIbHAS 3aBUCUMOCTb BbI-
pakeHa B Bujie (popMyJibl, KOTOpask yKa3blBA€T COBOKYIHOCTh T€X MaTeMaTHye-
CKHUX OIlepaluii, KOTOpPbIE JOJKHBI ObITh BBIMOJIHEHBI, YTOOBI IO JAHHOMY 3Ha-
YEHHIO apTyMEHTa HalTH COOTBETCTBYIOIIEE 3HAaUeHUE (PYHKITUH.

Ipumep 1. @ynxkuusa dupuxie

lopuxeQ
y:D(x)z .
OmnpuxeQ
IIpumep 2. (puc.1)
M
1
? X
Iupux>0 -
y=sgnx=4 Onpux=0 Puc.1

—lopux<0

Onpenenenue 2. I'papuxom ¢pynkiun y=f(x), X€ {X} Ha3bIBaeTCs reoMeTpHye-
CKOE MECTO TOYEK Ha IJIOCKOCTHU ¢ KOOpAUHaTaMu (X,f(x)), rue xe{x}.

I'papuyeckuii cnocod 3aganusi pyHKIMU, TOMUMO T€OMETPUIECKOTO U30-
OpaxeHus QYHKLUH, 3aJaHHON YpaBHEHUEM, y100€H TOr1a, Korjna GyHKIUIO
TPY/HO 33]1aTh aHATUTUYECKU. 3a1aTh PYHKINIO rpad)UIECKH - ITO 3HAUMT 3a-
JaTh ee Tpaduk.

IIpu TabauyHOM cnocode 3a1aHus (PYHKIIMHU PSIIOM C YUCIOBBIM 3HAUEHUEM
apryMeHTa BBHINHICHIBAETCS COOTBETCTBYIOMIEeE 3HaYeHne GpyHKkuuu. Henocrat-
KOM TaOJIMYHOTO criocoba 3a1anus GyHKIMH SBISIETCS TO, YTO B TAOIHUIE MOTYT
OBITh yKa3aHbI HE BCE, a JIMIIb OT/ACIbHBIC 3HAUCHHS apTyMEHTa U (DyHKIIHH.
Oco6eHHOCTH U3MEHEHUs (PYHKIUU TPU 3TOM MOTYT OBITh UCKaXEHBI.

1.4.3.3. Monomonnsie pynkuuu

[Tycte dhynkmus y=f(x) onpeaeneHa Ha MHOXKECTBE {X} ¥ TOUKU
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X] ,X2 € {X} MOOBIC TOUKH, CBSI3aHHBIE COOTHOIIICHHEM X< X .
Torna

(Xl <X; = f(Xl) (XZ ZefE f(X) He yOrisaeT d;f f(x) MOHOTOHHA,
>

(xz) = f(x) He Bo3pacraer

)
(X1 <X, = f(Xl) <f Xz)) d;f f(x) Bo3pacraer | def
def = f(x) crporo MoHOTOHHA
(x1 <X, = f(x1 > f(xz)) = f(x) y6wiBaer

1.4.3.4. Cnhoxncnaa ¢pynkuusn

@OyHKIUY, TOTyYEHHBIE B PE3YJIbTaTe CYNEPIO3UIIHH (MITH HAJIOKCHHUS )
JIBYX WM HECKONBKUX (DYHKIIHIA, HA3bIBAIOTCS CII0KHBIMHU.
Ecnu ¢yHKIIMA y 3aBUCUT OT IEpeMEHHOH X, T.e. y=f(X), x€ {Xx}; a X, B CBOIO
ouepe/lb, ABISACTCS KaKoH-T100 QyHKIMEH OT He3aBUCHUMOM MEPEeMEHHOM t, T.¢.
x=0(t), te {t}, To nepemeHHas y Ha3bIBaeTCs GYHKIMEH OT PYHKINHU (MITH CITOXK-
HOM (yHKIIMEH OT t) ¥ 3aITUCHIBAETCS B BUJIC

y=1(x), x=0(t); wu y=f(¢(t)).

OO6JacTh ornpeeNieHus CII0KHON (QYHKITUH - ’TO MHOXKECTBO TE€X 3HAYCHUU t U3
{t}, 1711 KOTOPBIX COOTBETCTBYIOIINE 3HAYCHHS X MMPUHAIICKAT 00J1aCTH OTIpe-
nenenus {x} Gpynkuuu y=f(x).

1.4.3.5. Oopamnas gpynkyus

[Tycts 3anana HekoTopas pyHkuus y=f(X), T.e. HEKOTOpPOE COOTBETCTBUE
mexay MHoxkecTBamu D(f) u E(f). Ilpennonoxum, nis onpeneaeHHOCTH, YTO
D(f)=[a,b], a E(f)=[a.,B]. [lycTs nanee xaxmaomy ye[a,3] COOTBETCTBYET OJIHO U
TOJIBKO OJTHO 3Ha4YeHUE X € [a,b], st koToporo f(x)=y (puc.2). Torna Ha cermen-
Te [o,B] MOKHO ompeenuTh GpyHKIHIO X= " (y), CTaBsi B COOTBETCTBHE Ka’KI0-
My y u3 [o,B] To 3HAaueHHMe X 13 [a,b], ams kotoporo f(x)=y. Pyukmus x=f" (y)
Ha3bIBaeTCst oOpaTHOM i hyHKIMH y=1(X).

N
B
y y=1(x)
a ~
a X b
Puc.2.

3ameuanue 1. Bmecto cermenToB [a,b] u [a,3] MOXkHO paccMaTpuBaTh UHTEp-
Bautbl (a,b) u (o,f). MoxHO OITyCKaTh, 4TO OJWH WK 00a nHTepBana (a,b) u
(a.,) mpeBparatoTcsi B 0CKOHEUHYIO MIPSIMYIO HIIM B OTKPBITYIO HOJTYIIPSIMYIO.
3ameuanne 2. Ecin x=f" (y) - o6patras pynxums wis y=f(x), To O4eBHIHO,
dynkums y=f(x) sBasercs obparHoii ws Gpynxumn x=f (y). [losroMy (yHKIHE
y=f(x) 1 x=f"' (y) Ha3BIBAIOTCS B3AMMHO OOPATHBIMIL.
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Opnna u Ta e kpuBas y=f(x) npeacrasiser codoi rpapux GyHKIUN
y=f(x) 1 rpadux obparHoit Ppyukimu x=f"' (y) (ec1u OHA CyIIECTBYET), HO B I1O-
CJIEJIHEM CIly4ae 3HA4€HUs apryMeHTa paccmarpuBaroTcs Ha ocu Oy, a 3HaueHus
¢yHKuuu - Ha ocu OX.

Ecnu npunepxuBaThCs CTaHIAPTHBIX 0003HAYEHUH M HE3aBUCUMYIO Tie-
peMeHHY0 0003HaYaTh Yepes X, a QyHKIUIo 9epe3 Y, TO PYHKIUS, 0OpaTHas TI0
OTHOIICHHIO K y=f(X), 3armmercst B Buxe y=f (x). B aToM ciryuae rpaduk
dyrkmmn y=Ff" (x) okaxeTcss cCAMMeTpHIHBIM rpaduKy GpyHKIHH y=f(X) OTHO-
CHUTEJIBHO MpsiMOi X=Y - 6uccekTpuchl [u I kooparHATHBIX yTIIOB.

J11st B3aMHO 0OpaTHBIX (PYHKIUNA UMEIOT MECTO CJICTYIOIIHE COOTHO-
wenws:: D(H)=E(f"), E(H)=D(f"), 1.e. 061acTs onpeeneHns 1aHHOi (yHKIHH
COBIAJIAET C MHOKECTBOM 3HAUE€HUI 00paTHOH (yHKLIUU U HA0OOPOT.

1.4.3.6. [lonycmumpwie odnacmu onpeoenenusn QynKkyuil

PaccmoTpum GeckoHeuHOE MHOXKECTBO {X}CR u Touky aeR.
Onpenenenue. Touka a Ha3pIBaeTCs MPENEIBbHOM 1T MHOXKECTBA {X}, €CIIU B
0001 O-OKPECTHOCTH T. @ UMEIOTCSI TOYKA MHOXECTBA {X }, OTJIMYHBIE OT a.
3ameuanue 1. Cama ToOuKa MOXKET NMPUHAJICIKATh MHOXKECTBY {X}, 8 MOXKET H
HE MPUHAJICKATh STOMY MHOKECTBY.

= ml

-~
A\ 4

—_—

Ipumep 1. {x}=[0,1], a=0 0

N
Y

Mpumep 2. {x}=(-1,1)\{0}, a=0 0

puc.3
3ameuanue 2. MHOXecTBO (a-0, a+0)\{a}, rme 6>0, Ha3BIBAIOT MPOKOJIOTOH O-
OKpPECTHOCTHIO T. a. (O003HaUeHHE IAJ8 (a) ).

Mg Oynem paccMmatpuBaTh GyHKIMH y=f(X), onpeneieHHbIe Ha MHOXe-
CTBE {X}, 151 KOTOPOT'O TOYKA a ABJSIETCS MPEAETHHOM.

1.4.3.7. Onpeodenenue npedena pynkyuu ¢ mouxe

Onpenenenue 1. [TociaenoBarenbHOCTh {X} Ha3bIBAETCS MOCIEI0BATEIBHOCTHIO
['eitne (a1 TOUKM @ 1 MHOXKECTBA {X}), €CIIU X, €{X}, {X}—>a, Xp7a.
Onpenenenue 2. (onpenenenue npeaena no I'eitne) Yucmo b HazpBaercs npe-

nenoM QyHkimu y=f(X) B Touke a(b =limf (x)) , €CIIM JUTs1 JTI0OO0H TIoCIIeIoBa-
X—a

TEIHHOCTH ['eliHe {X,}COOTBETCTBYIOIIAS MMOCIEA0BATEILHOCTh 3HAUCHU
bynkumit {f(x,)}cxonures K uuciy b.

def
(b = }(1_{2 f(x)) E(V{xn })[(xn € {x}) A ({xn } - a)/\ (xn # a) = {f(xn )} - b]
Takum oOpa3om, Ui JOKa3aTENbCTBA TOTO, YTO (hyHKIMA y=f(X) HEe UMeeT npe-
Jena B T. a (B CMbICIIE ompeesieHus no [ eifHe), 10cTaTOYHO yKa3aTh JBE MOCe-
noBatensHOCTH Leitie {X'n}u {x''}, IUIs KOTOPBIX
lim f(x's ) # lim £(x""1 )

n—ow n—oo
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IIpumep 1. Oyukuus Jupuxne y=D(x) He umeer npenena B T. o=0.
JlencTBUTENBHO,
x's €Q, {Xln } -0, D(Xln ) =1= lim D(Xln) =1

n—o

x'"s 2Q,{x"s} > 0,D(x"s) = 0= lim D(x", ) = 0.

n—ow

Ipumep 2. OyHKIUA y=sgnX HE UMEET Tpeaena B T. a=0.
1 1
1 1 . 1 11 11 . 11
Xn:_,an zljllmen ZI;X n:__,an :_ljllmen :_1
o f(x ) =1= lim £(x" ) o f(x) = 1= lim £(x")
Onpeaenenue 2. * (onpenenenue npeaena no Kommu). Yucno b Ha3piBaeTcs
npenenoM ¢pyHkiuu y=f(x) B Touke a, win npu x—a (b = lim f (x) ), eciu Juist

JTF000T0 MOJIOKUTENIFHOTO YHCTIa € HAWAETCS MOJOKHUTEIBHOE YUCIIO O TaKoe,
9TO JUISl BCEX 3HAYCHUH apryMeHTa X, yIOBICTBOPSIOMNX yCIOBHUIO 0< | x-a| <8,
OyJIeT BBIMIOJIHATHCS HEPABEHCTBO ‘ f(x)-b ‘ <g.
def
(b= tim £(x)) =(v& > 0)(38 > 0):(vx < fx} ] 0 <[x —a] <5 = [f(x)~ b| <],
X—a
3ameuanmue 1. Yciaosus x,#a u 0< ‘ X-a | B ONpEICNICHUsX 2 B 2% UCKITI0YaroT U3
paccMoTpenus T. a. B 9Toif Touke QyHkius y=f(X) MoxkeT ObITh HE ompeeneHa,
1100 ee 3HaueHHE MOKET ObITh OTIIMYHBIM OT b. Takum o6pazom, mpenen GpyHk-
IIVH B T. @ HE 3aBUCHUT OT 3HAUCHUsI (PYHKIIUHN B 9TON TOUKE.
3ameuanue 2. YcnoBue 0< | X-a | <0 &(a-0 < x < at+d)A(X#a) <> X IpUHAJIE-
JKUT IMPOKOJIOTON O - OKPECTHOCTH T. a. Y CIIOBHE | f(x)-b |<¢ < b-e< f(x)<b+e
< f(X) npUHAUIEKUT € - OKPECTHOCTHU T. b. DTO ycoBHe 03HAYAET, YTO TOUKU
rpaduka pynkuun y=f(x) ¢ koopaunatamu (X, f(X)) momagaror B € monocky {b-
e<y<b+e} mpsamoii y=b.
A
b+e H—

/ y=1f(x)
b

v

a-6 a atod X

Puc. 4

3ameuanue 3. B onpenenenun 2* noctaToyHo HAUTH O= O(€) TONBKO IS Ma-
nbix €>0. Tak kak U3 HepaBeHCTBA €] < € U ‘ f(x)-b ‘ <g1, OYEBUJHO, CIEAYET
HEPABEHCTBO ‘ f(x)-b ‘ <€) NS TEX K€ 3HAYCHHM X (M, CIEAOBATEIIBHO, IS
0(€2)=0(€1)).

C npyroii cTOpoHBI, eciu O(€) HAlICHO JIUIIH IS TOCTATOYHO OOJIBIINX
€, TO 3TOTO MOXET OBbITh HEJJOCTATOYHO JIJIsl CYIIECTBOBAHUS Mpenena (PyHKINH
(cMm. puc.5)
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/ y=1(x)
b+el

b /J
b-g1
b-g2 4/

a-%}(al) a ai—S(gz) X

Puc. 5
OueBuaHO, tst €,>0 HENb3s HaiiTH &(€]), VTSI KOTOPOTO TPU BCEX X U3 MPOKOJIO-
TOM O(€]) - OKPECTHOCTH T. a rpaduK moragai Obl B € - OJOCKY y=b. (s €,>0
Takoe O(€,) CYIIECTBYET).
3ameuanue 4. Eciu B onpenenennn 2* o nanHomy €> 0 HaiigeHo o= 6(g)>0,
TO JII000e O : 0<4; <d(€) Takoe MOXKHO B3SITh B KauecTBe O. J[eliCTBUTENBHO,
0<|x-a| <8, = 0<|x-a| <d(e) = | f(x)-b | <¢ . Orcrona CJIEyEeT, 9TO B OIPEJie-
JeHuu 2% He Hy»KHO MCKaTh HauOOJIbIIIee BO3MOXHOE 3HAUCHHE O M0 TAHHOMY
3HaueHuto > 0.
3ameuanue 5. Onpenenenue 2* MOXHO cHOpMYITHPOBATH CIEAYIOMUM 00pa-
30M: b = lim f (x) , €CITU 1S JTI0OOM € - OKPECTHOCTH TOYKH b , CYIIIECTBYET Ta-

X—a
Kasg O- OKPECTHOCTH T. a, YTO JJIs BCEX 3HAUCHUN apryMeHTa X, IpUHaIJIexKa-
IIMX 3TOU &- OKPECTHOCTHU M OTIUYHBIX OT a, 3HaueHue GpyHkuuu f(x) monanaer
B € - OKPECTHOCTH T. b.
3ameuanue 6. B onpenenenuu npeaena Tpedyercs CyeCTBOBAHUE CHMMET-
PUYHOM OKPECTHOCTH (8- OKPECTHOCTH) TOUKHU @, HO IS € - OKPECTHOCTH T. b,
MOJKET CYIIECTBOBATh HECHUMMETPHYHAsI OOJIBIIIAst OKPECTHOCTb. (CM. puC. 2).
Teopema. Onpenenenus 2 u 2*npenena ¢pynkuuu no ['eitne u Ko sxBuBa-
JICHTHBI.

IIpumep 3. Jlokazath 10 ONPEIEIEHUIO, YTO lim(x3 + x) =10.

X—2

3anuinem omnpeaeneHue npeaena no Komm mist nanHoi QyHKINU.
(ve>0)(35> 0} (0<[x-2 <5 =[x’ +x-10 <z
3amaga COCTOUT B TOM, YTOOBI IO € HAWTH O, IPH KOTOPOM CIIPaBEJINBA Ta
UMIUTUKALIHSL.
PaccmotpuM HepaBeHCTBO | x> +x-10 | < & 1 OyZieM UCKaTh YaCTh MHOXKECTBA €ro
penieHuii BuIa fx-Z | < h(g), Torna h(e) MoxHO OyAET B3ATh B KAYECTBE O.

X+ x-10= x> - 8+ x-2=(x-2)(x* +2x+4+1)

‘x3+x-10‘<E®‘x-2‘ ‘X2+2X+5|<8.
Paccmotpum cerment [1, 3], Ha KoTOpoM QyHKIIHS X*+2X+5 sIBIseTcs OTrpaHHu-
YEHHOH: ‘ X2 +2x+5 | < 9+6+5=20, Torma
(|x—2| -20< 8)/\(X 6[1,3]) = ‘x3 +x—10( <g

(|x—2| <%j A(xe[3]) =[x +x-10 <&,

Otcrona, B KayecTBE O MOXKHO B3ATh O = min(% ,1). Yucno o<1, t.x. xe[1,3].

2
Taxum 0Opa3oM, yca0BUE OrpaHMUEHHOCTH X~ +2X +5, a clie1oBaTeabHO, BO3-
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MO>KHOCTb CBEJICHHS HEPABEHCTBA |x*+x-10| < & K Gonee IIPOCTOMY

€ .
|x - 2| < 20 TOBJIEKJIO 3a COO0M orpaHu4YeHre 00JaCTH U3MEHEHHS X , T.€. OTrpa-
HUYEHUE Ha BeMMYuHy O cBepxy. Ecnu € Mano (Hanpumep, €<1), To

€ €
20 <lwud= 50 T.e. orpanndeHue 0<1 He sBIsAETCS CylIeCTBEeHHBIM. Jlanee

€
3aMETHM, YTO JaKe MPHU MabIX €>0 uncio & = — He SABISICTCS HAauOOJIBIITUM

BO3MOXHBIM O(€). OHaKO, KaK MBI YK€ OTMevalu, Haubosbiee d(€) B onpee-
JICHUH TIpeJieNia ¥ He HYKHO.

1.4.3.8. Oonocmoponnue npeoenwi

Onpenenenue 1. (mpenen f(x) cnesa B T. a. O603HaueHue f(a-0)).

(b= tim £(x)) =(ve > 0)(35 > O (vx e fx})(0<a~x <5 =[f(x) ~b| < &)
Omnpenenenue 2. (nmpenen f(x) cnpasa B T. a. O6o3HaueHue f(a+0)).

(b= tim £(x) =(¥e > 0)(36 > 0)(vx e {x}){0< x—a <5 = [f(x)b| <),

x—a+0
IIpumep 3. f(x)=sgn x, a=0,
lim f(x)=lim 1=1  (r.x. f(x)=1 npu x>0).

x—0+0 x—0+0

lim f(x)= lim —1=-1 (r.x. f(x)=-1 mpu x<0).

x—0-0

OaHOCTOPOHHME TPEIEIBI CYIIECTBYIOT, B TO BpeMsI Kak mnpeen GyHKIUNA
y=sgn X B Touke 0 HE CylIeCTBYET.

3amMeuyanue. (b = lim f(x)) A (b = lim f(x)j =b=Ilimf (x) , T.€. CIIpaBeJIuBa

x—a+0 X—a
x—a—0

teopema: Eciiu B Touke a mpaBblid ¥ JIEBBIN MpeAessl (yHKIIMKA PABHBL, TO B TOY-
K€ a CyIIECTBYET Mpeaes 3Toi (QyHKIMH, paBHBIA YKa3aHHBIM OJTHOCTOPOHHUM
npezenam.

JIeCTBUTENBHO, ECIIM HEPABEHCTBO | f(x)-b |<e B OIIpEeICIICHUN NIpeea
CIIpaBeUIMBO MpHU a<x<a+d U a- O <x<a, TO OHO OYJIeT CIIPaBEUIMBO U MPHU
0< ‘ X-a ‘ <9.

1.4.3.9. IIpeoenst na b6eckoneunocmu

Omnpeneaenne 1. (npenen f(x) mpu x—0).

(b=tim £(x)) =(ve > 08> 0) (v < {x})[x > B= [f(x) - b] < ).
Omnpenesnenne dZef (mpenen f(x) mpu x—>+00).
(b= lim £(x)) =(vz > 0)(3B> 0)(vx < fx})(x> B=|f(x) - | <)

X—>+00

Omnpenenenune 3. (npenen f(x) npu x—>- ©).

(b = lim f(X)) d;f(v.s > 0)(EIB > 0): (‘v’x € {X})(x <-B=> ‘f(x)— b‘ < s).

X—>—%
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3apaua. ChopmynupoBaths onpeneneHus 4-6 npezaenos 1o I eine.
3ameuanue. [Ipeaen mociaea0BaTeIbHOCTH- YaCTHBIN CiTydyai npezena pyHKIuu
{x}=N, x—00.

3ameuanue. OnpeneneHus OJHOCTOPOHHUX MPEJIENIOB MOTYYalOTCs KaK 4acT-
HBIH CiTydait onpeneneHus npeaena QyHKIUH, €CIH 001acTh ONpeIeICHHs
¢yHkuun {X} mpeacrasiseT co0oil MpaByIo (JIEBYI0) MOIYOKPECTHOCT T. &
(W1, COOTBETCTBEHHO, MPaBYIO (JEBYIO) MONYTPsiMyt0) (cM. puc.3 m.1.4.3.6.).

1.4.3.10. Apugpmemuueckue onepayuu Hao YyHKUUAMU, UMEIOULUMU NPeEOe

Teopema 1. (lim f(x) = b) A (lim g(x) = c) A (x € {x}) =

X—a X—a

lim(f(x)+ g(x)) = lim f(x) £ limg(x) =b+c (1)

X—a X—a

lim(£(x)-g(x)) = lim £(x)-lim g(x) =b-c ()

f lim f(x

i 1) _ 0 ) b (c£0) 3)
x>a (X) lim g(x) c

Jloka3aTejibCTBO:

[lycth {Xn}- mpou3BoIbHAS MOCIE0BATENbHOCTD [ 'eifHe, Torna
lim g(xn) =¢, limf (Xn) =b. Ho mo Teopemam o mpeenax CyMMbI, pa3HOCTH,
n— n—o

MMPOU3BCACHUA U HACTHOT'O IJId MOCJIEI0BATEIILHOCTEM CJICOyCT

f
lim(f(x, )+ gx,))=bxc, limf(x,) gx,)=b-c, lim EX; _b (c0).
n—oo n—oo n—o g Xn C

Tak kak {X,}- IPOU3BOJIbHAS MMOCIEAOBATENHLHOCTD [ €ifHe, TO MO OMpeeIeHUI0
I'eitne cnpaBeayiuBbl paBeHctsa (1)-(3).

3ameuanue. J[oka3aTenbCTBO VISl CIydaeB X —> 100 , X—> 00 IPOBOJATCS 11O TOM
KE cXeMe.

2
) -1
IIpumep. Haiitu npenen GpyHkimy : llIIll x T
X—> X —

Teopema o nipefiene 4acTHOTO Cpa3y HE IPUMEHNMA, T.K. lim(x3 - 1) = 0. Ho Tak

x—1
2 —
Kax x£1, 7o lim -1 = lim Cotxrl) g, xel 2
x=>1 x° —1 x—1 (X—l)(XZ +X+1) x—1 XZ +x+1 3

1.4.3.11. beckoneuno manvle u 6ecKkoHeuno 6oavuiue YynKyuu

[Tycts y=0/(X) onpenenieHa Ha {X} U a - IpeIeabHas TOYKa I {X}.
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Omnpenenenue 1. Oynkuus o(X) Ha3bIBaeTCss OECKOHEYHO MAJIOH B TOUKE a (TIpH
x—a), ecnu lim a(x) =0 (o6o3nauenue: o(x)=0(x)).
X—a

Omnpenenenune 2. (o I'eiine). dyHkius o(X) Ha3bIBaeTCS OECKOHEYHO MaJIOi
GyHKIHEH B TOUKE a, €CITN
[(v{x,} = @) a (x, € X)) A (x, = @)= {alx, )} =0

Omnpenenenue 3. (mo Kommn).
def

(a(x) = 0(1)) E(Va > 0)(36 > 0): (‘v’x € {x})(O < |x— a| <d=> ‘a(x)‘ < 8).

3ameuanue 1. Uepes (%) OymeM 0003HAYATh KJIACC OECKOHEYHO MAJIBIX B TOY-
K€ X0 QyHKIIHA.

Teopema 1. Jlns1 Toro, 4to0s! GpyHKIUs y=f(X) UMena paBHBIiA b mpeaen B TOUKe
a, HEOOXOMMO | JTIOCTaTOYHO, 4T0OBI PyHKIHs o(X)=f(X)-b siBiIsIacs 6ecko-
HEYHO MaJIOH B TOYKE a.

Heo6xoaumocts. [Tycts lim f(x) = b, Torna paccmorpum dynkumro ou(x)=f(x)-
b. Tak kak limb = b, o lim a(x) = lim[ f(x) - b] = lim f(x) ~b = 0, T.e.
a(x)ed(a).

HocraTouynocts. [lycth [oc(x) =f(x)— b] A [a(x) € 6(a)] , roraa f(x)= a(x)+b u

lim f(x) = lim[a(x) + b] = lima(x) + b, T.e. Ilimf(x)=b.

Onpenenenne 4. Oynkuus y=f(x) Ha3pIBacTCs OECKOHEYHO OOJIBIIION B TOUKE a
(fx)eB(a)), ecmut (VB >0)35 > 0): (Vx e {x}J0<|x-a| <5 =|f(x) )B).

O6o3nauenue: lim f(x) =o0.

X—a

AHanoru4Ho narorcs onpenenenus lim f(x) = oo.
x—>at0

1 .
Ipumep. f(x)=— sBusgerca 6€CKOHEUHO OOJBIIOH B T. a=0.
X
JlelicTBUTENBHO, CIIEAYIONIAas MMILUIMKAIUS ONPE/IeSICHIsI OYEeBUIHA:

l>B}.

X

(VB> O)(EIS > %j:(VX * O){|x| < % =

o1 .1
Kpome toro, lim — =+, lim —=-o.
x—>0+0 x x—>0-0 x

Onpenenenune 5. lim f(x) = -

x—a+0

(‘v’B > 0)(36 > O):(Vx € {x})[O <x—a<d0=f(x)< —B].
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Onpenenenue 6. lim f(x) = +o0

(‘V’B > O)(EIA > O):(‘v’x € {x})[x <-A=f(x)> B] .

AHaJIOTUYHO JAIOTCS OTPEICTICHUS:
lim f(x) = 00, limf(x) =0, lim f(x) =400, lim f(x)=too, lim f(x) = —oo,
X—>0 x—>a+0 x—a—0 X—>—0

X—>0

lim f(x) = foo.

X—>+00

[Tycth au(x) 1 B(X) - 6eckoOHEYHO MaJIbIe B T. a (YHKIIUHU, TOTIa
1) ou(x) Ha3bIBaeTCSa OECKOHEUHO MaJloil 0oJiee BHICOKOTO Mopsiaka, ueM B(x),

ecim lim@ = 0 (O6o3naueHus: a(x)=0(B(x))). Uurtaercs: o ecTh 0 MaJIOe OT

x—>a B(X)
B.

2) aux) uP(X) HA3BIBAIOTCS OECKOHEYHO MAJILIMHU OJTHOTO TIOPSJIKA B T. &, €CIIU
lxgg% = c(O < |c| < 00) (O6o3nauecHus a(x)=0(B(x))). Uuraercs: o ecThb 0
OobIoe oT 3.

3) au(x) uP(X) Ha3BIBAIOTCS SKBUBAJICHTHBIMH OSCKOHEYHO MAJIBIMHK B T. @, €CIIH
limw

= B(x)

=1 (Ob6o3nauenus: o(x)~(P(x)).

4) beckoHeuHo Maitasi B T. a PyHKIUs o/(X) UMEET MOPSIA0K MAJIOCTH M OTHOCH-
TETHHO HEKOTOPOU OECKOHEYHO Majioii B T. a pyHkumu B(X), ecnu
o(x)

[Beo]”

lim =c (0<|c|<oo).

. oux
3ameuanue 2. Eciiu He cymectByeT lim E )
X—a

, To 0u(x) uP(X) Ha3BIBAIOT HE-

CpPaBHUMBIMH OECKOHEYHO MAJIBIMU (DYHKIIHSIMHU.

W3 onpenenenys 5 BBITEKAOT CIEAYIOIINE YTBEPKACHUS:
1) 0(B)+0(B)=0(B); 2) v=0(B)= 0(B)+0(v)=0(B);
3) a=0(1), p=0(1)= ap=0(c),aB=0(p).

Hoxaxem, Hanrpumep, yTBepkaeHHE 2). B cuny yTBepxkaeHus 1) st 3Toro goc-
TATOYHO J0Ka3aTh, uto ¥ = 0(B) = 0(y) = 0(B) .

p(x)

ITycte p=0(y). D10 3HAUUT, yTO lim —— =0. HyxHo n0Ka3arTk, uTO

5y (x)
p(x)

lim(— = (0. Jloka3zaTrenbCTBOM SBJISIETCS 1I€JI1ast LIETIOYKA PABEHCTB
X—a X)

. P(X) — lim p(X)'Y(X): im@- imM: 0=
ST R 9 T R T R

JlokaxxeMm erre 0JJHO YTBEPKIACHHE:
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4) a~B <P=0+0(a)vP=0+0(p)
JlokazarenbcTBO: a) o~ =>P=0+0(at) (cM. TeOpeMy STOTO IyHKTA)

lim 5&)) 1= % —1+0(x) = B(x) = a(x) + 0(x) - ()

B cuny yrBepxkaenus 3) 0(x)-ou(x)= 0(a), mosTomy B(X) = cx(x) + O(a(x))
6) B=0+0(a) =0~
p_,, %)

B=a+0(a)= L =1+ = lim () =lim[1+0((x)] )
a (X X—a (X(X) X—a a X—a (X«
] O(oc)
Ho lim——+ =0 B cuy onpeneneaust 0(a), mosTomy lim@ _1

x=a o x—>a a(x)

AHaJOTUYHO JTOKa3bIBaeTCs, uTo o~ < P=a+ 0(B).

Taxum o6pazom, eciu B(x)~a(x), To ou(X) mpudmmkaer GyHkuio B(X)
npu x—a (1 Hao0opoT).

3ameuanue. CpoiictBo 1) 0(B)-0(B)=0(B) o3nauaet cneayroiee:
a1=0(B), ax=0(B)= a1 - a,=0(P). [a; - a2 #0, BoOOIIIE TOBOPS, T.K. 3TO pa3HbIC
byHkuu, 0603HauYeHHbIe 01HUM cuMBoIOM O([3)].

AHaIIOrMYHO OECKOHEYHO MaJIbIM CPaBHUBAIOTCSI OECKOHEYHO OOJIBIITNE B JaH-
HOU TOYKE (DyHKITUH.

Iycrs  lim A(x) = +oou lim B(x) = +o0, TOrz12

X—a X—a
1) A(x) umeer B T. a oJiee BRICOKUIN MOPSAIOK pocTta, ueM B(x), eciu

AR
= Bl

= 400

2) A(x) 1 B(x) UMeIOT B T. a OIMHAKOBBII TOPSIOK POCTA, €CITH

A
lim (X) =c (0< ‘c‘ < +00).
x—a B(X)
3) beckoneuno 6onbias GpyHKIus A(X) B TOYKE a Ha3bIBA€TCS BETUUYUHOM K-TO
MOpsIKa OTHOCUTENBHO OeCKOHEeuHO Oounboi Gpynkuuu B(x), ecnu

=cC (0< |c| < +oo).

4) A(x) u B(x) Ha3bIBatOTCsl SKBUBAJICHTHBIMH B TOUYKE a, €CITH
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im A%
X—a B(X)
Ax)
5) Ecm me 3 !grg %, T0 A(X) 1 B(X) Ha3pIBatoTCS HECPABHUMBIMH.

3ameuanue 2. OTU OnpeeNeHUsI COXPAHAIOTCS 17151 OECKOHEYHO OOJIBIINX
(GyHKIMI B TOUKE a ClieBa U CIIPaBa.

Mpumep. 1) a(x)=x’ - x°, B(x)=5x> +x* , x—>0. D111 PyHKIHMH GECKOHEUHO Ma-
able B T. X=0 0AHOT0 Mopsi/iKa; 1eHCTBUTENIBHO,

£i£rg 5 (x) =lim———— = % = a(x) = O(B(x)), OL(X) ~/ B(x),

2+X 1
2) A(x) = ,B(x) =— - OECKOHEYHO OOJIbIINE OJJUHAKOBOTO MOPsI/IKA POCTa
X X

npu Xx—0, AeCTBUTENBHO,

2+X
im0 Tk
x—0 B(X) x—0 l
X

1.4.3.12. Ilpedenvhutii nepexod é PyHKUUOHATbHBIX HEPAGCHCMEAX
[Tycte dpynkuuu f(x), g(x), h(x) 3a1ansl B MPOKOIOTON O- OKPECTHOCTH T.

a (0y(a)).

Teopema 1.

{(g?f(x) ~b)A {VX cU,(a) = {izz; i zﬂ = {E i C o (puco)

[Tyctb pynkuums f(x) umeer B T. a npeaen, paBHsblil b. Ecian B ykazanHoi
OKPECTHOCTH TOYKH a (32 UCKITIOYCHHEM, MOKET OBITh, CAMON TOYKH) BBITIOJIHS-
ercst HepaBeHCcTBO f(X)<c (f(x)> c), rae ¢ - HeKoTopas KOHCTaHTa, TO MPeae
¢yukuuu f(x) B T. a yA0BIETBOpsAET HEpaBeHCTBY b<c (b>c).
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Puc. 6

I[OKaiiaTeJ'lLCTBO:

ITycth {Xs}- Kakas-HUOY1b TIOCIIE0BATENBHOCTD [ eiiHe, Toria 1o omnpe-
nenenuto npenaena (mo ['efine) pynkmum f(x) B 1. a : lim f (xn) =b, mpuyem
n—oo

f(xq)<c. [1o Teopeme 0 mpenenbHOM MEePEeXoe IS MOCIeI0BATEILHOCTEH
lim f (xn) <c. Ho limf (xn) = b, moatomy b<c. [lns cinyuas f(x)=> ¢ qokazareins-

n—oo n—oo

CTBO aHAJIOTH4YHO.

Caencrsue 1.

(1 £(x) = b) A time(x) =] a (vx € Uy (a) = f(x) < e(x) | = b

X—a X—a

y
T / y=g(x)
C
b o /y=f(x)
a-0 a atd ,x
Puc. 7

CaencrBue 2.

[(limf(x) = b)/\(VX eﬁg(a) = c<f(x)< d)} =c<b<d

X—a
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Yy
d }
b /Ff(x)
1T J
a-0 a atd X

Puc. &

Teopema 2.

(1im f(x) = time(x) = b) A (¥x €Uy (a) = f(x) < h(x) < g(x)) | = limh(x) = b

X—a X—a X—a

YA
—  y=8(x)
— y=h(x)
— y=1{(x)
b
a-S a at+d ,x

Puc.9

Jloka3zaTeabcTBO: B oTimume oT npeaplaAy X YTBEPKACHUH, 31€Ch HYKHO
JoKa3aTh cyiecTBoBanue npeaena h(x) npu x—a. [lycts {X,}- npon3BonbHas
nocsenoBareabHOCTh [eiine. Torna lim f (xn) = lim g(xn) =b u, Kpome TOrO,

n—oo n—oo
f(xn)<h(x,)<g(xy). [To Teopeme 2 1. 2.9 mist mocie0BaTeNbHOCTEN CYIIECTBYET
lim h(xn) =b . Tak kKak mocaea0BaTEIILHOCTD {X,}- MPOU3BOJIbHAS MTOCIIEIOBA-

n—oo

TEIbLHOCTH ['eliHe 1 lim h(xn) = b, To 10 onpeeneHuto npeaena (mo ['eiine)

n—oo

cymectsyer lim h(xn) =b. Tepema noka3aHa.
X—a

1.4.3.13. Onpeodenenue HenpepvigHOCMU PYHKUUU 6 MOUYKE U HA MHOMCECMEE

[Tycth {x} - o0nacts onpenenenus Gpynkuuu f(x), ac {x} u mobas o-
OKPECTHOCTb T. & COJACPKHT TOUYKHU {X}, OTJIMYHBIC OT a.

Omnpenenenue 1. Oynkuus f(x) Ha3pIBaeTCA HENPEPHIBHOM B T. &, €CIIU

lim f(x) = f(a). (OGosnauenue : f(x)eC{a}).

X—a
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Onpenesenne 2.

def

f(x) eC{a} E[(V{xn} - a)/\(xn € {x})] = {f(xn )} - f(a).

Omnpeneaenne 3.

def

f(x)eCla}=(ve > 0)35 > 0): (vxe {x}|x—a < 5 = | f (x)- f(a) < &].
3ameuanue 1. B onpeneneHuu 2 HET yCIIOBUS X, #a, B 3 - HET YCIIOBUS

| X-a ‘ >(0. Otu onpenenenus (2 v 3) SKBUBAJICHTHBI.

Omnpenenenne 4. Oynknus f(x) HenpepsIBHA B T. a CIIEBa, €CIU

lim f(x) = f(a).

x—>a—0
Onpenenenue 5. Oynkius f(X) HeNpeprIBHA B T. a CIIpaBa, €Cliu

lim f(x)=f(a).

x—a+0

3ameuanue 2. Eciiu ¢pyHKUMS HepephIBHA B T. a CIIpaBa U CJIeBa, TO OHA He-
IpephIBHA B T. a. JTO clieyeT u3 3amevyanus 1n.1.4.3.8.

Onpenenenue 6. Touku, B KoTopbix GyHKIUs f(X) HE 00IamaeT CBOICTBOM
HETIPEPBIBHOCTH, HAa3bIBAIOTCSI TOUYKAMH Pa3pbIBa 3TOH (QyHKIHN.

Ipumep 1. f(x)=x" (neN) nenpepsiBHa B T. a (acR).

limx=a = limx" =limx-.-lim=a".

X—a X—a X—a X—a

IIpumep 2.
Lx>0

y = f(x) =sgnx=4 0,x=0 pa3pbiBHa B T. Xx=0,
-1Lx<0

lim sgnx = -1, lim sgnx =1=> limsgn X He CylIeCTByeT =>y=SghX pa3pbIBHA
x—0-0 x—0+0 x—0

B T. x=0. B ocTajIbHBIX TOYKAaX OHA HEMPEPHIBHA.

Ipumep 3. Oynxusa Jupuxie y=D(X) pa3pbiBHa B KaKI0¥ TOYKE, T.K. HET
npenena B Kaxaoi Touke. (JlokakuTe 3T0, MOCTPOUB MOCIEI0BATEILHOCTD pa-
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IIMOHAIBHBIX | MOCJIEIOBATEIBHOCTh UPPAIIMOHALHBIX YUCEI, CXOSIINXCS K
ATOM TOYKE).

Omnpenenenne 7. Oynknus f(x) HenpepsiBHa Ha MHOXKecTBe M(f(x)e C(M)),
€CJIM OHA HEMPEePhIBHA B KAXKOW TOUYKE MHOKeCTBa M.

Onpenenenune 8. dynkuus f(X) Ha3pIBaeTCsl HENPEPHIBHOW Ha cerMeHTe [a,b],
€CJIM OHA HeIIpepbIBHA B KAKJ0W BHYTPEHHEH TOUKE ITOr0 CETMEHTa U, KpOMeE
TOTO, HETIPEPBhIBHA CIPaBa B T. a U HETIPEPhIBHA CJIeBa B b (f(x)
€(C[a,b]); (s unreppana f(x) €C(a,b)).

1.4.3.14. Apughmemuueckue oeiicmeus Had HenPEPLIGHBIMU YHKUUAMU

Teopema. ITycts f(x) u g(x) 3axanbl Ha MHOXKecTBE {X}. Ecnu 3T pyHKImMn

f(x
HEIPEPBIBHBI B T. X=a, TO ¢pyHknuu f(x) + g(x), f(x)-g(x), Q HETIPEPHIBHBI B

g(x)

TOYKE X=a (4acTHOe npH yciaoBuu g(a)=0)
(f(x) € C{a}) A (g(x) € C{a}) = (f(x) + g(x) € C{a}) A (f(x) . g(x) € C{a}) A

) Cefa) (afa) =
{8 ccp) (eo)=)

Jloka3aTrejbCTBO:

(£(x) eCfa})  (glx) eCla}) < (1im (x) = £(a) A (1im g(x) = efa)}

X—a X—a

ITo Teopeme o nipenene pa3HOCTH, CYMMBI, IPOU3BEACHUS U YaCTHOTO ABYX
bynkumii (Teopema 1.3.10)

9ﬁ@ﬂw*¢$ﬂ@@%ﬁmaw%$%£%

(ecm g(a)#0). DTH paBEeHCTBA U O3HAYAIOT HENPEPHIBHOCTH B T. a QyHKIMHA f(X)

f(x)
+ g(x), f(x)-g(x), .
g(x)

1.4.3.15. Cnhoxcnaa ghynkuyusa u ee HenpepvléHOCHb

[Tycts dpynkums x=¢(t) 3a1aHa Ha MHOXKECTBE {t}, M MyCTh {X}- MHOKECTBO €€
3HaueHui. Jlomyctum, uTo Ha MHOKECTBE {X} 3amaHa QyHkmms y=f(x). Torma Ha
MHOKecTBe {t} 3amana cinoxHas pyHkius y=f(¢(t))=F(t). [Ipeanonoxum, uto
ae(t) aBnseTCs MpeaesbHONM TOUKOM MHOXecTBa {t}; ac@(t); b=¢(a) € {x}
SIBJISICTCS TIPEJICTTLHON TOUKOW MHOXKECTBA {X }.
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Teopema. [Iycts x=0(t) € C{a}, y=f(x) € C{b}, rne b=¢(a). Torna
y=fe®)=F(t) € C{a}.

1.4.3.16. 3ameuamenvuwle npeoenni

IlepBbIii 3aMeuaTe/IbHBIN Mpeaes

sinx

lim

x>0 X

1

Joka3zarenbcTBo. CHAYaNa YCTAHOBUM CIPABEJIMBOCTh HEPABEHCTBA
. T

0<sinx<x<tgx mpwu 0<x<5. (1)

Paccmotpum cienyromme ¢urypsi (cM. puc. 1):
tpeyronbHuku AOB u AOC u cexrop A

AOB ¢
s Hux B

Saa0B<Scexr. AOB<SAAOC, T-€. /
lesinXSlexSletgx. X S
2 2 2 \\0

1
Cokpamiast Ha ERZ , IOJTyyaeM Hepa-

BeHcTBa (1)
T puc.10
[Iyctp 0<x< ER

sin X
<I.

< HJIN COSX<

N3 (1) nens Ha sinx, umeem 0<I<—
sinX CcOsXx X

DTH HEPAaBEHCTBA CIIPABEATUBLI U I 3HAUCHUH X, YIOBJICTBOPSIOIIMX YCIOBH-
sinx _ sin(—x)

T
M Y < x <0, TaK KaK cosX=cos(-x) u . OyHKIHS y=COSX -

HEIpephIBHA HA BCEH YnCcoBOi ocu (cM., Hanpumep, Unsun B.A., [To3nsk O.1°.
OcHoBBI MaTeMaTH4YeCKOTo aHanusa.- M.: Hayka, 1971, u.1, rn.4, 75, 1.6, c.120)

S X

nostomy limcosx =1. Utak, mns pyHkmm cosx, 1,

B HEKOTOPOW -
x—0

OKPECTHOCTH TOUKH X=0 BBIIIOJIHAIOTCS BCE yCiI0BUs TeopeMbl 2 11.3.12. o npe-
JIeTFHOM TIepexo/ie B GyHKIIMOHAIBHBIX HepaBeHcTBax(f(x)=cosx, g(x)=1, h(x)=

sin x o
uo=—).
X 2
. sinx ..
CnengoBarenpHo, lim =limcosx =1.
x>0 X x—0
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Bropoii 3ameuareabHbI peae

1 n
Yucno e ObUI0 OMpeAeneHo Kak lim(l + —] =e
n—oo n

1
Mo3KHO J0Ka3aTh, YTO €= lim(l + x)x .
x—0

1.4.3.17. Touku pa3pviea ¢pynkyuii

YcrpaHuMBlil pa3pbiB.
Omnpenenenne 1. Touka a Ha3bIBAETCS TOYKOW YCTPAHUMOTO pa3pbiBa GyHKIIUH

y=f(x), ecnu cymectByeT lim fi (x) , H0 B T. a f(x) mubo He ompezeneHa, b0

fa)= lim f(x).

Ipumep 1. yp
sin x n pu x# 0
f(X) = X /—&
0 npmx=0 <_\
—n 0 ~— X
Puc.11

. sinx
Tak kak lim

= 1, TO T. X:O ABJISICTCA OJIA 3TOH (I)YHKI_II/II/I TOYKOU YCTpaHI/I-
x—0 X

MOTO Pa3phIBa.

3ameuanme 1. B Touke a ycrpaHumoro paspbiBa pyHKIuM f(X) MoxHO nepeon-
penenuTs (UM JOONPEeAETIUTh) TaK, YTOObI OHA CTalla HETPEPHIBHOM, OJIOKHB
€e paBHOM B T. a 3HaUeHMIO Tipenena f(x) nmpu x—a. B npumepe 1 nocrarouno
nonoxuth f(0)=1 u f(x) cranet HenpeprIBHOM B T. X=0 (¥ Ha BCcel YMCTOBON
npsiIMOM B cuily Teopemsl 11.1.4.3.14.).

Pa3pbiB nepsoro poga

Omnpenenenne 2. Touka a Ha3bIBAETCsI TOUKOW pa3pblBa NEPBOIO PoOJa, €CIU

(3 Jim, £(x))A(3 tim £(x))a( tim, £(x)# lim £(x)).

x—a+0 x—a—0 x—a+0 x—a—0
sin x .
Ipumep 2. fi (x) = |— Touka a=0 siBIsIETCS TOUKOU pa3pbiBa MEPBOTO poja.
XI
JeicTBUTENHHO, OJTHOCTOPOHHUE Mpeiebl B T. 0 CYIIECTBYIOT, HO HE PaBHBI

MEXIy co00it
. sinXx . . sinXx . sinX
lim = lim -1; lim = lim =+l
x—>0-0 |X| x50-0 —x x—>0+0 |X| x>0+0  x

sin X
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Pa3pbiB BTOpOIO pona

Omnpenenenne 3. Touka a HA3bIBAETCS TOUYKOM pa3pbIiBa BTOPOro poaa PyHKIUN
y=f(x), ecnu f(X) B 3TOI TOUKE HE UMEET XOTs OBl OJTHOTO OJHOCTOPOHHETO
npeJiena Ui XOTs Obl OMH U3 OJHOCTOPOHHUX TPEIEIIOB OECKOHEUEH.

1
IIpumep 3. f (x) =—,a =0. Ora pynkuus 6eckoneyno Oonpmas npu x—>=0,
X
CJIeZIOBaTeNbHO, T. =0 - TOUKa pa3pbiBa BTOPOTO poja.
1 0
Mpumep 4. f(x)= st 1pH X7
0 mpu x=0

N/

a|—
ENEN)

Puc. 12.
Ota QyHkuus B Touke Xx=0, HE UMEET HU MPABOTO, HU JIEBOTO MPEJIEIIOB.

B cuiy HedeTHOCTH (PYHKIIMH JOCTaTOYHO MPOBEPUTH, UTO HET MPABOTO
npenena. [loctporm 1Be MONOKUTENBHBIE TTOCIEIOBATEILHOCTH, CXOSIINECS K
HYJTI0, HA KOTOPBIX COOTBETCTBYIOIIHE ITOCIICIOBATEIILHOCTA 3HAYCHUI HMEIOT
pasHbIe MPEACIIb, TOT/Aa 1Mo onpenenacHuto ['eitne GyHKIus He OyIeT UMETh TIpa-
BOTO mpefena B Touke 0.

1 fx! )= s | B : 1L
Xn=—, flxXn)=sin—=sinnt=0=limf(x.,)=0
nmw 1 n—o

nm

. 1 [ m .
X'y = f(x”n) =sin—— = sm(—+2nn) =1= lim f(x“n) =1
T 1 2 n—m
—+2n7 —
2 i
—+2nm
Taxum o6pazom, x=0 - ToUKa pa3pbiBa 2-ro poja.
.1 >0
IIpumep 5. f(x) =J5m X fpux
I mpu x<0
HE UMeeT TOJIbKO npaBoro mnpezena B T. 0. Touka x=0 - Touka pa3psiBa 2-T0 po-
na.
Omnpenenenne 4. Oynakus f(X) Ha3pIBa€TCSI KyCOUHO HEMPEPHIBHOM HA CETMEH-

Te [a,b], ecnu 3Ta QyHKIMS onpesiereHa BCIOAy Ha cerMeHTe [a,b], HenmpepbiBHA
BO BCEX BHYTPEHHMX TOYKAX 3TOTO CEIMEHTA, 32 UCKIIOUECHHEM, ObITh MOXKET,
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KOHEYHOT'0 YKCJIa TOYEK, B KOTOPBIX OHA UMEET Pa3pblB IIEPBOrO pOoAa, KpOMe
TOT'0, UIMEET MPaBBIM IPEAes B TOYKE a U JIEBBIH Mpeel B TOUKe b.

1.4.3.18. Ceoiicmea nenpepbiénvix ynKuyuii

YcT0iiunBOCTH 3HAKA HENMPEPHIBHOM B TOYKE (PYHKIIUN

Omnpenenenne 1. @ynxius f(x) Ha3bIBaeTCs OrpaHUYEHHON CBEpXY (CHU3Y) Ha
MHOXECTBE {X}, €CI1

(HM(m) € R): (V(x) € {x}) = f(x) <M (f(x) > m)

Onpenenenue 2. Oynxius {(x) Ha3pIBaeTCS OTPAHUYECHHON HA MHOXECTBE {X},
€CJIM OHAa OTPAaHUYCHA HA ITOM MHOXECTBE CBEPXY U CHU3Y, T.€.

(HM,m € R): (V(x) € {X}) = m< f(x) <M.

O6o03nauenus: f(x)eB(x).

Teopema 1. ITycts pyHkuus f(x) onpenenena B HeKOTopoit okpectHoctu U Tou-
KU a, HenpepbIBHA B Touke a u f(a)#0. Torma cymecTByeT Takas 8- OKpECTHOCTD
T. a, 4TO JUIs BCEX 3HAUEHUH apryMeHTa U3 YKa3aHHOH O- OKpEeCTHOCTH (yHK-
st f(x) He oOparaercs B HyJIb M IMEET 3HaK, COBMAIAIOIINI co 3HaKoM f(a).

f(a)>0

(F(x) «Cla}) n f(a)<0:»(35>o){we(a_a,am):»{igig}

3ameuanue 1. Teopema 1 cipaBenyiuBa Jj1s1 TOJTYOKPECTHOCTEH TOUKH a. (CM.
puc. 13.)

bt+e
b y=1(x)
b-g |
a-6 a ato
Puc. 13

Teopema 2. (mpoxoxkIeHNE HETPEPHIBHOM (PYHKIMH Yepe3 HyJIb P CMEHE 3Ha-
KOB).

[TycTs HenpepbIBHAS HA CErMEHTE (PYHKIUS MPUHUMAET Ha KOHIIAX STOTO
CErMEHTA 3HAYCHUS PA3HBIX 3HAKOB, TOT/Ia BHYTPH CErMEHTA HAaWETCs TOYKA, B
KOTOPOii 3HaUeHUE PYHKIIUN PABHO HYJIIO.

((x) eC[a, b])A(f(a)-f(b) < 0) = [3& (a,b): (&) = 0].
Teopema 3. HemnpepriBHast Ha cerMeHTe (PyHKLUS NIPUHUMAET BCE 3HAYCHUS,
3aKJIIOYCHHBIE MEX]Ty 3HAYCHUAMH 3TOH (PyHKIIMM HA KOHLIAX CETMEHTA.

(£(x) Cla b)) A (t(a) =) a (1(b) =B) = (\” e[“’ﬁﬂ = (32 <[a.b](f(2) =

Yy e[B,oc

Joxka3areabcTBo. Ecinu o=f , yrBepKaeHrne 04eBUIHO. Y TBEPKICHHE TaKKE

v)
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OYEBHUJIHO U B TOM ciiyuae, korja (y=o)v(y=p). Teneps, He orpaHHYMBasi OO~
HOCTB, OyZIEeM CUHTaTh, 4TO o>f, o0 > v > B, (cM. puc.14)

N
fla)=a =
Y \ y =f(x)

f(b)=p |
a & b
Puc. 14
Paccmotpum dynkuuio ¢(x)=f(x)-y. Torna
¢(x) eCla,b], o(a)="f(a)-y=a-y>0, ¢(b)=1f(b)-y=b-y<0.
Takum o6pa3om, k GyHKIH @(X) mpuMeHnMa Teopema 2. [To »Toit Teopeme

cymectByeT &e(a,b):p(§)=0. Ho Torma ¢(&§)=f(§)-y=0, 1.e. f(§)=y. Teopema no-
Ka3aHa.

Teopema 4. (IlepBas Teopema Beiiepmitpacca). Ecnu ¢pynkmus f(x) Henpepsis-
Ha Ha CETMEHTE, TO OHA OrpaHMYEHA HA 3TOM CETMEHTE.

f(x) € C[a,b] = f(x) eB[a, b].

3ameuanme 2. [y MHTEpBaJa UM MOJyCETMEHTa YTBEPKICHUE TeOpeMbl 4
HEBEPHO.

1
Ipumep 1. f (x) = — HenpepbiBHa Ha (-1,0), HO He sABIIsAETCSA OTPAHUUYEHHON Ha
X

.1 .
9TOM HHTCPBAJIC : lim — = —oo0. I[OKa?,aTeJII)CTBO HE INPOUACT I MOCICI0BA-

x—0-0 x
1 .

TeJIBHOCTH X, =——:X, = 00, f(xn)—> —o,Ho0limx, =0 e(—l,O).
n n—»o

Omnpeneaenune 3. (puc.15). Yucno M (uucno m) Ha3bIBaeTCAd TOYHOU BEpXHEH
(TOUHOM HYDKHEH) rpaHbio GYHKIUH f(X) Ha MHOXKECTBE {x} , €CJIM BBITTOJTHEHBI

JIBa TpeOOBaHUS
1) Vx e{x}=f(x) <M (f(x)zm).

2) (Ve >0)(3x, e{x})}f(x,)>M ¢ (f(xo)<m+e).

O6o3nauenus: M=sup f(x), m= 1{nlf f(x).
X X
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y=f(x)
f(x0), 7

M-¢T

X0

A\ 2

Puc. 15.

Takum 06pa3om, TOYHBIE BEPXHSS Y HIOKHSSA TPaHH (DYHKIUH - 3TO TOY-
HbIC BEPXHSS U HIDKHSSA rpaHu MHOKecTBa 3HaueHui E(f) pynkuuu f(x) Ha

MHOXECTBE {x} . CnenoBatenbHO, CIIPaBEUIMBO clenyrolee yreepxkaenue. Ecim
bynknus y=f(x) orpaHideHa Ha MHOXECTBE {x} CcBepxy (CHHUBY), TO y Hee Cy-
IIECTBYET Ha ’TOM MHOKECTBE TOYHAsI BEPXHSIS TPaHb (TOUHAS HUXKHSISI TPAHB ).

Bosnukaer BOIIPOC, JOCTUT'ACTCA JIM HA MHOKCCTBC {X} TOYHAasA BECPXHIA U TOU-

Has HWXXHAA I'paHu, T.C. CYHICCTBYCT JIU Xo <€ {X} .

f(x,) = S{li}p f(x), (f(xo) = i{Il}f f(X)) ,

IIpumep 2 (puc. 15).
x> mpu 0< x<1,
fx)=11

— npux=0mx=1,
> p

sup f(x) =1, %nf f(x) =0, HO 3TU TOYHBIE I'PAHU HE NOCTUrarOTCs QyHKLIUEH Ha
[0.1] 0,1

cermente [0,1]

N | =

v

Puc. 16.

Teopema 5 (Bropas Teopema Beiiepmrpacca). Eciiu GpyHkms HenpepbiBHA Ha
CErMeHTe, TO OHA JJOCTUTAET HAa 3TOM CETMEHTE CBOMX TOYHBIX BEPXHEH U HUXK-
HEl IpaHei.

f(x) € Ca,b] = (3x,.x, [a,b]}: (f(xl) = [sul]a f(k) A f(x,) = [inbf] f(k)j

3ameuanue 3. OyHKIUY, HE SABISIONIMECS HETPEPHIBHBIMU HA JJTAHHOM CETMEH-
T€, MOT'YT IPHHUMATH TOYHYIO BEPXHIOIO U TOYHYIO HIDKHIOIO rpanu. [Ipumep -
bynkuus Jupuxie.
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1.4. BBeieHHe B MaTeMaTHUeCKUI aHAJIN3 Jis 3ameyanui

3ameuanue 4. YTBepKIeHUE TEOPEMBI 5, BOOOIIIE TOBOPSI, HE OYJET BEPHBIM
JUTSL UHTEpBaJIa.
[Tpumep: y=x na (0,1) (puc. 17).

Puc. 17

113
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Jist 3ameyanui

1.5. Iu¢depeHunanbHOe HCHUCTICHHE
1.5.1. OnpenesieHue NPpoOU3BOIHOM

[Tycte ¢pynkuusa y=f(x) onpeneneHa B HEKOTOPOil OKPECTHOCTH TOUKH X U
MyCTh X - HEKOTOpasi TOYKa 3TOM OKpecTHOCTU. Ecinu cyiecTByeT nmpeien OTHO-

f(x) — f(x) y

HMIEHHsST —————— TPU X—>Xo, TO ITOT MPE/eI Ha3bIBACTCS MPOU3BOAHON
X—X,
¢dyskuun y=f(x) B Touke X 1 o6o3Havaercs f'(X,) .
f(x)—f
Vrax, £(x,) = lim .00~ T30
X=X X=X,
0O603Ha9nB X-X0=AX, Ay=f(X¢+AX)-f(x0)=f(x)-f(X0),
Ay

nonyuum f'(x,) = lim —.
X*)XO AX

3ameuanue 1. Yciosue HenpepbiBHOCTH lim f(x) = f(X,) B npuHATHIX 0003Ha-
X—>Xq
YEHUSAX MOYKHO 3amucaTh B BUae lim (f (x, + Ax) —f (XO)) =0 wm lim Ay =0.
Ax—0 Ax—0

DTO paBEHCTBO HA3BIBACTCS PA3HOCTHOW (POPMOH yCIIOBUS HETIPEPHIBHOCTH
(GYHKIHH B T. Xo.
Ecnu 17151 HEKOTOPOTO 3HAUEHMSI X( BBITIOHSICTCS YCIOBUE

. Ay . Ay . Ay
lim — = +400; lim — = —o00; lim — = 0, TO TOBOPST, YTO JJIsS 3TOTO 3HAUE-
Ax—0 AX Ax—0 AX Ax—0 AX
HUS X( CYIIECTBYET OCCKOHEYHAs! TPOU3BOIHAS, paBHASI COOTBETCTBEHHO +00, -00,

o0,

B nanpHeiimem mox BeIpakeHUueM “QOyHKIUS UIMEET MPOU3BOJAHYIO” MBI
OyJeM OHMMAaTh HAJIMYUEe KOHEYHOU MPOU3BOIHOM, €CIIM HE OTOBOPEHO IMPO-
TUBHOE.

Ecnmu dpynkuus y=f(x) onpenenena B mpaBoCTOPOHHEH ( JICBOCTOPOHHEH )
OKPECTHOCTH TOYKH X M CYIIECTBYET KOHEUHBIN WIIN OECKOHEUHBIN TpeIes OT-

. f(x, + Ax) — f(x . f(x, + Ax) - f(x
Homenus lim (X ) = 1(Xo) lim (X, ) = (%)
Ax—0+0 AX Ax—0-0 AX

s, COOTBETCTBEHHO, KOHEUHOH WJIM 0€CKOHEUHOM IPOU3BOIHOM CITpaBa (CiieBa)
dynkuuu y=f(x) B Touke Xx=Xo 1 o0o3Haqaercs f'(x, + 0)(f "(Xo — 0)).

j , TO OH Ha3bIBaCT-

HpaBa;I " JICBad MPOU3BOAHLIC HA3bIBAKOTCSA OAHOCTOPOHHUMU MIPOU3-
BOJHBIMU.

Teopema. Oynkius y=f(X), onpeaeneHHas B HEKOTOPOH OKPECTHOCTH TOYKH
X=X¢ , IMeeT Npou3BoaHy0 f'(X,) TOraa 1 TONBKO TOTa, KOTraa

f'(x, —0) u f'(x, + 0) cymecTByIOT U paBHBI APYT JIPYTY, T.€.
f'(x, —0) =f'(x, +0). B atom ciyuae f'(x,) =1f'(x, —0)=1f'(x, +0).
Jloka3aTenbCcTBO TEOPEMBI CIEAYET U3 TEOPEMbI 00 OTHOCTOPOHHUX Ipeaeiax.

113
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Omnepanys BbIYMCIIEHUS POU3BOAHOM OT (PyHKIIMHM Ha3bIBAeTCs ornepa-
e auddepeHurpoBaHus.

1.5.2. 'eomeTpu4eckuii CMbICJ MPONU3BOAHOM

Paccmotpum rpaduk pynkuun y=f(x), onpeneneHHoi u HempepbIBHON
Ha HEKOTOpoM uHTepBae (a,b). Touka My Ha rpaduke (cM. puc.)

A7 COOTBETCTBYET 3HAUEHUIO apryMEHTa
xo€(a,b),a Touka M- (x=x¢t+Axe(a,b)),

Ay rae AX - HEKOTOpOe IpUpalleHue apry-
MmeHTa. [Ipsmas, npoxoasmas yepes

Mo TOYKH My, M, Ha3bIBaeTCs CEKyLIEN.

Ax O603HaunM depe3 @(AX) yroi, KOTOPbIH

LAY b3) oOpasyer cekymas MM ¢ noyoxuTens-

4
X0 XotAx X HpIM HanpasieHueM ocu OX.

<
N

\4

Omnpenenenne. KacarenpHoit k rpaduky dynkuun y=f(x) B Touke M, Ha3bIBa-
eTCs MpeieNIbHOE MON0XKeHHe ceKyieil MM npu cTpeMiIeHUH TOYKU M K TouKe
My o rpaduky (nmm npu Ax—0 BeieacTBHE HepephIBHOCTH y={(X)).

f Ax) —f
OueBUIHO, 4TO tgP(AX) = Ay fx, +Ax) — (%) .
AX Ax

JlokaxxeM CIeYIONYI0 JEMMY.

Jlemma. Ilycts Qpynkuus y=f(x) uMeeT Nponu3BOAHYIO B TOUKE X=X, TOTAA CIIpa-
BE/JIUBBI CIICAYIOLINE JIBA YTBEPHKICHUS:

1) rpaduk pynkumuu y=f(x) uMmeer kacaTenbHyI0 B TOUke My, COOTBETCTBYIOLIEH
3HAYEHUIO apTyMEHTa Xo;

2) yrnoBoii k03¢ (UIMEHT KacaTenbHOU paBeH f'(x,).

Joka3zarenbcTBoO.
[IycTtb AX - 11060€, 10CTaTOYHO Majioe U OTJIIMYHOE OT HYJIsl 3HAU€HUE IIpUpa-

Ay
IICHUS apTyMEHTa X B TOUKE X, Toraa O(Ax) = arctgA— . Tak kak
X

. A .
lim — = f'(x,) u GyHKIUI u=arctgx HeNpepbIBHA B J1000I TOUKe

x€(-00,100), - lim @(Ax) = lim arctgﬂ =arctg lim Ay _ arctg(f'(x,)), T.€.
Ax—0 Ax—0 AX Ax—0 AX
CYNIECTBYET npeaenbHoe 3HaueHue (rmpu Ax—0) yria HakiioHa cexyieit MoM,
YTO JOKa3bIBAET CYIIECTBOBAHUE KacaTelbHOU B TOuke M.
O0603HaunM, J1ajee, yroy HakJIoOHa KacaTteabHoU kK ocu OX depes (g, To-
raa ¢, =arctgf’(x,), otkyna tge, = f'(x,).
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1.5.3. JudpepeHuunpyemMocTs QPyHKIUH

[Tycts dpynkuus y=f(x) onpenenena Ha (a,b), X - HeKoTopoe puxcupo-
BaHHOE 3HaYCHHE apryMeHTa X €(a,b), AX - 1r000€e mpuparieHue apryMeHTa Ta-
Koe, uTo (X+AXx) € (a,b).

Onpenenenne. Oynkuus y=f(x) HasbiBaeTcs nudepeHupyeMoil B TOUKe X,
ecnu npupaiieHue Ay 3Toil GyHKIUMH B TOUKE X, COOTBETCTBYIOLIEE Mpupalle-
HUIO apryMeHTa AX, MOXKET ObITh IPECTAaBICHO B BHJIE

Ay=AAx+a-AX, (1)
rie A - HEKoTopas KOHCTaHTa, HE 3aBUCSAIIAs OoT AX, a o- QyHKUUS OT AX
(ou(AX)), sBisttonasicss 6ecCkoHeuHO Mayion pu Ax—0.
3ameuanue 1. [Ipu Ax=0 ¢ynkmus o(Ax), BooOIIe roBopsi, HE OMpEJIeIiCHa,
MO3TOMY B 3TOHM TOYKe JJi ya00cTBa npunwuiieM 3HadeHue o((0), paBHOE HYIIIO.
B sToMm ciyuae pyHKIus o(X) craHeT HenpepbIBHOW B Touke AX=0, 1 paBeHCTBO
(1) moxxHO pacnpocTpaHuTh Ha 3HaueHne Ax=0.
3ameuanme 2. Tak kak a(AX) u AX - OeCKOHEYHO Mayble (DYHKIUH B TOUKE
Ax=0, a(Ax)-Ax=0(Ax), Toraa

Ay=AAx+0(AXx). (2)

Teopema 1. [[ns Toro, 4ro0s1 pynkums y=f(x) sBisnace nuddepeHuupyemoit B
Touke X (cuMmBosMueckas 3amuch: f(x) € C'(X), HEOOXOAUMO M JIOCTATOYHO,

4yTOOBI OHA UMeEJIa B 3TOM TOYKE KOHEUHYIO MPOU3BOIHYIO.

A
HeooxonumocTts. [lycts pynknus y=1(x) e C'(x), Torma A_y =A+a.
X

Orciona lim 2Y = Tim (A +a) = A .
Ax—>0 AX  Ax—0

JoctraTounocts. [Tycts pyHkuusa y=f(x) umeer B TaHHOH TOYKE X KOHECUHYIO

. A A
MPOU3BOAHYIO, T.C. CYyIIECTBYeT lim ¢ '(x), Torga ou(x) = g '(x) - bec-
Ax—0 AX AX
KoHeuHo Mmanas rpu Ax—0 (cm. Teopemy 1 m.3.11).

Orcroga Ay = f'(X)Ax + o - Ax, re iim0 a(x) =0, u ecmu f'(x) 0003HAUUTH Ue-

pe3 A, To Ay=AAx+a.-AX.

3ameuanue 3. J[okazanHas TeopemMa MO3BOJISIET B TAJIbHEUIIIEM OTOKIECTBIISATh
noHsitue AuddepeHuupyeMocT GyHKIIUNA B TAaHHON TOYKE M HAJIMYUE y 3TON
(GYHKIIUY B TaHHOM TOUYKE KOHEYHOU MPOU3BOTHOM.

Teopema 2. Ecnu ¢pynkuus y=f(x) muddepenuupyema B TOUKE X, TO OHA He-
IIPEPBIBHA B OTON TOYKE.

[f(x) € C'{X}] = [f(x) € C{X}].
Jloka3aTrejbCTBO.
Tak kak ynkuus nupdepenuupyema B Touke X, Ay=AAx+aAx. Ho To-
raa iim0 Ay = lim (AAx + (xAx) =0; ilmo Ay = 0. B cuny pazHoctHo# (HOopMBI yc-

Ax—0
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nosust nuddepennpyemoctu GyHkuusa y=f(x) HerpepbIBHA B TOUKE X (CM. 3a-
Meuanue 1 m.4.1.)

3ameuanue 4. O6paTHOE yTBEpXKACHUE, BOOOIIE TOBOPS, MECTa HE UMEET, T.€.
HETpephIBHASA B TOUYKE X (DYHKIHS HE SBISICTCS TUPPEpEeHIIIPYEMOi B 3TON TOU-
Ke.

IIpumep. Paccmotpum yHKIHIO Y= | X ‘ .

A [Tockonbky Ay= | x+Ax | -| x| <|x+Ax-

y x|=|Ax|,}imoAy:0 U QYHKIUS He-

MpephIBHA B OO0 TOUKe

X € (—00,400). [TokaxkeM, 4To 3Ta
dbyHKIUA HE UMeeT B Touke X=0 mpo-
U3BOJIHOM.

y=Ix|

S

7 X

y Ay [0+Ax-]0] [Ax [1, ecm Ax > 0.
JelicTBUTENBHO, — = = =
AX AX AX -1, ecm Ax <O.

. Ay I, ecmm Ax >0
lim — = Y TipaBasi Mpou3BoiHas (yHKIUU B TOUKe X=0
x>0 AX —Lecm Ax<O0

OTJIMYHA OT JIEBOU.
B ocTanpHbIX TOUKax Mpou3BoAHAas QYHKIUU y= | X | CYILIECTBYET U PaB-
Ha

1.5.4. lIpaBunjia BbIuMcIeHUS TPON3BOAHBIX, CBA3aHHbIE ¢ apu(MeTHYe-
CKHMMH JeHCTBUAMH HAJX pyHKIHMAMH

Teopema. [lycts dpynkuun y;=fi(x) u y,=f2(X) UMEIOT IPON3BOAHBIE B TOUKE Xy.
Toraa ux cymMMa, pasHOCTh, MPOU3BECHUE U YACTHOE (YACTHOE MIPH YCIOBUHU
y2#0 B TOUKE X=X() TaK)K€ UMEIOT ITPOU3BOIHBIC B TOYKE X=X, IPUIEM

!

Ly, £y,) =yiyh

2(y,'yy) =yiY: +yi¥h
; [ﬁ] VY. Y
. - 2 .
Y, yo

1.5.5. BoruncijieHnsi IPOU3BOAHBIX HEKOTOPBIX 3JIeMEHTAPHBIX (QYyHKIUIA

. A
1. y=c (c= const) Ay=c-c= lim oo, Urak, ¢’ =0.
Ax—0 AX

3ameuanue 1. [IponsBosnHas npousseneHus PyHKIUMHM HA OCTOSHHYIO paBHA
IPOM3BEACHUIO 3TOM MOCTOSIHHOM HA MPOU3BOJHYIO QYHKIMH, T.€. (Cy)' =cy’.

Hoka3areabcTBo. (cy)' =c'y+cy' =0-y+cy' =cy’.
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3ameuanue 2. Eciu n - m0060e GUKCHPOBAHHOE 1IE10€ YUCIIO, TO

!
(Cly1 +c,y,+...4C Y, ) =cC,y, +C,y,+...4C ¥yl .
Crnenyet u3 npeablayiield TeOpeMbl ¢ TOMOIIbIO METO/1a MATEMATUUYE€CKOU UH-
Ty KIHAH.

2. y=x" (creneHHas GyHKIMsA), [J€ N - MOJOKUTEILHOE 1IE0E YUCIIO.
Ecnu ucnons3oBats hopmyny 6uHoma HproToHa, moayyum

7 — _1 —
Ay = (x+Ax)' —x" = x" + nx" 1Ax—i—%x” A+ A A X =

= nx""'Ax + n(nTl_l)x”zsz +...+Ax".

[Ipu Ax#0

Ay _ . (=D
Ax 2!
[Ipu Ax—0 Bce cnaraemble IpaBol 4acTH, HAYUHASL CO BTOPOI'O, CTPEMSTCS K
HYJIIO, T.K. cOJiepkaT AX B HEKOTOPOH MOJI0KUTEIbHOM cTenenu. [lepBoe cna-
raemMoe AX He COJIEPIKHUT, MOITOMY TIPEIEI MPaBoit yactTu npu AXx—>0 paBeH nx'~
!. CrenoBarensHo, CYHIECTBYET Mpeelt JeBoi yactu nmpu AX—0, paBHBII nx"".

[To onpenenennto NponU3BOIHON yKa3aHHbIH MpeieN paBeH NPOU3BOIHON (yHK-

!

My y=x", T.e. y' = (x“) =nx

X" AX+. . +AX"

n-1

JlaHHBIE pacCy’XIeHUs CIPABEATUBBI IJIs1 JIFOOOH TOUKH X € (-00, +00).

Kpowme toro, 3ty ¢popmyiry MOKHO 0000IIUTE Ha TOT CIydaid, KOTJa n SBISCTCS
MPOU3BOJIBHBIM BEIIECTBEHHBIM YHCIIOM (J0KA3aTEIBCTBO 3TOTO MOJIOKEHHS CM.
B 1 4.6.).

3. y=sinx.
. . A A
Ay = sin(x + AX) —sin x = 2sin Txcos(x + TX] . ITpu Ax#0
sin Ax
Ay 3 ( Ax)
——=——"—-cos{ X+—|. 1
Ax Ax 2 M
2
B cuty HenpepbsIBHOCTH (DYHKIIMU COSX B JIFOOOH TOUKE X € (-00, +00)
. Ax
Ax sin ——
lim cos(x + —j =cosx ' . Ecin yuects Taxke, uto lim —=- =1 (cm.
Ax—0 2 Ax—0  AX
2

n.3.16), momy4yum, 4yTO Mpeen npaBoil yacTu paBeHcTBa (1) cymiecTByer u pa-
BEH COsX (Ha ocHoBaHuM Teopemsl 1 11.3.10), a Toraa u npeaen JIeBoi YacTH 3TO-

' Cm., Hanpumep: Wnbun B.A., TTosnsk D.I'. OCHOBBI MATEMaTHUECKOTO aHAIN3A. -
-M.: Hayka, 1971 (1 nocnenyromue n3aanus), 4.1.
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IO pPaBEHCTBA CYILECTBYET U paBeH cosX. [1o onpeneneHuo npon3BoaHON yka-

!

3aHHBIN TpeZieN paBeH NMPOU3BOAHON (PyHKIUHN y=SinX, T.e. (sin x) = COSX.

!
4. AHATIOTHYHBIM 06PA30M MOYXHO [OKa3aTh, 4T0 (Cosx) = —sinx.

5. y=log, X(O <a# 1). [Tycts x€(0,00), 1 AX - MPOU3BOJIBLHOE TIPHUPAIIECHUE

A
apryMeHTa, TaKoe 4TO | Ax | <x. Ay =log, (x + Ax) —log, x=log, (1 + —X)
X

1 X
[Ipu Ax#0 ﬂ:Lloga(l+§j zloga(l+&j " :lloga [l+g)m(. Ec-
Ax  AX X X X X

X

. AX | ax
M X - pukcupoBano, o mpu AXx - 0 lim|1+—| =e ¥ Ha OCHOBaHHH He-
Ax—0 X

npepbIBHOCTH (QyHKIMU log, X B J11000# Touke moaynpsimoii (0,00) 1, B 4aCTHO-
CTH, B TOUKE X = e(lim log, x =log, e) MOJIyYUM, YTO
X—>¢
X

1 Ax)ax 1 .
lim —log,|1+—| =—log, e. IloaToMy cymIecTBYy€eT Npeiell IpaBoil YacTu

Ax—>0 x X X
. Ay 1
paBeHctBa npu AX — 0 lim — = —log, e. Ho no onpenenenuro,
Ax—0 AX X
lim &y = (10 g, x)' , IO3TOMY (lo g, x)’ = l10 g, €. B yactHocTH, pu a=e
Ax—0 AX X
S|
MMEEM (ln x) =—
X
. ! 2 . .
' cos” X —sin X(—sin X 1
6. y=tgx, (tgx) = (sm X] = . ( ) = ——— (cM. Teopemy 1
COSX cos” X Cos” X
n.3.10) (tgx) = .
) (t29) cos’ x

' -1
7. y=ctgx. AHAJIOTUYHO 3TOMY (ctgx) =

sin® x’

[Ipexe, ueM BBIYHUCIATH TPOU3BOIHBIC APYTUX DIIEMEHTAPHBIX (yHK-
Ui, JOKaXEeM TEOpEeMY O IIPOM3BOTHON 00paTHON (PYHKIIUH.
Teopema.

[Tycte dbynkmus y=f(x).
1) onpenerneHa, HeMpepbIBHA U CTPOTO MOHOTOHHA B HEKOTOPOU OKPECTHOCTH
TOUKH X.
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2) B TOUKE X( CylecTByeT oTiauyHas ot 0 npousBojHas f ’(xo) # (0. Toraa u 06-
parnas GpyHkuus x = ' (y) UMeeT NIPOU3BOJHYIO B ToUuke y, = fl (xo), pu-
' 1
-1
qu[f (y0 )] =—.
’
£(x,)
PackpoeM reomeTpuuecKuil CMBICII 3TOTO MOJIOKECHHUS.
PaccMoTpHM B OKPECTHOCTH X=X rpaduK
dbynkun y=f(x). Ecnu npoBecTu kacaresb-

. / HYIO K rpaduky B Touke M(Xo,yo), TO
yo M v
f'(x,) = tga (o - yros HaKJIOHa KacaTeIbHOU
0

> K [I0JIOXKUTEIbHOMY HampasieHHto ocu OX).

X0 X ,
[f_l (yo)] = tgf (B- yroa HakIOHa TOI

JKe KacaTeNIbHOM K MOJIOKUTEIbHOMY Hanpasienuio ocu Oy).

T

[Mockonbky o+ = >’ dopmyna [f _l(yo)], = - (1 ) BBIPAYKAET OYEBHIHBIN
X9

1
daxr: tghf=—-.
tgo

Hcnonb3ys 3Ty TeopeMy, MOKHO TOJTYUUTh MPOU3BOAHBIE CIIEIYIOIINUX
AJIEMEHTAPHBIX (PYHKIIUH, SBISIOMUXCS CTPOIO MOHOTOHHBIMU B 00JIACTH UX
OIIpEEIICHUS.

8. y=a’" (O <a# 1) OyHkIHsS y =a” (—oo <x< +oo) SIBIISIETCST OOpATHOM JIJIst

jorapupmuueckoi GyHKIMM X = log, y, onpelieNeHHON Ha nosrynpsamoin y>0.
[TockosibKy B OKPECTHOCTH JIFOOOM TOUKU y BBIIIOJIHEHBI YCIOBUS TEOPEMBI, TO

(ax)’ = 1 T =T 1 =Y —¢Ina Urax, (ax) =a" Ina. [lpu
(log, ») —log, e log, e
y

!
a=e, MOJIy4YuM (ex) =e".
<

. T T .
9. y=arcsinx, Y y < Py npu -1<x<1 u x=siny. bynem paccmarpuBarb

T T
WHTEpBaI —5<y<5 npu -1<x<1. Bartom cinyuae

(arcsin X)' = ! - = ! . Tak kax

(siny) cosy
cosy:wll—shﬁy (cosy> 0, ut 0-§<y<gj,
(arcsinx)' = ! 1

\/l—sinzy B \/l—x2

Urak, (arcsin x)! = ;2
1-x
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1

!
10. AHanoruyHo 3Tomy (arcc os;§ =— .
1-x’

i T
11. y=arctgx u Y <y< EX €CIM —oo< X <+00; X=tgy, Toraa

(arctgx)’ _ —=cos’y= b1
(tgy) 1+tg’y  1+x%°
! 1
(arctgx) = T

12. Ilo aHamoruu ¢ mpeapl Iy UM (arcctgx) = —1 -
+X

CaeneM Tenepb B €AUHYIO TaOJIMILy MPOU3BOAHbIE 3JIEMEHTAPHBIX QYHKIUH.
!
!

1. (x“) =ax®", BuyacTHOCTH, (i) = —Lz u (\/;), Zﬁ(a = const).

X

log, X) = lloga e(x >0, 0<a # 1). B vactHOCTH (ln X)I = l
X X

!

a") :a"lna(0<a ;tl). B wactHOCTH (e") =e",

~

(O8]

5. cosx) = —sinX.
6. tgx)': — = l+1gx, (x¢£+nk,k:0, +1, J_rz,...j.
cos” X 2
! 1
7 (ctgx) =—Sin2X=—(l+ctg2x), (x;tnk, k=0, =1, ir2,...).
' 1
8. (arcsinx) = —,[x|< L.
resm) = e
9. (arccosx), = —;, x| <1
1-x*

!

10. (arctgx) =

1+x*
11. (arcctgx), =- !

1+x
[To onpenenenuto, runepOOIMIECKUM CUHYCOM (shx), kocuHycoMm (chx),
TaHreHcoM (thx) u xotanreHcom (cthx) Ha3bpIBatOTCS PYHKIIMH

e +e" shx e*—e” chx e*+e”
;chx = ;thx = = ——;cthx = =——
2 chx e¢e* +e shx e*—-e
MIPOU3BOTHBIC KOTOPBIX BEIYUCIIIOTCS 110 CICAYIOMUM (hopMyiaMm:

13. (shx)' =chx

!

14. (chx) = shx

X X X

e’ —e”

shx = s
X
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!

15. (thx) =

ch’x

!

16. (cthx) = -

(x20).

sh’x
1.5.6. IlpaBuiio nudpepeHUMPOBAHUSA CI0KHON PyHKIUM

Teopema. Ilycth
1) 3amana crnoxxHast pyHkuus y = f [(p(t)], rae x=¢(t) u y=f(x),

2) dynkuusa x=¢(t) auddepeHurpyema B Touke ty , a Gynkuusa y=f(x) nudde-
PEHIHPYEMA B COOTBETCTBYIOIIEH TOUKe Xo=¢(to). Torna ¢noxuas Gpynxuus

f [(p(t)] muddepeHmpyema B TOUKe ty, IpuIeM {f[(p(to)]} - f,(XO)(P'(tO)'
3ameyanne. OObMHO OPMyJTy JUIS HPOU3BOJHOM CI0KHON (DYHKIHMH 3aIHCHI-

BalOT B BUJIE {f[(P(XO)]} - f’[(P(XO)] ' (P'(XO).

Ipumep 1. Haittu npoussoanyro Gpyrkuuu y = 5. Umeem y = 5*, rie
! arctgt

x=arctg t. [TooTomy (Samgt) = (5") -(arctgt) =5"In5

=——InA5.
1+t 1+ "

IIpumep 2. Haiitu npousBoaHy0 GyHKIIUU

y ZXQ(OL eR,o =const, x e(O, oo))

o
y:Xa :(elnx) ealnx
i

y' Z(et)"t:alnx-(alnx) =e

alnx

o _ _
, =" —=x""0=ox*"
t=olnx— X
X

t

1.5.7. Inddpepenunan pynxuumn

Hyctb y=f(x)eC'(x), Torma Ay=AAx+o(Ax)Ax (1.)
Ecnun A#0, To cnaraemoe AAX ecTh JIMHEHAA U OJTHOPOIHASI OTHOCUTEIBbHO AX

x . AA
¢yukuus. [Ipu Ax—0 ilmo A X_A#0mn no3ToMy AAX GECKOHEYHO Majast
X—> X
TOTO K€ MOPAAKA, YTO U AX.
. (x(AX)Ax
lim————=0 u aAx= O(Ax), T.€. BTOpOE ciaraeMoe oLAx
Ax—0 AX

pu AXx—0 ecTh OECKOHEYHO MaJjiast 0oJiee BBICOKOTO Topsiika, ueMm Ax. Mtak,
npu A=#0 nepBoe cinaraemoe AAX sIBIsieTCS TJIaBHON YacThIO MPHUPAIIEHUs 1uQ-
depeHurpyemMon GyHKIUH.

Onpenenenune. [Ipu A#0 nuddepenimanom GpyHkun y=f(X) B JaHHON TOTUKE
X , COOTBETCTBYIOIIMM IPHPAIIECHUIO apryMeHTa AX, Ha3bIBAIOT IJIABHYIO JIU-

* o
Oynkuus y=Ax+B, rne A#0 -nuHeliHas GyHKIMS apryMeHTa X, rae A u B- HekoTopbie
nocrosinable. Ecni B=0, To nuHeiiHas GyHKIMS Ha3bIBaETCS OJHOPOIHOM.
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HEHHYI0 OTHOCUTENHHO AX YacTh MpHpAIIeHus 3Toi GyHKIMU B ToUke X. Cum-
BonecKoe oGo3HaueHne mddepenimana Gpyrkumn |y = f(x)| dy.

Urak, o onpenenenuto, dy=AAx unu dy = df (x) =f '(X)Ax (BBITEKAET U3 TEO-

pembl 1 m.4.3.).

Ecnu A=0, To nepBoe cnaraemoe AAX paBeHcTBa (1) mepecraer ObITh
TJIaBHOM YacThio mpupanienus nuddepennupyemoit pynkuun, nu6o AAx=0, a
aAx#0 0JTHaKO, TIO JOTOBOPEHHOCTH U B 3TOM CIIy4ae CUUTAIOT
dy= AAx=0.

1.5.8. I'eomeTpuyeckuii cmbica auddepennnaia GyHKuun

v [Tycte nana xpusas y=f(x). Touka M
P Ha KpUBOM COOTBETCTBYET 3HAUECHUIO
k- Ay aprymenra x, a Touka P-(x+Ax). MT -
dyl KacaTenbHast K KpuBoi y=f(X) B TOuke
M. OueBuano, utro Ay=PN u
dy="f ’(X)Ax = KN, oTkyza BbITEKa-

Ax |N

X et, uto BeauuuHbl PN u KN, BooO1e
TOBOPSI, pa3INdHbI, K00 eciu Ay ecTh
npupa-

IICHUE OPIUHATHI KPUBOM, TO dy SBISETCS COOTBETCTBEHHBIM MPUPAIIICHUEM

OpIMHAThI KaCcaTEeJIbHOM.

T
7 X X+Ax

1.5.9. Ind¢pepenumnan He3aBUCMMOM NTepeMeHHOI

[Ton muddepennnanom dx He3aBUCUMON X MOHUMAIOT JIF000€, HE 3aBU-
csiiee OT X YKCII0, TOITOMY, TIO OTpeieNieHn o, Au(depeHIInaIoM He3aBUCUMOMN
MEePEMEHHOM X Ha3bIBAIOT €€ ImpupalieHue AxX, T.e. oJjlararoT, 9to dx=Ax.

BBeneHHOE onpesiesieHHe ONpaBabIBACTCS CICAYIONIMMHE PACCYKICHHUS-
MH.

PaccMoTpuM HE3aBHCHMYIO TIEPEMEHHYIO X KaK (DYHKITUIO BUA Y=X, TOTIa
dy =dx = f’(X)AX=1-AX n dx= Ax.

Takum oOpa3om, eciu apryMeHT X (GyHKUuU y=f(X) sBIseTCS HE3aBUCUMOM Tie-

peMeHHou, To dy = f(x)Ax = f’(x)dx u f’(x) = j—y
X
, dy
3ameuanue. f (x) - €CTh YHCIIO, a A OTHOIIIEHHE HEeONpeaeIeHHbIX uncen dy
X

1 dX, KOTOpbIE U3MEHSIOTCS MPOTIOPIIUOHATBHO ¢ KOA(DPHUITMEHTOM TIPOITOPIIHO-
HajgbHOCTH f '(x) .
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1.5.10. UuBapuanTHOCTH popMbI NepBoro audpdepenunana

B npensiaymiem nmyHkTe ObUIO MOKa3aHO, YTO €CJIU X -€CTh He3aBUCHMas
nepemenHas ¢yHkuuu y=f(x), To dy=f(x)dx. [Tlokaxem, 4to 3Ta Gpopmyna crpa-
BE/JIMBA U B TOM Clly4dae, KOI/la apryMeHT X sBJIseTCs QU PepeHIpyeMoil
(dyHKUIMEH HEKOTOpPO HOBOM mepeMeHHOoH t. DTo cBoiicTBO nuddepenuana
Ha3bIBAETCS] MHBAPHAHTHOCTHIO €T0 (DOPMBI.

Urak, myctb nana pyHkuus y = fi (x) € c’(x), U X= (p(t) ec'(t). Pac-

cMOTpUM ciokHyt0 ¢pyHkmio y=f[¢(t)]. Ecu paccmarpuBath 311ech t Kak He3a-
BUCHMYIO IEPEMEHHYIO, TO 110 OnpeeneHuo Tuddepeniuana QyHKIuT

dy ={f[o(t)]} dt. (1)
AHanmornuHo 3Tomy dx = (p'(t)dt. (2)

Hcnonp3ys TeopeMy O CI0KHOW (QYHKIHUH : {f [(p(t)]} = f'(x)@'(t) PaBEHCTBO

(1) moxxno mepenucath B Buse dy = f ’(X)(p’(t)dt, 1 u3 (2) umeem,

yrody =f ’(X)dx.

Urak, B mobom cinyuae quddepeniuan GyHkunn y=f(x) Mo>xeT ObITh 3amucaH B
dopme dy =1 ’(X)dx. OyJzleT 1 X HEe3aBUCUMOM NEPEMEHHOM HIIM HET; pa3HUIIA

OyzleT B TOM, UTO €CJIM 3a HE3aBUCUMYIO TTIEPEMEHHYI0 BBIOpaHO t, To dX o3Hayva-
€T He MPOU3BOJIbHOE MpHpalieHue Ax, a tuddepeHnuan X Kak QyHKIUH oT t.

1.5.11. IlpousBoaHbIe BHICIIUX MOPSTKOB

Omnpenenenune 1. ITycts pynkmus y=f(x) onpexnenena Ha (a,b),
fi (X) ec’{(a,b)} UX, € (a,b) . IlpousBonHas Gpynkuun ’(x) B TOUKE X( Ha3bl-

v 3 2
BaeTCsl BTOpoii mpousBoaHoM pyHkuuu f u o6o3Hagaercs f ”(XO) o £ )(XO),

T.€ f”(x) = [f’(x)]x=x0 nwm y" = (y’)' .

AHaJOTMYHO OIpeNEesAeTCs] MPOU3BOAHAS y(n)

moboro nopsaka n=1, 2, ...

Ecnu cymectByer mpou3BogHas y("_l) (n-1)-ro mopsiaka, TO MO OMPEETCHUIO

!
y(“) = [y“‘l] . IIpu aTOM npou3BoOHAS HYJIEBOTO MOPsAKA - camMa (QYHKIHS

(0)

y'' =y, anpou3BOJHAs IEPBOTO MOPsAKA - Mpon3BoAHas y' . CHMBoIMUECKas
3ammch MPOU3BOIHON n-ro mopsaaka Gpynkuuu y=f(x) Ha {X}: f (X) ec!™ [{X}] )

Onpenenenune 2. @yHKIUsA Ha3bIBaeTCs n pa3 AuddepeHuupyemMoit Ha {X}, eciau
Ha {X} OHa UMEEeT MPOU3BOIHBIC /10 MOPSAIKA N BKIIOUUTEIBHO.

Chopmymnupyem (6e3 1okazaTenbCcTBa) TCOPEMY O BRIYUCIICHHH N-0H
IPOU3BOIHON MPOU3BEACHUS U CyMMBI IBYX (DyHKIMH, NIMEIONTYI0 OOJIBIIOE
NPUKIIaIHOE 3HAUYCHHE.
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Teopema.

[Tycte dynkmmm y1=f1(X) u y,=f2(x) onpezenensl B HEKOTOPOH OKPECT-
HOCTHU TOYKHU X(, UMEIOT MIPOU3BOAHBIE N-T'O MOPSAIKA B TOUKE Xo, TOTAA (PyHKIUU
y,+y, =1 (x) +1, (x) nyy, =1 (x)f2 (x) TaK)Ke MMEIOT IIPOU3BOIHBIE N-T'O

MOPSZIKA B TOUKE X(, IPUUEM (yl + yz)(n) _ yl(n) (n)

Ty,
n n n— n n_l n— n C i n—i
(Y1Y2)( ) =Y1( )y2 +ny1( 1)y2(1) +%Y1( z)yz(z) +...+y1y2( ) _ ch YI( )y2
. i=0

Hocnenuss Gopmya HasbiBaetcst hopMysioit Jleitbruma. '
IIpumep. Borancnuts y(n) = (xzex)(n). O6o3naunm y, =e¢* u y, =x’.

Mooy, =2xy, =2y, =y ==y =20

n(n —1) .

Tostomy, y" =e*x® +ne” -2x + BT 2=e [x2 +2nx + n(n - 1)]

OueBuaHO, YTO Y,

1.5.12. In¢pdepenunansl BHICIIHUX NOPSIAKOB

Jlnst ynoOCcTBa MpoBEACHUS NaTbHEHIIINX BBIKIIAIOK TSI 0003HAUYEHUS
nuddepennuana Hapsay ¢ ciMBoJIoM d OyieM ynoTpeOsiTh TaKKe CUMBOJ O
(0x u dy).

[Tyctpb f(x) ec' {(XO -0,X, + 8)}, torma dy = f '(x)dx . uddepenunan
¢ynkuuu dy ectb QyHKIUS IBYyX NEPEMEHHBIX: TOUKH X U IEpeMEHHOH dX.
ITycts, nanee, y, = f’(x) ec' {(x0 -0,X, + 8)} , 1 dX ©MeeT OAHO U TO e (PUK-

CHPOBaHHOE 3HAUYEHHE I VX € (xo —-8,X, + 8) , TOrj1a
S(dy) = ?S[f’(x)dx]xzx = [f’(x)dx],FxO OX = f”(xo)dXSX = f”(xo)dxz.

Omnpenenenne. 3nauenue d(dy) muddepennnana ot nepporo nuddepeHimana
dy B HEKOTOPOI TOUKE X, B3ATOE NpU dX=dX, HA3bIBaIOT BTOPBIM auddepen-
nuanoM ¢pyHkuuu y=f(x) (B Touke Xo) 1 0003HAYAIOT CUMBOJIOM

d’y, re.d’y= f"(xo)dxz.

3ameuanne 1. U3 onpenenenns cneayer, uto d’x=0, T.K. npupamienne Ax=dx
CUHTAETCSI TOCTOSTHHBIM.

AHanmornyHo onpenenstores nuddepeHnrans 6oaee BHICOKUX MOPSI-
KOB.

") T depent-
pyeMa B OKPECTHOCTH TOYKH X (T.€. pyHKIus y=f(X) UMeeT B TOUKe X( MPOU3-
BOJHYIO N-TO HOpsaKa), Toraa auddepennnanom n-ro nopsaaka d'y  QyHKIun

[Ipeanonoxxum, 4To mpousBoaHas (n-1)-ro mopsiaka y

y=f(x) B TOuke X Ha3pIBaeTcs AuddepeHuan S(d“"ly) ot nupdepenuuana (n-

1)-ro mopsxa d"™'y, B3sTeii mpu dx=dx, T.e.

! JokazatenbcTBo cM.: Mnbnu B.A., TTo3usk 3.I". OCHOBBI MaTeMaTHYECKOIO aHan3a. -M.:
Hayxka, 1971 (1 nocnemyromue u3znanus) 4.1.

i
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dny - 6(d n_ly)6x=dx ’
MeTo10M MaTeMaTHIeCKOW WHAYKIIMH MOYKHO TIOJYYHUT, Y4TO
d"y = £ (x, )dx" (1)
d"y
1507051 f (m) X, )= 2
(%) = 3r @

3ameuanue 2. Dopmynsl (1) u (2) cipaBe MBI IPU n>1 JHIIL B TOM ciaydYae,
KOTJa X SIBJIIETCS HE3aBUCUMOM NIEPEMEHHOM, T.€. BTOPOU U MOCIEAYOIINE
muddepeHmansl He 001a1a10T, BOOOIIE TOBOPS, CBOMCTBOM HHBAPHAHTHOCTH

¢dopmsbl. [leiicTBUTENBHO, IYCTh Y = f(x) ecz[{x}] U X= (p(t) ecz[{t}], TOorja
d’y = fS(dy)Sx=dx = S[f’(x)dx]&zdx = [f’(x)dx] Oy = [f’(x)] dx0x;5,_y, +

H/(x)[dx] Bxyg, = F(x)dx? + F/(x)d %

Y MBI IMEEM JIOIOJHUTEIBHBIN, OTINYHEINA oT 0 uineH f ’(x)dzx.

1.5.13. udpdepennupoBanue GyHKIUM, 32JaHHONA NapaMeTPUYECKHU

[Tycts dpynkumu x=@(t) u y=y(t) omnpeneneHsl B HEKOTOPO OKPECTHOCTH
TOoukH to. IlycTh oniHa u3 QpyHKIUMH, HanpUMep,

(p(t): ((p(t) ec{(t0 -9,t, + 8)}) A ((p(t) T), Torga It = (p_l(x) U B HEKOTOPOH
OKPECTHOCTH TOYKH Xo (X - O, Xo+ O), UMEET CMBICIT (PYHKIUS Y = \V[(p"l (x)]
Oynkus y = w[(p - (X)] Ha3bIBACTCS 3aJaHHON apaMeTpU4ecKu Gpopmy-

aamu x=0(t) 1 y=y(t) GyHKIHEH.
Jlemma.

(wlt) <¢'(ta)) A 0lt) <€'(t0)) A (0'(t:) 20) =
(v = w]o ()] <€’ (%)) (50 = 0(t,)) [y; _ %))j

¢
Ecin x=¢(t) 1 y=y(t) UMEIOT B TOUKE t) IPOU3BOJHBIE U €CIIU

(p(to) #0, To y= w[(p'l (t)] UMEET B TOUKE Xo=Q(tp) MPOU3BOIHYIO, IPHYEM

\If’(to)
' = 1
Vi o(t,) (1)

JIeiCTBUTENBHO, 110 TPaBIITY TU(PGEPEHIIMPOBAHNS CIIOKHONW (QYHKIIMH U
00paTHO# GyHKIIUA UMEEM:
CL vy

yi = {\V[@_l(x)]} x e - Ve w0t

JI514 BeIYMCIIEHUS BTOPOU ITPOU3BOJHON y!' cleAyeT NpeaCTaBUTh €€ B BUJIE

_ ’. !
R & ts

d
yo = d—(y;) 1 BOCIIOJNIb30BaThest opmyoit (1) u npaBuinom nuddepeHupo-
X

BaHUA 4aCTHOI'O.
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1.5.14. CpoiicTBa nuddepenuupyembix GyHKIUI

1.5.14.1. Bo3pacmanue (yovieanue) pynkyuii ¢ mouxe. Jlokanvnutii Ikcmpe-
MYM.

1. Paccmotpum Qynkuuio y=f(X), onpeaeneHHy0 B HEKOTOPOH OKPECTHOCTH
U(c) Touku C.

Omnpenenaenue 1. dynknus f(x) Ha3piBaeTcs Bo3pacTaromieid B Touke C, eciu
CYIIECTBYET O - OKpecTHOCTh TOUKH ¢(Us(c)) Takasi, 4To

x < ¢ = f(x) < f(c)
(Us(© cU@) A (Vx € UE(C))L oo £ > f(c)} .

Onpenenenune 2. @ynkuus f(x) Ha3piBaeTcs yobIBatomeil B Touke C, eciu cy-
mIecTByeT O - okpectHOCTh ToukH ¢(Us(c)) Takas, 4ro

x < ¢ = f(x) > f(c)
(Ua(c) - U(C)) A (VX EUS(C))L >c¢ = f(x) < f(c)} '

Omnpenenenue 3. Touka ¢ Ha3pIBAETCS TOYKOM JTOKAIBHOTO MakcCUMyMa (J10-
KanpHOro MuHUMYyMa) QyHkmn f(X) (f(X) uMeeT noKaIbHBIII MUHUMYM B TOYKE
C), ecnu cymecTByeT Takas O - okpecTHOCTh Touku ¢(Us(c)) Takas, 94To

(Us(©) cU(©) A (Vx €U4(0) = f(x) < f(c)),

(Us(e) = U(0)) A (Vx €Uj(c) = f(x) = f(c)).

Omnpenenenue 4. bynem ropoputs, uro pyHknus y=f(x) umeet B Touke C J10-
KaJbHBINA AKCTPEMYM, ecliv 3Ta PyHKius uMmeeT B Touke C 1100 JIoKaIbHBIN
MaKCUMYM, JTM0O0 JIOKaJIbHBIH MUHUMYM (puc.1)

y/ N

y=1(x)

cl e X
Puc. 1

Oyukmus f(X) UMEeT B TOUKE €| JOKATBHBIM MAKCUMYM, B TOUYKE C; - JIOKATbHBIN
MUHUMYM. 3ameTuM, 4to f(c;)<f(c,).

Teopema 1. (mnemma depma) (mocTaTtogHOE yCa0oBUE Bo3pacTaHus (yObIBaHMS)
dbyukun B Touke). [lycts pynkuus f(x) auddepenunpyema B Touke ¢ U
f'(c) > 0(f'(c) < 0), Torna y=f(x) Bo3pacraet (yoniBaer) B Touke C.
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3ameuanue 1. [TomoxuTenbHOCTD (OTPULIATETLHOCTH) MPOU3BOIHON f'(C) He
SIBIIIETCSI HEOOXOAMMBIM yCIIOBUEM Bo3pacTaHus (yObiBaHUs) AuddepeHunpye-
Mmoit B Touke C dynkumnn y=f(x).

Mpumep 1. (puc.2). f(x)=x> Bozpacraer B Touke C=0, HO y’

_ 2
o = 3X

x=0 :0

A
y

puc. 2

Teopema 2. (HeoOX0aMMOE YCIOBUE IKCTpeMyMa TuddepeHpyemMoit B 1aH-
HOM Touke PpyHkuMn) (Teopema depma).

[Tycte dhynkmus f(x) nuddepeniupyema B Touke C 1 ©UMEET B ATOU TOU-
Ke JIOKaNbHBIN 3kcTpemyM, Toraa f'(c) =0 (puc. 3).
Joxa3aTtenabcTBo. [1o ycnosuro Teopemsl cymectByer f'(c). Tak kak ¢pyHKIus
y=f(x) umeer B Touke C JOKaJIbHBIN SKCTPEMYM, OHA HE MOKET B 3TOM TOUKE HU
BO3pacTarth, HU yObIBaTh. CienoBaTenbHo, o Teopeme 1 f'(c) He MoxeT ObITh
HU TIOJIOKUTEILHON HUA OTpUIaTeNbHOM, T.e. f'(c) =0.

TeopeMa JOKa3aHa.

y/\

/y= f(x)

v

Puc. 3
3ameuanue 2. Kak nmoka3aHno Ha puc. 3 kacarenbHas K rpaduxy nuddepeHim-
pyeMoi GYHKIIMH B TOUKE SKCTPEMyMa rOpU30HTANIbHA.

3
IIpumep 2. y=x", y'(0) =0, HO QpyHKIIUSA HE UMEET IKCTPEMYMa, T.€. HEOOXOaH-
MOe€ ycJIoBHE (Teopema 2) SKCTpeMyMa He SIBIISIETCS JOCTATOYHbIM.

1.5.14.2. Teopema o nyne npouzeoonoii

Teopema (teopema Poms).

[Tycts pynkuus f(x) HenmpeppiBHA Ha cerMeHTe U quddepeHIrpyemMa Bo Bcex
BHYTPEHHUX TOYKAX 3TOI'0 CETMEHTA, a 3HaYeHUs (PYyHKIMM Ha KOHIIaX CeTMEHTa
OJIMHAKOBEI, TOT/Ia BHYTPH CErMEHTa HAalIeTCs Takas TOYKa, B KOTOPOH 3Haue-
Hue pousBoaHoi f'(§) oOpaimaercs B HyJIb.
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[(f(x) eCla,b]) A (Vx €(a,b)3f'(x)) A(f(a) = f(b))] = [3¢ (@, b):f' (&) =0].

Joxka3zarenbcTBo. f(x)e C[a,b] (o BTopoii Teopeme Beliepmrpacca) f(x) moc-
TUTAET Ha [a,b] CBOMX TOYHBIX BEpXHEW U HUKHEHN Tpaneit (M 1 m COOTBETCT-
BEHHO). MOryT NpecTaBUTHCS ABa Clydas:

1) M=m; 2) M>m. PaccmoTpum 06a 3TuX ciyyas.

1) M=m=f(x)=M=m=const=f'(x) =0 Vx € [a,b].

2) M>m. Tak kak f(a)=f(b), xoTs O 01HO U3 IBYX 3Ha4YeHUN M B m noCTHraeT-
cs1 BO BHYTpeHHEH Touke & cermenTa [a,b]. Ho Torna ¢pynkuums f(x) umeer B To4-
Ke & JIOKaNbHbIH SKcTpeMyM. [1o HeoOXoIMMOMY YCIIOBHIO 3KCTpeMyMa (Teope-
Ma ®@epma cm. n.5.1) £'(§) =0. Teopema noka3zaHa.

3ameuanue 3. KpaTko MOKHO cKa3aTh, UTO MEXAY ABYMs paBHbIMH 3HAUYEHUS-
MU b depeHpyeMoil PyHKINN 00s3aTeIBHO JICKHUT HyJIb IPOU3BOIHOM, TO
€CTb CYILIECTBYET XOTs Obl O/1HA TOYKA, B KOTOPOl KacaTesibHas K rpaduky
byHKIMN ropuzoHTaNbHa (puc. ).

/U\ y=1(x)

a & b X

y/\

v

Puc. 1
[TpuBeneM HECKOIBKO MPUMEPOB, KOTAA IPU HAPYILIEHUH XOTs Obl OTHOTO U3
YCIIOBUI TEOPEMBI YTBEPKACHNUE TEOPEMBI HE UMEET MECTA.
a) @®ynkuus f(x)=x-E(x) (E(x) - uenas yactb ot x) Ha cermente [0,1] He sBisger-
cs1 HeTpepbIBHOM (prc.2). M XOTs BCe OCTAJIbHBIE YCIIOBHSI TEOPEMBI BBITIOTHE-
HbI, ogHako Ha (0,1) He cymecTByeT Touku & Takoit, uroOsl f'(&) =0.

AN

y
1 y=x-E(x)
0 1 > X
Puc. 2
0) Hapymeno ycnoue auddepenuupyeMocTs Ha (a, b)
X, 0<x<1 yA
f(x) =
2—-%x, 1<x<2. |
0 ! 2 Tx Puc. 3

B) Hapymeno ycnosue f(a)=f(b).
Hns dyskumu f(x)=x =a [0, 1] (puc.4) ver Touku (0, 1), B KOTOpPOIi 3HAYUCHNE
MPOU3BOAHOM 00pamanoch Obl B 0.
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v

Puc. 4
1.5.14.3. @opmyna koneunwvix npupawienuii (meopema Jlaepaudica)

Teopema. Ecnu ¢pyHkims onpesieneHa u HempepbiBHA Ha [a,b] u nuddepeniu-
pyema Ha (a,b), ToO BHyTpHU cermMeHTa [a,b] Haiiercs Touka & Takas, 4To Cipa-
Be/uiuBa popmyna f(b)-f(a)=1'(€) - (b-a).
Uﬂ@ecmeAﬁxe@mﬁf@»}:paemmyﬂm—ﬂazfx@(b—m]
(Dopmymna f(b)-f(a)=1'(&) - (b-a) HazwiBaeTcs dopmyoit Jlarpamka uimu hopmy-
JIOW KOHEYHBIX NMPUPALICHU).

Joxa3aTesabcTBOo. PaccMoTpuM Ha cermenTe [a,b] BcroMorarenbHy 0 (QyHKIUIO

(puc.1)

fo)-f@
b-a

[IpoBepum, uto st pyHkuuu F(X) BHIIOIHEHBI BCe YCIOBUS TeopeMbl Poswis.

1) F(x)eC[a,b] (kak pa3zHocTsh f(X) 1 TMHENHHON QYHKIMN);

f(b) - f(a)
b

F(x) = f(x) - f(a) -

2)3dF'(x) =f'(x) - Vx €(a,b);

3) F(a)=F(b)=0.
ITo reopeme Pomts 3¢ €(a,b):F'(§) =0, T.c.

1&)=L _ o )~ £(a) = £18) - (0 —a).
Teopema JoxasaHa.
y
C B
A
a E_, b > X

Puc. 1
3ameuanue 1. Hanmmewm ypaBHeHue npsmoit 1, mpoxoasieit yepes Touku A(a,
f(a)) u B(b,f(b)).
pX=a y—1f(a)
‘b-a f(b)—f(a)’

f(b) —f(a)

Otcroma Ly =f(a) + (x—a).
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Borunras sty pynkuuio u3 f(x), nomyuum F(x), nms kotopoit
F(a)=F(b)=0.
f(b) —f(a)

YrnoBoii ko3 PuImeHT nocTpoeHHOM npsiMoii | paBeH . Teopema

Jlarpana yTBep:KJaeT, 4To HaiaeTcs Takas Touka & (a,b), B KoTopoil yrioBoi
kodduimeHT kacarensHoi f'(€) coBmamaer ¢ yrioBbIM K03()PHUIIHMEHTOM Tpsi-
Mot 1, T.e. kacatenpHas Kk rpaduky ¢pynkuuu B Touke C(E,f(§)) napannensna
npsMoii 1, mpoxonsmieit uepe3 Touku A u B.

3ameuanue 2. [lpyroi Bua popmyisl Jlarpanxa.

ITycts X -11000€ 3HaUeHHE apryMeHTa u3 [a,b], a AX- IpoM3BOJIbHOE MpHUpallle-
HUE apryMEHTa, HO TaKO€, YTO (xo + Ax) € [a,b]. Torna ¢popmyna Jlarpanxa nis

CerMeHTa [Xg ,Xot+ Ax] umeet crnenytouuii Bus: fi (x0 + Ax) — 1 (xo) =Ax-f ’(EJ) s

rne &- HeKOTopast TOYKa U3 HHTepBasia
(X0 ,Xot AX) (cM. puc.2).

t t t
Xo g X +AX

Puc. 2
MOo>kHO yTBEpKIaTh, 4TO HaieTcs Takoe uncio 0 (0<6<1), 3aBucsiee ot Ax,
4yT0 £= X0+ OAX, Torna f (XO + AX) —f (XO) =Ax-f '(xo + GAX) , T1e0-HEKOTOpOEe
guciio: 0<0<1.
OT1OT BU (OPMYJIBI ONIPABILIBACT TEPMHH “‘POpMyJia KOHEYHBIX IPUPALEHUN ",
u00 faeTcs BhIpayKEeHUE NS pupaiieHus: GyHKIIUU Yepe3 BbI3BABIIEE €To MPo-
W3BOJIPHOE KOHEYHOE MpHUpAIIeHUE AX apryMeHTa.
Caencrue 1.

[(EIf’(x)Vx € (a,b)) A (f’(x) =0VX € (a,b))] = f(x) = const

Hoxka3zarenabcTBo. [lycth X €(a,b)- hpukcupoBanna, X €(a,b)- mpou3BoIbHAS
touka. Ha [xo, X] (1 [X, Xo] cooTBeTcTBeHHO) f(X) muddepennupyema. [Ipume-
HUM TeopeMy JlarpaHka Ha 3TOM CETMEHTE:

3§ e(xo,x)[ﬁ e(x,xo)]:f(x)—f(xo) = f’(&)-(x—xo). Ho
f'(&) =0= f(x) = f(xo), T.C. f(x) = const.

1.5.14.4. O606wennasn gpopmyna koneunvlx npupawienuit (hopmyna Kowu).

Teopema. (Teopema Kommn)
(f(x) € C[a,b]) A ( (x) € C[a,b]) A (Vx € (a,b)(EIf’(x)) A (Elg’(x))) A
/\(‘v’x e(a,b) ( )

)
b)) ()
= G2l ) 50

)
f( ) ( ) '( ) Ha3bIBaeTCsl 0000IEHHON POPMYII0H KOHEUHBIX
gb)-gla) 2'(8)

npupamenuii (hopmynoit Kormm)).

=

(Dopmyna
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Jloxa3aTenbCcTBO.

1) Hokaxem, uto g(a)=g(b). [Ipeanonoxum, uto g(a)= g(b), Torna x hyHKIUU
y=g(x) npumeHnMa TeopeMa Posuis Ha cermenTe [a,b], mo 3Toit Teopeme

iC e (a,b): g’(C) = 0. I[IpoTuBOpeune ¢ yCIOBHEM TEOPEMBI

g'(x) #0 Vx e (a,b). Takum obOpazom, g(a)=g(b).

2) PaccMoTpuM BCIIOMOTAaTENbHYIO QYHKITUIO
f(b)-f(a

F8) =) ) - i) o))

Jnst pynkuum F(X) BeIOTHEHBI HA ceTMEHTE [a,b] Bce ycioBust TeopeMbl Pois,
JICHCTBUTEIILHO:

1) F(x) € C[a,b];

2) Vx €(a,b) IF'(x):F(x) = f'(x) —M' '(x);

ORFON
3)
F(o)= )~ o) )~ [ee) -] -0
F{5) = (6) 1) - 0103 (o) o)) -0

ITo »Toi1 Teopeme

3E e(a,b):

FE) =0 ()~

Teopema nokaszaHa.

3ameuanue. Popmyna Jlarpanxa siBIsSETCS YaCTHBIM ciiydaeM Gopmysl Ko
st g(x)=x . (Teopema Posns siBnsieTcst 4acTHBIM ciydaeM Teopembl Jlarpanika
Uik (GopMansHO, TaK KaK JI0Ka3aTeIbCTBO TeOpeMbl JlarpaHka OCHOBaHO Ha
teopeme Poss).

1.5.14.5. Packpvuimue neonpeoenennocmeii (npaguno Jlonumans).

. 0
PackpbITHe HeonpeaeIeHHOCTel BUAA 0

f(x)

bynem roBoputh, 4T0 ——- IpEICTaBIsIeT COOOM MpU X—>a HEONPEEIIEHHOCTD

g(x)

BHUIA %, eciau lim f! (x) = lim g(x) =0.

Teopema. (nepsoe npasuio Jlonurass).
[Tyctes dhynkmm f(x) u g(x) onpenenensl u nuddepeHIIupyeMbl B TPOKO-
J0TOM okpecTHOCTH U (a) Touku a. [Tycts, kpome Toro, lim f (x) = lim g(x) =0

X—a
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fl
g'(x) #0VxelU ( ) Torpga, ecnu cymiecTByeT lim (X)

X—a g (X)
KOHEYHBIN ), TO CYIIECTBYET lim% , IPUYEM CITPaBETMBO PABEHCT-
X—a g X
f (x) f '(x)
BO lim —— = lim
wegly) ore(x)
[(vx e U@N@ /')A (3 g'(x)(g'(x)#0))
/\(li_r,n f(x)= hm g(x) 0 (EI lim '(x;] -

x—a g’(x

| (e )

3ameuanue 1. [Ipenen oTHOIIEHUN TPOU3BOAHBIX MOYKET HE CYILIECTBOBAThH, B
TO BpeMsl, KaK Mpejen OTHOIIECHUS! (yHKIIUHN CYIIECTBYET.

(xoHEeuHbIN WK Oec-

IIpumep 1. a=0, f(x) =x’ cosl, g(x) =sin x
X

) 1
Cf(x) XS . 1
lim— = lim— =lim——-limx-cos—=0
X—a g(x) x—0 SIn X x>0 gIn X x—0 X
| | 1
' 2XCcoSs— + sin — 2Xcos—
- (X) - X X X
lim = lim HE CYIIECTBYET, TaK Kak lim =0
x—>a g'(x) x—>a COSX x=0  cOSX
sin —
,a lim—2% He cymectByer (cM. mpumep 4 11.3.17.).
x>0 COSX

3ameuanue 2. Ecnu npousBoanbie f '(X) " g’(x) 00J1a1ar0T TEMU K€ CBOICTBA-

MU, 9To 1 pyHKIMH f(X) 1 g(x) , To mpaBuso Jlonurans MOKHO TPUMEHHUTD T0-

BTOPHO
tim 20 i FO) e ()
x—a g(X) x—a g’(X) x—a g”(x)
IIpumep 2.
. l—-cosx . sinx .. cosx 1
lim > = lim = lim —
x—0 X x—0 2X x—0 2

0
3ameuanmne 3. HpaBI/IJ'IO Jlonurans mis HCEOMMPCACIICHHOCTU 6 CIIpaBCAJINBO

st ciryvaeB 1) x—a+0, 2) x—a-0, 3) x - o, 4) X — -00, 5) X —> +oo.

o0
PackpbiTHe HeonpeaejeHHOCTel BUga —.
o0
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1.5. InddepenunanbHoe HCHUCTEHHE

Jlnst 3amevyanni

f(x)

Bynem roBoputh, 4T0 —— HpEJCTaBISIET COOOM MpU X—>a Heompee-

g(x)

JICHHOCTH BHJIa 2, ecim lim f(x) =o0, lim g(x) =00.
o0

X—a X—a

Teopema 2. (BTopoe npasuio Jlonurasst).
[Tycts pynkumm f(x) u g(x) onpexnenensl u AudepeHIUPYEMBI B IPOKO-

JIOTOW OKPECTHOCTH U (a) TOYKH a U, KPOME TOrO, g'(x) #0 fJ(a). Ilycrs, na-

aee, limf (x) =00, lim g(x) = oo, Torga, ecnu cyuiecTByeT (KOHEUHBIH Ui Oec-

X—a X—a
3 - f'(x)
KOHEYHBIH npezaen) lim = A, TO CyLIECTBYET
x—a g'(x)
)L ) T()
lim—< n lim——< =1lim .
x—a g(x) x—a g(x) x—a g’(x)
3ameuanue 4. Bropoe npaBuio Jlonurans Takke UMeeT MecTo JUIsl ciaydaes 1)
x—at0, 2) x—o0, 3) x—>+tco. U3MeHeHus B JoKa3aTeIbCTBE aHAIOTMUHBI TEOpe-
me 1.

==

IIpumep 3. lim ln—f: lim —*— =-2. lim +/x =0.

x—>0+0 _2 x—>0+0 1 _E x—>0+0
x ? ——|x 2

2

PackpbiTHE HeonpeeJeHHOCTEelH APYTruX BH/I0B.

. 0 o0
KpOMC HCOMPCACIICHHOCTCU — WU —, HaCTO BCTPCUYAOTCA HECOIIPCAC-
o0

nenHocty Buaa: 0.00, 00-00, 17, ooo, 0°. Bee otu HEOIPEJICTIEHHOCTH CBOIATCS K
M3yYEHHBIM BBIIIE JBYM HEOIPEIEIIEHHOCTSIM. PaccMoTpuM HeonpeeneHHOCTh
BUJa c0-00. [IycTh umeem Bripakenue f(x)-g(x), mpuuem

—
[
ge
—
by
~
—
by
~—

lim (X) =+ u lim g(x) = 400, Torza f (x) - g(x) = - =

x—a x—a 1 1 1 1

a 9TO HCOMPECACIICHHOCTb BHU1a 6 .

PaccMOTpHM Teneph HEONPEAETEHHOCTH Thma 17, 0°, o0”. Kaxast U3 9TUX HEol-
peneneHHOCTeN UMeeT BUT y=f(x)g(x), rae npu x—a f(x)—>1; 0; oo, a g(x) —o0; 0;
a. Jlorapudmupyst 3o BelpaskeHue (cuutasi, 4ro f(x)>0), noxyuum
Iny=g(x)Inf(x). B mo6oM U3 Tpex cirydaeB 3TO BEIpKEHHUE PEACTABISIET COOOU
NpU X—>a HEOTPEeACICHHOCTh Bra 0-oo.

o0
IToxaxem TCIICPb, KaK CBOJAUTDH 3Ty HCOMPCACIICHHOCTb K BUY 6 n—.
e}

Utak, mycts z=@(X) -y(X), mpuaem lim @(x) =0, limy(x) =
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1.5. InddepenunanbHoe HCHUCTEHHE

Jist 3amevyanui

o) _ vy
I
v(x)  o(x)

. DTO HEONPEIEIEHHOCTH — U

z=0(x) y(x) -

o|lo

8_|8

. } |
IIpumep 4. hronox‘2X .3mech y=x*, torma Iny = —2xInx = —2%

X
1
. . Inx . X . . 2x
lim Iny = lim (-2)— = -2 lim =2lim x=0= lim x™™ =1.
x—0+0 x—0+0 1 x—0+0 _I/X2 x—0+0 x—0+0
X

1.5.14.6. @opmyna Teiinopa c ocmamounvim uieHom ¢ oouieii gpopme
(6 popme Illnemunvxa-Powa)

Teopema. (Teiinopa). [Tycts pynkuus f(x) mmeeT B HEKOTOPOI OKPECTHOCTH
TOYKH a IPOU3BOTHYIO MOpsiika n+1 (rae n - mo0oi (GUKCHPOBAHHBINH HOMED).
[Tycts x - 11060€ 3HaYeHHe apryMeHTa U3 yKa3aHHOW OKPECTHOCTH, P - IPOU3-
BOJIBHOE TOJIOXKUTENbHOE YUCII0. Torna Mex Iy TOYKaMu a M X HalJIeTcs TodKa &
Takasi, YTO CIpaBeIINBaA cienyromas popmyra:

f(x) = f(a) + f'l('a) (x—a) +&('a)(x_a)2+...+ £ (a) (x—2a)" +R . (x), (1)
rae R, (x) = (H‘) (=8 fong, 2)
x—& n!p

®dopmyna (1) HazeiBaeTcs Gopmysnoii Telmopa ¢ IEHTPOM B TOUKE @, a Ry+1(X) -
OCTaTOYHBIN uiieH B obuieit popme (popme Illnemunbxa-Pora).

3aMmeuyaHue.
1) He3zaBrcuMo OT pacmonokeHust TOYKH X OTHOCUTENHHO a (CrpaBa WM cJeBa

X—a

X—a
OT TOYKH a) >0 u qia mro6oro p>0 onpeneneHo ( j .

X=8&

2) Oyuknus f(x) 1 ee MPON3BOIHBIC HETPEPHIBHBI /10 TIOPSIKA N BKIFOYUTEIBHO.

X —

1.5.14.7. Ocmamounwtii unen 6 popme Jlacpanxnca, Kowu, lleano

3anuiieM OCTaTOYHBIN WICH B 001IeH hopme:

v

R,.(0) = ("‘aj B8 foie), mpe aston :
x=§ nlp

L i i ~
| | LI
(x<§<a X € a ) Otmerum, 4TO § 3aBUCHT OT X, 1, P.
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1.5. InddepenunanbHoe HCHUCTEHHE

Jist 3amevyanui

OueBuaHO, HaligeTCs Takoe yucio O (6 3aBUCHT OT X, n, p): 0<6<1, uro
E-a=0(x-a). Orcroma E=a+0(x-a), x-E=(x-a) - O(x-a)=(x-a)(1-0) u
B p _ 1_ e n+l
R, .(x)= 2 [(x=2)1=0) f*[a +0(x—a)].
(x—a)(1-0) nlp
(x _ a)ﬂzl (1 _ H)n—p+1
n!'p

Urak, R, (x) = Fo O a+0(x-a).

(X _ a)n+1

(n+1)!

1. ITycts p=n+1, Torna R, (x) = £h [a +0(x — a)] - OCTaTOYHbIN

wiieH B popme Jlarpamxa.
(X _ a')n#—l (1 _ e)n
n!

2. Ecim p=1,10 R _,,(X) = £ [a +0(x— a)] - OCTaTOYHBIN

uieH B popme Komm.

OtmernMm, 9TO B 3TUX (hopMyJiax 3HAYEeHUs O, BOOOIIE TOBOPS, CUUTAIOTCS Pa3-
JUYHBIMH, TaK KaK 0 3aBUCHUT OT p, KOTOPOE Pa3INYHO B 3TUX (HopMyJiax.
Chopmynupyem 6e3 10Ka3aTeabCTBA CIEAYIOIIYIO TEOPEMY.

Teopema. [Iycts Ppynknus f(x) umeer nmpousBogHbIC 10 MOpsaka (n-1) B HEKO-
TOPOW OKPECTHOCTH TOYKH a U TIPOU3BOIHYIO MOPSIKA N B CAMOW TOYKE a, TOTIa

CIpaBeAJIUBO paBeHCTBO R, (X) = 0[(x — a)“] (6beckoHEUHO Majas Py X—>a

0oJiee BBICOKOTO Mopsiika MaiocTH, ueM (x —a)" ). [locnennss ¢popmyna ecth
ocTaTouHsblif uwieH B popme [leano.

3ameuanue. 3anumieM ¢popmyiy Teiopa B HECKOJIBKO HHOM BH/IE:

f(x) = f(a) + '( )( —a)+%(x—a)2+...+&?)(x—a)“+
n
_}_(X_aj (X_g)n-*—1 f(n+1)(§).
x—§ nlp

[Tycth a=Xo, x-a=Ax. OcTaTouHbI{ 4jieH 3anuiieM B ¢popme Jlarpanxa,

TOoraa
fm (n+1)
f(x) - f(x,) = (Xy) Ax® + £ (x, +0Ax) A
O n! (n+1)!

rae 0<6<1. [Ipu n=0 npuxoaum Kk ¢popmye Jlarpanxa:
f(x) - f(x,) = f'(x, + 0Ax)Ax . Takum o6pazom, popmyia Teilnopa sBasercs

@
AX + f (O)A T+

f'(xy)
T

0606meHnem hopmyJiel Jlarpamxka.
1.5.14.8. @opmyna Maxnopena

dopmyroit MakopeHa Ha3bIBalOT GpopMyiay Teiiopa ¢ IeHTPOM B TOY-
ke a=0, T.e. popmyna MaknopeHa qaeT npeacTaBieHue PYyHKIIMN B OKPECTHOCTH
touku x=0. @opmyna MakjopeHa ¢ OCTaTOUHBIM WICHOM B opme Jlarpanxa,
Komm u Ileano nmeer Bunu:

O (20, f
f(x) = £(0) + (0) 2('0)x T (0)

x"+R (X)),
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1.5. InddepenunanbHoe HCHUCTEHHE

Jist 3amevyanui

rme
n+l
DR, (x)= X gy (0<0<1) (OCTAaTOYHEIIf UJIeH,
(n+1)!
3anucaHHbIi B popme Jlarpanxa).
n+l 1_ 6 n
)R, (X)= #f ™D(Px)  (0<6<1) (OCTAaTOYHEII UJIeH,
n!
3anrcaHHbIi B popme Komn).
3) R,,,(x)=0(x") (ocTaTouHBIN YNieH, 3anucaHHbIi B hopme [leano)

1.5.14.8.1. Oyenka ocmamounozo unena é popme Jlazpanica.

[Tycte dpynkmus f(x) 6eckoneuno nmuddepeHpyemMa B HEKOTOPOil OKPECTHOCTH
touku x=0 u cymectByer M>0 Takoe, yto Vn €N ‘f (‘”(x)‘ <M VX eu, Torma

|X n+l
R,.(x)|<M RYSTh
JIeHCTBUTEIBHO,
(n+1) n+l n+l
R 0] |7 (n(i)g)!( - (E Y @)
3neck (0<0<1), xeu=0xcu=>|f""(6x)| <M,
MO3TOMY
|X n+l
IRM(x)ISMm. )

n+l

X
3ameuanue 1. 1im|—
n—o (n +1)!

=0 npu m000M (HUKCUPOBAHHOM X.

JlokaxxeM 3T10. [lonoxum

il [x

y, =——,Torja y, ,, =———.
" n!’ " (n+1)!

Tak kak X (UKCHPOBAHHO,
(Eln0 eN)(Vn eN)(n 2n, = |x| <n +1).

n+l

[Iycts n2ny, Torna

L
Yn+1 _ |X n: _ X

Yo (4Dl n+l

T.€. HAUMHAs C HOMEpA Ny MOCIIEI0BATEIBHOCTh {yn } sBiIsieTCs yobiBatomieil. Tak

n+l

<IZ>YH+1<Yn’

KaK, KpOME TOT0, 3Ta MOCIE0BATEIHLHOCTh OIPaHNuEHA CHU3Y ( HAaIlpUMeEp, Ync-
JIOM HYJIB), TO TIO TeopeMe 11.2.7. OHa UMEET Mpee Y.
Jlis HaxoXAeHUS Mpeieia 3aMeTHM, YTO

n+l n

[x

x Ko

T T naDl ol n+l n+l®

[epexons k npeneny npu n—»oo, noiayuum y=0-y, T.e. y=0.
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1.5. InddepenunanbHoe HCHUCTEHHE

Jist 3amevyanui

n+l

X
Takum obpazom, lim |— =0 (2)
e (1 +1) !

3ameuanue 2. 13 ycnoswii (1) u (2) cneayer. 4To, BEIOHpask JOCTATOYHO OOJTb-
10 HOMEP N, MBI MOKeM cJienaTh Ry 1(X) Kak yrogHo ManbiM. Takum oOpazom,
€CJIM 3aMEeHUTH 3HaueHue f(X) mpulImKeHHBIM, PaBHBIM

n
fo, . L0,
n!
TO omuoOKa R, +1(X) mo a6con}0TH0171 BEJIMYMHE MOKET OBIThH CIeIaHa CKOJIb
YTOJIHO MaJIOH, €CJIA TOJIBKO B hopMyJiec MakjopeHa B3STO JOCTATOYHO 0OJIb-
II10€ YHCJIO YJICHOB.

£(0) +

2

1.5.14.8.2. Paznoxncenue no gpopmyne Maknopena Hekomopvix
INeMEHMAPHBIX PYHKUUIL

1) f(x)=¢", fVx)=¢", {7(0)=1 VneN,
2 n
S PUEE S +Rn+1(x)
1M 2! n!

OcTaTo4HbI} 4JIEH B (bopMe Jlarpanka paBeH

Rpa(0 =™ (0<0<).

Ha nmro6om cermenre [-1, r] (r>0) B cuity TOrO, 4TO ‘ee

MOJIyYrUM CJIICAYIOMYIO OICHKY OCTATOYHOT'O YJICHA:

n+l

R, ()< m e .

. . T
2) f(x)=sinx. [Tockompky ™ (x) = sin(x + mE) (loxa3bIBaeTCsl METOJIOM MaTe-

MaTUYECKOW MHIYKIIUHN),

) T 0 gmt m=2k
£ (0) = sinm = = . k=0l1,... (1)
2 |(-D)" gma m=2k+1
®dopmyna MakiopeHa UMeeT BUA:
X3 XS 7 2n+1
sinx=x——+—-——+.+(-1)"—+R,, ;(x).
3t 57! 2n+1)!

Mpi 3amucanu Rypi3(x), a He Ropi2(X), T.K. BCE UICHBI PA3JIOKEHUS C YETHBIMU
HOMepaMmu B cuily (1) paBHBI HYJIIO.

sin(@x +(2n +3) “] oo
R,,s(x) = X = (=1)"" cosOx - ———.
(2n +3)! (2n +3)!
r2n-¢—3
Ha mo6om cermenre [-1, r] (r>0 R, ,X)|——.
[ @>0)  [Ry,5(0)| on13)!
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1.5. InddepenunanbHoe HCHUCTEHHE

Jist 3amevyanui

3) f(x)=cosx. [Tockombky ™ (x) = cos(x + mg) ,

0 mma m=2k+1
£ () =cosm = =] k=0L... 2)
2 (=) mma m=2k

®opmyna MakiiopeHa UMeeT BH:

2 X4 X6 X2n

cosx=1—-—+———+.+(-1"
21 41 6! (2n)!

Mer 3anucanu Ryni2(X), a He Ropii(X), T.K. clIeayroniuii 3a mociaeTHAM BBITH-

CaHHBIM CJIaraéMbIM WiIeH MHOTowIeHa Teitnopa B cuity (2) paBeH HYIIIO.

cos(ex +(2n +2) n)

R = 12— (=1)" cosOx - ————
a2 (%) R B e Wy

2n+2

(2n+2)!"

+R (%)

2n+2

Ha nrobom cermente [-r, r] |R N (x)| <

4) f(x)=In(1+x)
PO == (4075 0 =(DA+0 7 7760 = (D107

1+x

£ ) = (- BV f0y =0, #9(0) = (1) (n =D)L,

1+x)"’
®opmyna MakiiopeHa UMeeT BU:
x> x x! x"
In(+x)=x——+——"—+_.+-D)""—+R_,(x).
1+x) >t 32 DT —+R, LK)
Ocrarounplii wieH 3anumieM B ¢popmax Jlarpanxka u Kormm
(_l)n Xn+l
R . (x)= B (hopme Jlarpanxa). (3
n+1( ) (n+l)(l+9x)"” ( (b p p ) ( )
1 _ n
R . (x)=(-])"x"" _(_e)l (8 dopme Korm). (&)
(1+6x)""
ITycts x€(0, 1], TOrOa
Xn+l 1

|R n+l (X)| <

< 3.
(n+1)(1+6x)"™ n+l (crenyer u3 (3))

T.K. x>0,

1

n+l
)
X

OneHuMm Tenepb |Rn+1 (x)| Ha [-1, 0], Tme 0<r<l.

<1 (x=0=R_,(0)=0).

Bynem ucxonuts u3 hopmsr Komm ams Ry i(x).

[IepenumieM 3TOT OCTATOYHBIN YJIEH B BUJIE
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Jist 3amevyanui

1—9)n X"

Ry ()= (_1)“(1 +0x) 1+0x

3aMeTHM, 4TO <1 mna xe[-r, 0], O0<r<1

1+6x
1-6<1+6x < 6x>-0 < 6x+6>0 < 0(x+1)>0 < x>-1
(4TO BEpPHO MO MPEATOIOKEHHIO)

n+l

r
-1
Takum ob6pazom, Ry11(x)—>0 mpu n—owo Vxe[-r, 1], rae r<l.

|R n+l (X)| <

5) f(x)=(1+x)%, rme o - BeleCTBEHHOE YUCIIO
£f™(x) = oo —1)...(o0 —n + (1 +x)“ ™",

£™(0) = a(ow —1)...(o. —n +1).

®opmyna MakiopeHa UMeeT BUA:

-1 -D(a—=2)...(a—n+1
(1+X)a=1+gx+_oc(u )y, 4o D@=2). (a=n+])
1! 2! n!

IJie OCTaTOYHbIN wieH B (popme Jlarpanka paBeH

Rt LD

Xn + Rn+1 (X) s

B wactHoM citydae, kora o.=n - 11eJ10€ 4ucio, Ry 1(X)=0 1 Mbl oxyunm dop-
Myiy 6uHoma HerotoHa

(1+x)" =1+%X+MX2+..

(a+x)" :a“(l+§)n =a{1+3(§j +n(n—l)(§) +...+
a 1'\a 2! a

n n(n —1
(a+x)" =a" +Fa““x+%a“‘2x2+...+x“.

n

4X n

Wrak, obumii cinyvaii 6mHomMa HploTOHA SBIISIETCS YaCTHBIM clyyaeM (hOopMyJIbl
MakmnopeHna.

1.5.14.8.3. Ipunooscenusn hopmynvt Maxnopena Ilpuonusrncennoe
ebluUCTIeHUe Yucla e

def 1"
e= hm(l + —j . Panee Ot yctanoBneHs! oieHKH 2 <e<3. [lonoxum B ¢op-

n—oo n

myJie Makiopena juis €, x=1 u r=1, noxyuum
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1.5. InddepenunanbHoe HCHUCTEHHE

Jist 3amevyanui

1 1
e=1+—+.+—+R (1),
I! n!

rne
e 3
< .
(n+D! (n+1)!
Bribupast Homep n 10CTaTOYHO OONBLINM, TOTYYUM MPUOIMKEHHOE 3HAYCHHE €
¢ 11000 Harmepe 3aJaHHON TOYHOCTBIO.

|R n+l (1)| <

1.5.14.8.4. Bviuucnenue npeoenoe ¢ nomouipbto gropmynvt Maxknopena

W3 momydeHHBIX HaMU paHee pa3niokeHui 1o Gopmyse MakmopeHa 31eMeHTap-
HBIX (DYHKIMI JIeTKO cienytoT OoJiee rpyOble pa3noskeHus (C OCTaTOUYHBIM Yiie-

HOM B (popme Ileano).
2 n
e’ :1+x+x—+...+x—+0(x“),
2! n!
3 5 2n+1
SinX:X—X——I—X—-}-..__{_(_l)n_ +O(X2n+2)’
31 5! 2n +1)!

2 X4 X2n

cosx=1—X—+——...+(—l)n
21 4| (2n)!
x> x x! X"
In(1+x) =X ——+———+_ +-D""—+0x"),
(1+x) >t 32 (=1 " (x")

+ O(X2n +1 )’

(1+x)" =1+%x+—a(a_l) i, Moz (amntD , +0(x").

2! n!

OTH pa3NoKEeHUs] MOTYT OBITh HWCIOJB30BAHBI TPU BBIYUCICHUH TIPEIEIIOB
bynkuit mpu x—0.
sinx ___tgx

. e
IIpumep. Berancauts lim

x>0 x7 (1 +sin° x)

Tak Kak B 3HaMeHaTeNe CTapllas CTENEHb X - TPEThS, TO B YUCITUTENIEC HYKHO
YUYUTBIBATH CTEIICHU, HE BBILIE TPETHEH.
onyuum pasnoKeHns GyHKIHH, BXOAIIIX B IHCITHTENb, 10 WICHOB C X .

2 3

e’ =147+ + 2 +0(z°),
2! 3!
sinx . (sinx)* (sinx)’ . \3
e™ =1+sinx+ Y + 3 +0[(smx) ] (1)
Tak kak lim Sox =1, 0[(sinx)’]=0(x’),

x>0 X
Aajec,
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Jist 3amevyanui

3
sinx:x—%+0(x4).

[Toacrasmsist 3TO pasnoxenue B (1) OymeM nuMeTh

3 (x—£+0(x4))2 (X—);+O(X4))3

sinx __ _X_ 4 . .
e’ =1+(x 3!+0(x))+ Y + 3

+0(x7).

PackpbIBasi CKOOKH M y4uThIBasi, 4T0 X -0(x™)=0(x"*)=0(x™), momnyunm
sin x 1 3 1 2 1 3 3
e =1+(x—=x")+=-x"+—x +0(x"),
2 6
; 1
e =1+x+ Exz +0(x°).

[Tomyuum Teneps pasznoxkeHue tgx

. 3 2
tox =20 _ (-2 4 0() (1 0)) ! =
COS X 6 2

=(x— %3 + 0(x3))(1 +(=D(- %2 +0(x)) + O(x3)j =

31ech HCIIONb30BaHo pasioxerne (1+z)'=1-z+0(z)
3 2 3 3 3
= (X =+ 0+ — +0(x%)) = x—%+%+0(x3) = X+X?+O(x3)
3
' =1+(x+x—)+lx2 R +0(x?) :1+x+%x2 +%x3 +(x%).

[ToncraBiss B 3aaHHYIO0 (PYHKIHIO MOTYYEHHbBIE PA3JIOKEHUS, Oy1eM UMETh

1 2 3 1 2 1 3 3
esinx_etgx ‘ 1+X+§X +O(X )—(1+X+§X +EX +O(X )):

lim — ——— =1 5 —
=0 x7(1+sin” x)  x20 X (1+sin” x)

—lx3 +0(x) 1

=0 x*(1+ sin’ x) -2

B stom nmpumepe ucnons3oBanue npasuia Jlonurans Obuto Obl 3aTpyIHUTEIb-
HBIM, B TO BpeMs Kak mpuMeHeHHue (GpopmMyibl MakiiopeHa onupanock TOJbKO Ha
U3BECTHBIC PA3JI0KEHUS SJIEMEHTAPHBIX (PYHKINH.
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1.5.15. UccaenoBanne nopeaeHnst PyHKIUI ¢ IOMOIIBIO IPOU3BOAHBIX.
1.5.15.1. Ycnoeue nocmoancmea gpynkyuit.

Teopema 1.
[Mycte dynkuus f(x) onpenenena, nupdepeHuupyema Ha HHTEpBae X,

uf ’(x) =0 na X. Torma ¢pynknus f(X) sBisieTcst TocTOssHHON Ha X.

Hoka3aTenbcTBo. [lycTh X( - HEKOTOpast pUKCHpOBaHHAS TOYKA U3 X U X-
mobas npyras Touka u3 X. J{is cermenTa [Xo, X] (Wu [X, Xo]) yAOBIETBOPEHBI
BC€ yCJIOBHS TeopeMbl Jlarpanxa, clieJoBaTeIbHO, MEKy TOUKAMH Xo U X Hal-

nercst Touka &, Takast uto f (x) —f (XO) =f ’(F,)(XO - x). Taxk kak f(§)=0, To mst
vVx eX f (x) = f(xo) , T.€. 3HaueHne pyHkiuu f(x) B 110001 Touke X € X paBHO

ee 3HaYeHUIO B (PMKCUPOBAHHOM TOUKE X, T.€. IOCTOSIHHA BCIOAY B X.
3ameuanme. ['eoMeTpHUECKHUIT CMBICT TEOPEMBI: €CIIU KacaTelbHas B KaXJ101
TOYKE HEKOTOpOro yuyacTka rpaduka ¢pynkmmu y=f(x) mapamiensna ocu OX, To
ATOT YYacCTOK €CTh OTPE30K MPsIMOM, apasuienabHbid ocu OX.

AY

y=f(x)

1.5.15.2. Ilpuznak monomonnocmu Qyynkyuu

Teopema. ([locTarounoe ycrnoBue Bo3pactanus (yObiBaHus) (PyHKIIUN HA UH-
TepBase X).
[Tycte pynkIus f(x)
1) ompenenena Ha uHTEpBae X;
2) nmeeT Ha X KOHEYHYIO MIPOU3BOAHYIO f ’(x) ;

3) f'(x) >0 (f'(x) <0)ma X.
Torna f(x) sBasieTcst Bo3pacraromieii (yObIBaroIeil) Ha UHTepBaJie X.
Joka3zateabcTBo. PaccMoTpuM cimyyaii, koraa f '(x) <0 na X. Bo3pmewm mto0bIe

JIBA 3HAYCHMUS X| M X, U3 X TaKue, 4To X < Xp, TOTJIa Ha CeTMEHTe [X], Xz] f(X)
YAOBJIETBOPSET BCEM YCIOBHSIM T€OpeMbI JlarpaHxka, mo3ToMy cripaBeajiiBoO

paBeHCTBO f (xz)— f(xl) =f '(&)(x2 — xl), rae &- HekoTopas Touka u3 (X, X2):
X1<E< Xp. Tak kak x> X, 1 f’(&) <0, ToO (Xz) < f(x1 ) , UTO O3HAYaeT yObIBaHUE

(GbyHKIMK Ha MHOXECTBE X.
Jlisa cinyyaes f ’(x) >0 Ha X 10Ka3aTeNbCTBO IPOBOAUTCS AHAIOTMYHO.

3ameuanue 1. [lon0XUTETHLHOCTH (OTPUIIATEILHOCTD) MPOU3BOIHON f '(x) Ha

X He sBIsSeTCs HEOOXOIUMBIM YCIOBHEM Bo3pacTaHus (yObiBaHuUs) (QyHKUIUU
f(x), T.e. ecM Ha HEKOTOPOM yUYacTKe (PYHKIUS BO3pACTAET (yObIBa-
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€T), TO OTCI0JIa HE ClIeyeT, BOOOIe FOBOPS, YTO Ha 3TOM Y4YacTKe NMPOU3BOAHAs
9TON (PyHKLMU BCIOY MOJIOKUTENbHA (OTPUIIATENIbHA).

A
y

Puc.1

Hanpumep, 17151 Bo3pacTaromieil Ha Beeil YicIoBoi ocH GyHKIMH Y = X° PON3-

o =0 (puc.1).

3ameuanue. ['eomeTprudecKast HHTEPIPETAIHMS TEOPEMBI: TIOCKOIBKY IPOU3-
BOJHAsT (DYHKIIMH TPEJICTABIIAECT COOON yTiIOBOM KOA(h(DHUIIMEHT KacaTeIbHOM K
rpaduky GyHKINHU, TO 3HAK IPOU3BOIHOM MOKa3bIBaeT ocTphii (ecnu f '(X) >0)

BosiHas B Touke X=0 obpamaercs B 0:y'| _, = 3x°

i Tynoi (ecu '(x) <0) yroa ¢ noJIoKUTEIbHBIM HampasieHueM ocu OX

cocTaBiisieT KacaTenbHas K f(X). B cooTBeTcTBUM ¢ 3TUM, KpUBas UAET BBEPX
(bynkuums f(x) Bo3pacraer) uinu BHU3 (pyHkius f(x) yosiBaer). B oTaenbHbIX
TOYKax IPHU ITOM KacaTelbHas MOXeT ObITh MapajuienabHoit ocu OX, 4yTo COOT-
BETCTBYET 0OpallleHHIO B HYJIb Ipou3BogHON ¢yHKuuu f(X) (puc.2,3)

A AN
y y

v
v

Puc.2 Puc.3
1.5.15.3. Ixkcmpemym oughghepenyupyemoii pynkuyuu

Heo6xoaumoe ycnoBue skcTpeMyMa GyHKIMU B Touke : ecnu f(x) aud-
¢depennpyema B Touke C 1 UMEET B 3TOM TOUYKE JIOKAITBHBIA AKCTPEMYM, TO

f ’(c) = (. Takum 06pa3zom, s3xkcTpemyM nuddepeHupyemMon GyHKITUU CIeayeT

WCKaTh JIMIIb B TEX TOYKAX, IJI¢ TIPOM3BOIHAS pPaBHA HYJIIO. Takue TOYKH Ha3bl-
BalOTCA CTAMOHAPHBIMHU. 3aMETHUM, YTO €CIIM TOYKa CTAIllHOHAPHA, TO OTCIO/A,
BOOOIIIE TOBOPSI, HE CIIEYET, YTO B ATOM TOUKE (DYHKIIHS JOCTUTAET SKCTPEMY-
Ma, T.. yKa3aHHOE HEOOXOJMMOE YCIIOBHE dKCTpeMyMa (DyHKITUH HE SIBIISIETCS
nocratounsM (st f(x)=x" B Touke x=0 3KCTpEMyMa HET, OJHAKO

£(0) =3x*|,, =0).
Teopema 1. (mepBoe JOCTaTOYHOE yCIOBUE SKCTpemMyMa auddepeHmpyemoit
byHKIMN).

[Tycts pynkums y=f(x).
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1) nuddepenuupyema Bcroty B HEKOTOpoil okpectHOCTH T. C.
2) 1. C - cranmonapHas, T.e. f'(c) =0, Torga a) eciu CymecTByeT OKpeCTHOCTb,

B KOTOpO#i mpousBoHas f'(X) mojoxuTenbHa (OTpHUIIATENbHA) CIeBa OT TOYKU

C u oTpumarenbHa (oJIOKUTENBHA) cripaBa oT Touku C, To pyHKIms f(X) umeer
B T. C noKanbHbIN MakcuMyM (MUHUMYM) (puc. 1,2);
0) ecnu xe nmpou3BoaHas f'(X) UMEET OAMH U TOT e 3HAK CJIEBA U CIpaBa OT

touku C, To akcTpemyma B T. C HeT (puc.3,4).
yf NA N yA yA
MaKcC.

f'x)>0| f'(x)<0 f'(x)<0 f'(x)>0 SKCTP. Hy 5 OKCTp.HET

MHH.

f'x)>0 |f'(x)< §
~__~7 @0 f(x) <

R 4

N N
L 7
C X C X C

Puc.1 Puc.2 Puc.3 Puc.4

Jloka3aTeabCcTBO. JlokaxkeM TeopeMy [utst Toukd Makcumyma. [lycts f'(x) mo-
JIOXKUTCJIbHA B OKPCCTHOCTHU CJICBA OT TOUYKHU Cu OTpULATCIIbHA CIIpaBa OT TOYKHU
C. f’(x) >0 Vx<C u f’(x) <0 Vx> C.O0603Ha9nM "yepe3 X, -1odoe 3HaUe-
HUE apryMeHTa u3 okpectHocTd Xo>C. Ha cermente [C,x¢] bynkmus f(x) qud-

GbepeHLpyemMa, cie0BaTeIbHO, U HEMPEpbIBHA, HOTOMY 10 Teopeme Jlarpan-
xKa

f(C)-1(x,) =f"(E)(C—x,), (1)
rae & - HeKOTOpoe 3Ha4eHHe apryMeHTa Mexkay Toukamu C H Xo.
AHanoru4Ho paccmaTtpuBaercs ciydail xo<C.
IIpu xp>C f ’(ﬁ) <0,C —x, <0, noaromy f(C)>1(xo). OT0 1 03HaUaeT,

yT0 B Touke C f(X) nMeeT JoKanbHBIA MAKCUMYM.

Teopema 2. (BTOpO€ AOCTaTOYHOE yCIOBUE IKCTPEMYMaA).
[ycte dynkums y=f(x)
1) umeeT MPON3BOHYIO BCIOAY B HEKOTOPOU OKpecTHOCTH T. C;
2) 1. C - crarmonapuas: f'(c)=0;
3) UMeeT KOHEUHYI0 BTOPYIO IPOM3BOIHYIO B T. C.
Torpna, ecu f ”(C) <0, 10BT.x=C f(X) MUMeeT JOKaTbHbI MAKCUMYM,

ecnu xe f ”(C) >0, To B Touke Xx= C f(X) uMeeT JIOKaTbHBIH MUHUMYM.
3ameuanme. Teopema 2 He TaeT OTBET O HAIMYMU IKCTPEMYMa B TOM cilyyae,
korna f ”(C) =0 wu He cymecTByerT B T. Xx= C. B 3TOM ci1yuae noBeneHue

¢bynkiuu B T. C ciaenyeT U3yuuTh C IOMOILBIO IEPBOTO IOCTATOYHOTO YCIOBHS

HKCTpEMyMa.
4

Ipumep. Haiiti skcTpeMyM GyHKIHMH Y = 4X + X — XT —x°. Beraucmum mpo-

m3BoaHy10: y' =4 —3x” —x* +2x. [IpousBoanas onpeaenesa u guddepeHi-
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pyeMma Ha Bceil unucnoBoit ocu. HaiiieM ctanimoHapHble TOUKH, pEIIUB ypaBHe-
HUE y’(x) =0. 4-3x" —x" +2x =0 um x’ +3x> —2x—4 =0. PaccmarpuBaem
JeUTeNn cBOOOHOTO wieHa : £1; £2. Orcrona nmoinydaeM KopeHb X =-1.

Hens x* +3x* —2x —4 na x+1,momyunm: x° +3x° —2x —4 = (x + 1)()(2 +2x — 4)

P 3x2-0%-4] x+1 Perrast kBagpaTHOE ypaBHEHUE
+x? x2+2x-4 X2+2X-4=O, MOJTyIUM x2=-1+\/§ ,
2x2-2x-4 x5=-1-+/5
C2x2+2x
_-4x-4 Hrak, umeeM:
dxed /(%) = ~(x +1+5)(x + D(x +1-+/5)

OnpenenuM y4acTKy BO3pacTaHus M yObIBaHHUS (DYHKIMH U HccaenyeM QyHK-
IIHIO Ha 9KCTPEMYM.

N

“1-45 T -1-45
X (o0-1-45) [-1-45 [C1-45 1) |71 [ oo-14+4/5) | <1445 | (-1++/5 4o0)
y' + 0 - 0 — 0 -
y A 4 o 7% A 4 o
JIOK. JIOK. JIOK.
Puc. MakKxc. MUH. MakKxc.
N J N
y A
N —1+45 <
4

Hpumep 2. Haiitu sxctpemym GyHKImm y = X° —3x* —4 . HaxoauM npousBo-
HyIO V' = 3x% —6x = 3X(X — 2) . CraninoHapubie Toukd X1=0 U X,=2. Beraucaum
y"'=6x—-6= 6(X—1) . Tak kak y”(O) =—6<0u y”(2) =6>0,T0BT. X=0 -

JIOKQJIbHBIM MAaKCUMYM, & B TOUKE X=2- JIOKaJIbHbII MUHUMYM.
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N
)\

1.5.15.4. Sxcmpemym pynkyuu, neoughgpepenyupyemoit ¢ 0annoii mouxe

Teopema. [lycts dyHkius y=f(x).
1) muddepenumpyema Bcrory B HEKOTOPOi OKpecTHOCTH Touku C, 3a HCKITIOYe-
HHEM, OBITh MOXKET, caMoi Touku C;
2) HenpepsiBHA B Touke C.
Torna, ecnu cymecTByeT OKpecTHOCTh ToukH C, B mpesienax KOTopoi

npousBoaHas f '(x) MOJIOKUTENbHA (OTpHIlaTeNIbHA) clieBa OT Touku C U OTpH-

nartesapHa (ToJI0KHUTENbHA) cripaBa oT Touku C, To ¢pyHKuus f(X) uMeer B ToUke
C nokanbHbIil MakcuMyM (MUHUMYM). Ecniu sxe ipousBoHas '(x) UMeeT OJTUH

U TOT € 3HAaK cJieBa U crpasa oT Touku C, To s3kcTpemyMa B Touke C HeT.
3ameuanmue. TpeboBanue 2) HenpepbIBHOCTH (PyHKIMH B Touke C CyIIecTBEH-
HO, 100 OTCYTCTBHE 3TOTO TPeOOBAHUS MOXKET MPUBECTH K PYHKIHUAM (CM. pHC.
1), He umerommM 3kcTpemyma B T. C.

A
y

W

Puc.1.

2
Ipumep. Haiiti To4ukH s5KcTpeMyma QYyHKIUHN Y = X° .
Ota (pyHKIMs HEMpephIBHA HA BCEH OecKo-
2 HEYHOU npaMoit (cM.puc.2), nuddepeHIu-
y=x? pyema BCIOy Ha 3TOU NPSIMOM, 3a UCKIIIO-
yenueM Touku x=0. [IponsBogHast QpyHKIHH

sk 4

mpu x#=0 y'= i B touke x=0 31a
3Vx

MIPOM3BOHAS UMEET pa3priB 2-r0 poaa. [lo-

cKoJIbKY TIpu X <0 y' <0, a npu

Puc.2 x>0 y'>0, To, CIeIOBATENHHO, B CUITY

TeopeMbl B TOUke X=0 (yHKIUS UMEET MU-

HUMYM.
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3ameuanue. Chopmynupyem oOIIyI0 CXeMy HAXOXKACHUS TOUEK SKCTPEMYMa.
[Tycte dpynkuus f(x).

1) HenpepbIBHA HA MHOKECTBE X;

2) npousBogHas f '(x) CYLIECTBYET M HEMPEPBhIBHA BHYTPH X BCIOAY, KpOMe

OBITH MOXKET, KOHEYHOTO YHCIIa TOYCK;
3) mycTh npousBoaHas f '(x) obpamtaercs B 0 BHYyTpH X JIUIIb, MOXKET OBITbh, IS

KOHEYHOT'O YHCJIa TOYEK.

O0o03HaYMM Yepe3 X|,X2,...Xn TOUKH, B KOTOPBIX MMPOU3BOIHAS HE CYIIECT-
BYET WJIM paBHA HYIIIO, a uepe3 a U b - koHubl X (a 1 b MoryT ObITh U OecKOHEY-
HBIMU).

v

a X1 X2 X3 Xi Xitl  Xi+2 b

Ha xaxxmom unTepBaie (a;x;),(X1x2),...(Xi-1Xi),...)(xnb) mpousBogHas f ’(x) B CU-
ny ycnoBui 1)-3) coxpaHseT mocTOosiHHBIHN 3HaK. [loaToMy Bompoc o Hamu4Iuu

9KCTpEMYyMa B Ka)KHOﬁ TOYKCE Xj MOXKECT OBITH peUICH IpHu NOMOIIN PACCMOTPCH-
HBIX JOCTAaTOYHBIX yCJIOBPIﬁ.

1.5.15.5. Hanpagnenue svinyknocmu zpagpuxka pynkyuu

[ycte dpynkuus f(x) quddepenuupyema B 10001 TOUKE HHTEpBaAIA
(a,b), Torma uepes mr00y10 Touky M(X, f(X)) aTOrO rpaduka GyHKIHH MOKHO
MIPOBECTH KacaTeabHyI0 K rpaduky QyHkiuu f(X), mpuueM 3Ta KacateibHas He
napaiuiensHa ocu OY, T.K. ee yrioBoi K03 PHUIIMEeHT KOHeUYeH, N0O0 paBeH Mpo-
n3Boguon f ’(x) .
Onpenenenue. ['oBopsr, uro rpaduk ¢pyHkiuu f(x) uMeer Ha (a,b) BBITYKIOCTb
HaIpaBJICHHYIO BHU3 (BBEPX), €CJIM TpaduK 3Toi GyHKIMH B mpeaenax (a,b)
JIEXKUT HEe HIKe (cM. puc 1,2) (He BbImIe) a1000# CBOCH KacaTeabHOM.

y Y

Puc.1 Puc.2

Teopema 1. Ilycts pynkius y=f(x) umeer Ha unrepnaie (a,b) KoHeuHy0 BTO-
PYIO MPOU3BOAHYIO, TOT/IA €CIH f”(x) >0 Vx e(a,b) (f”(x) <0 Vx e(a,b)) ,
To rpaduk ¢pyHkuun y=f(x) umeer Ha (a,b) BBIIYKIOCTb, HAIIPABICHHYIO BHU3
(BBEDX).
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3ameuanue. Ecmn f”(x) = 0Vx e (a,b), 10 y = f(X) - NMuHelinas GyHKIMS, T.C.
ee rpa KoM SIBIISIETCS TIpsiMast IMHUSA. B 3TOM citydae HarpaBiieHHe BBITYKIIO-
CTH MOXHO CYHTATh MTPOU3BOIHHBIM.

IIpumep.

f(x) =x’ -3x* -4 f’(x) =3x’-6x = 3x(x —2); f”(x) =6x—-6= 6(x —l)
Takum o6paszom, mpu x >1 (x) >0, ampu x <1 f”(x) <0 u, cegoBaTeIBHO,

npu —o< x<1 rpaduK GyHKIHN UMEET BBITYKJIOCTh BBEPX, a MPH | <X< 00 -BHU3
(cMm. puc.4).

Puc.4
1.5.15.6. Touku nepezuba zpagpuxka pynkyuu

[Tpennonoxum, uro rpaduk pyHkmu y=f(X) ©MeeT onpeaeieHHOe HarpaBJie-
HUE BBITTYKJIOCTH Ha KaXXJI0M W3 HHTEpBaJIOB (a,c) 1 (¢,b), rae uncna a.b,c cBs-
3aHbl HepaBeHcTBaMu a<c<b. [Ipenmonoxum, uto k rpaduky pynkunu y=f(x) B
touke M(c,f(c)) cymiecTByeT kacaTenpHas He napaiensHas ocu OY, Toraa Tou-
ka M(c,f(c)) rpaduka pyHnkmum y=f(x) Ha3pIBaeTCs TOUKOH mepernbda 3Toro rpa-
(duKa, eclii CyIIeCTBYET Takasi OKpeCTHOCTh Touku C ocu abciuce, B peaeiax
KoTopoil rpaduk ¢pyHkuu y=f(x) ciesa u crpasa ot Touku C UMeeT pa3Hble
HarpaBJIeHUs BBIMTYKIOCTH (cM.puc.l)
Teopema 1. (HeoOXoaMMOE yCIIOBHUE
CYILIIECTBOBaHHS TOUYKH Tepernoa).
[Tycte rpaduk dyHKIIIN
y=f(x) numeeT eperud B TOUKe

/\y

M
M(c,f(c)) u dynkius y=f(x) umeet B
Touke C HEeMPEPHIBHYIO BTOPYIO
S npomsBoanyo toraa ' (¢)=0.
c X
Puc.1

3ameuanuel. PaBeHCTBO HYJII0 BTOPOId MPOU3BOJHON HE SIBISIETCS JOCTATOY-
4
HBIM ycJIoBHEM Tiepernda. Hanpumep, s pysakmun y=x B Touke (0,0) HeT me-

pern6a, onHaxo y"(0) =12x*|,_, =0. (cm. puc. 2)
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A 3ameuanue 2. Bce Touku
y neperuda JBakIbl He-
npepbIBHO AuddepeHu-
pyeMoii GyHKIIH HaXo-
TISITCSL Cpeliu TOUEK, B
KOTOPBIX BTOpast
IIPOM3BOJIHAS paBHA
HYJTIO.

1.5.15.7. Teopemul 0 0ocmamounvlx ycioeusax nepezuda zpaguxka Qynkyuu

Teopema 1. (mepBoe 10CTaTOYHOE YCIIOBHE Meperuoda).
[Tycte dpynkuus f(x)

1) uMmeeT BTOPYIO MPOU3BOAHYIO B HEKOTOPOH OKpeCcTHOCTH TOUKH C;
2) ”(c) =0, Torga, eciu CymecTByeT OKPECTHOCTh, B IIPe/iesIax KOTOPOil BTO-

pad nmponu3BoaHast f”(X) HMCCT PAa3HbIC 3HAKH CJICBA U CIIpaBa OT TOYKU C, TO

rpaduk 3710l QyHKIMH nMeeT neperud B Touke M(c,f(c)).

3ameuanue 1. Chopmynupyem o6061menune treopems! 1. [Ipu onpenenenun Tou-
KU nieperuba OyJieM cuuTaTh, YTO KacaTeiabHas K rpaduky (pyHKUUHU B paccMar-
pUBaEMOii TOUYKEe MOXKET OBITh TTapautenbHoi ocu Oy (T.e. f ’(c) =1w0).

[Tyctes dhynkmus f(x): 1) uMeeT KOHEUHYIO BTOPYIO IPOM3BOIHYIO BCIOY B He-
KOTOPO# oKkpecTHOCTH ToukH C, 3a UCKIIFOUEHHEM, ObITh MOXKET, caMoi Touku C;
2) ¢pynkuus f(x) HenpepsiBHa B Touke C; 3) rpaduk QpyHKIMM nMeeT KacaTelb-
HyI0 B Touke M(c,f(c))(Moxer ObITh 1 mapaiiensHo ocu 0y). Torma, ecnu cyie-

CTBYET OKpecTHOCTh TOUKH C, B mpeenax Kotopou f ”(x) HMMEET pa3Hble 3HAKU

cieBa U cripasa ot Touku C, To rpaduk ¢pyHkuu y=f(x) umeer neperud B Touke
M(c,f(c)).

3ameuanue 2.
[IyHKT 2 B ycnoBuM Teope-
MBI UCKJTIOUYAET CITy4aHu,
MIPUBEJEHHBIN Ha puc. 1, a
6- NYyHKT 3 - Ha puc. 2 (cieBa
M ot ToukH C rpaduk GyHK-
J uu Kacaetcs npsimont x=C
B TOUKe M, a crpaBa Kaca-
HUS HET)

yA yA

v

><\/

Puc. 1 Puc. 2
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IIpumep. Haiiti Toukn nepern6da rpaduka GyHKIUN y = Vx .

Tak kak y’(x) = %3\/}(—2 , TO B Touke x=0

y y' = +oou rpaduk QyHKIH KacaeTcs B TOUKE
2
(0,0) ocu OVY. y"(x) = ———=— u no3tomy
—1o X y"(x)>0npux<0wu y"<Onpu x>0,aB
Puc. 3 Touke X=0 y”(x) 0= ©.

Orcrona cneayer, uto Touka (0,0) siBaseTCS TOUKOM mepernoda; cieBa OT ATOU
TOYKHU TpauK YHKINU HMEET BBITYKIOCTh BHH3, a CIIPaBa BBEPX.

1.5.15.8. Acumnmomut zpagpuka pynkyuu

Omnpenenenue 1. [Ipsmas Xx=a Ha3pIBaeTCs BEPTUKAJIBLHONW aCUMIITOTON rpaduka
¢bynkunn y=f(x), ecnu XoTst ObI OJTHO U3 NMPEACTbHBIX 3HAYCHUN
lim f(x) u lim f(x) PaBHO +00 MJTH —00.

x—a+0 x—a-0

IIpumep. y = ! . Tak kak

y
X
\ .1 .1
lim —=—-w u lim — = 400, TO IpsAMas

x—0-0 x x—0+0 x
X
\\ X:O - BepTI/IKaJII)HaSI aCUMIITOTa rpa(bI/IKa

1
¢yskimu y = —. (cM. puc. 1)
Puc. 1 X

Onpenenenue 2. [Tycts pynkmus y=f(x) onpenenena as Bcex x>a (x<a). [Ips-
Mast Y=kx+b Ha3pIBaeTCsI HAKJIOHHOW acCUMNTOTOM rpaduka GyHkuu y=f(X)
npu X—> + 0 (X— — ), ecnu pyHkuus f(x) npeacraBuma B BUIE

f(x) =kx+b+ oc(x), r ne lim oc(x) =0 (lim oc(x) = 0).

X—>+00 X—>—0

Teopema. [Ins Toro, ytoObl rpaduk pyHkuu y=f(x) umen npu x— + o
(X— —00) HaKJIOHHYIO ACUMITOTY, HEOOXOIUMO U JIOCTaTOYHO, YTOOBI CyLIECT-
BOBAJIM J1BA IpE/eIa:

f(x f(x
tim [lim ) _ kj w lim [£(x)~ kx| =b (lim[f(x)~ kx]=b).
X—>+0 X X—>-0w X X—>+00 X—>—00!
Noxka3zarenbcTBo. Heodxoaumocts. Ilycts rpadux ¢pynkmun y=f(x) umeer
ACUMIITOTY, JUIS ONIPEISIICHHOCTH, TIPH X—> + o0, T.€. f(X) MOXeT ObITh Ipe-
craBieHa B Buje f (x) =kx+b+ oc(x), lim oc(x) =0
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i T Jxrbraly) b el
X—>+00 X X—>+00 X X—>+00 X X

lim [f(x) - kx| = lim [b+ a(x)] = b

X—> 400! X—>+00

f(x
JocraTouHocth. Ilycth cymectByer lim Q =k u lim|f (x) - kx] =b, TO-

X—>+0 X X—>+00

raa f(x)-kx=b+o(x) 1 lim oc(x) =0. Orcrona crneayer, uro f(x)=kx+b+a(x),

X—>+0
riae oux) - 6eckoHeuHo Masnasi QyHKUIUS IpU X—> + 0.
3ameuanue. Pacronoskenne rpaduka OTHOCUTEIIBHO ACHMITTOTHI TIPH OOJIBIITHX
X ompenensiercs 3HakoM pazHoctu A=f(x)—-kx—b

7 A

A>0 A<0 A MCHSICT 3HAK IIpU

CKOJIb YTOAHO 0OJIBIIHX X.

=

A>0 A<0 A MCHSICT 3HAK IIpH
CKOJIb YTOJHO OOJIBIITUX IO
a0COJIIOTHON BEITUYUHE X.

[Tpu Xx— — 00 aHANIOTHYHO

Pacnonoxxenue rpaduka OTHOCUTENBHO BEPTUKAIBHBIX U HAKIIOHHBIX ACUMIITOT
MO3BOJISIET IPOBEPUTH UCCIIEIOBaHUE (PYHKIIMU HA HKCTPEMYM, a TaKXKe Ha Ha-
NPaBJICHHUE BBITYKIOCTH TpaduKa.

1.5.15.9. Ilpumepvt nocmpoenus zpaghukos ynxyui

Bynem npoBoauTh moctpoeHue rpadukoB GyHKIUH, MOCIe10BATEIHHO

OTBeuas Ha BOMPOCHI, CPOPMYIUPOBAHHBIE HHUXKE.
2

1. IMoctpouts rpaduk GyHKIHU y = xz(x - 4)
1. O6nacTe onpeaeneHus: —o < X < +0;
2. IlepuoaudHoCTh: QYHKIMS HE TIEPHOAMYECKAS;
3. YetHOCTh: PYHKINS HE SBJISCTCS HU Y€THOM, HM HEUETHOM, TTOCKOJIbKY f(X)#
f(-x) u f(x)= -f(-x);
4. Touku nepeceuenus ¢ ocamu OX u OY.
x=0[|x=4
y=0{y=0

x=0.

¢ oceio OX: ;
y=0

c ocer0 OY: {
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5. HenpepbIBHOCTB: (yHKIUS HETIPEphIBHA V X € (—00,+0);

6. AcuMnTOThI: GYyHKIMS HE UMEET HU BEPTUKAIBHBIX, HU HAKJIOHHBIX aCUM-
MTOT;

7. YdacTKu MOHOTOHHOCTH (DYHKITUH, HAXOXKICHUS SKCTPEMYMa.
y’(x) = 2X(x — 4)2 +2x° (x - 4) = 2X(X - 4)(x . 4) = 4x(x - 4)(x - 2)
Cranuonapusie Touku pyHkuuu: x;=0, Xo=2, x3=4.

CocTaBuM Ta0OIHILY

X (-0, 0) 0 0,2) 2 2.4 4 (4, ©)
y’ — 0 + 0 — 0 +
N Jg; ~
ol IS 5 M 8 B I e
y 0 16 0

3meck N u 7 03HAYAIOT YOBIBAHUE U BO3pacTaHue PYHKITUHU HA CO-
OTBETCTBYIOILIMX HHTEPBAJIaX.

[TpumepHsIii rpaduk GyHKIMK OpecTaBieH Ha puc. .
y 8. Haxoxnenue Touek neperuda: ydgact-
KM BBIIYKJIOCTH BBEPX M BHU3 Ipaduka

¢dbyskuu. Beraucnsem y”(x) .

\ H y"(X)24[(X—2)(X—4)+x(x—4)+x(x_2)]
of 1 2 > :4(X2—6X+8+X2—4X+X2—2X):

- 4(3x2 —12x + 8)

T

Puc. 1

2(3+43
IIpupaBHsieM HyIIO y”(x): 3x* —12x + 8 = 0; X, — (T) = 2(1 + \E]

Takum oOpa3zom y”(x) = 4(){ -2+ %} (x —-2- &]

3
CocTtaBuM TaOIUILY

x [_w,z_%@] ) (2_£’2+2\/§j 5, 203 ( 243 ]

3 3 3 —_— 3 2+ T , 100
y” + 0 — 0 +
Puc / \f\ m r\} U
y o o
9 9

OxkoHuaTenpHbIN rpaduK GYyHKINUU MPEACTABICH HA pUC. 2.
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O | &

—
T

0l x2 2 xi X

Puc. 2

x> +x? =3x+1

x* =1

3. IlocTpouts rpaguk GyHKIUHU y =

1. O6nacte onpeneneHus: x#+1.
2. YeTHOCTB: (DYHKIUS HE SBISETCS HU YETHOW, HM HEYETHOH.
3. [lepnoanuHOCTh: DYHKITUS HE SBISETCS MEPUOTUUECKOM.

4. Touky nepeceyeHus ¢ OCAMH KOOPIMHAT: X° +X° —3X +1=0
x, =1 x, =—1—\/§, X, =—1+42

Tak kak x# 1, TO TOUKH NepeceyeHust

C ocbio OX x3+x2-3x+1 | x-1
{x=—1—ﬁ{x=—1+ﬁ —X3—X2 x2+2x-1
y=0 y=0 2x2-3x+1
2x2-2x
x=0 -x+1
CoceloOY ¢ 1. -x+1
YT 0

5. HenpepbIBHOCTB: ()yHKITHSI UMEET Pa3phIBbl B TOUKAX X=*1.
Hccnemyem xapakTep TOYEK pa3pbiBa

x> —3x+] ; (x—l)(x2+2x—l)

lim = lim = +00
x—-1-0 X2 -1 x—-1-0 (X — 1)(X + 1)
x=-1; ,
X HxE=3x+l (X +2X_1)
lim 5 = lim ~—— % =-w
x—=1+0 x2 =1 X140 (X + ])
Touka x=-1 - Touka pa3pbiBa 2-ro poaa
[Tyctp x=1
. X xS =3x+1 . xT+2x-1
lim 5 =lim ——— =1
x—1£0 x° =1 x—+0 X +1

Touka x=1 - TouKa yCTpaHUMOTO pa3phIBa.
6. ACUMITOTHI.

=—1 - BepTUKaJIbHas aCUMIITOTA.
HaksioHHBIE aCUMIOTOTBL.
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1+l—1+L

kim0 el L e e
ey T
X2

b = lim[f(x) - kx| = lim

X—>00 X—>0 X—>0 X2 -1

{x3+xz—3x—l } XX -3x+1-xP +x
T —x |=lim =
X —

1

s Y -
— 1mX_—2X+1=lim&=lim X
oo xP -1 o (x=1)(x+1) Hoo(Hlj
X

YpaBHEeHHE HAKJIOHHON acUMNTOTHI y=X+1.
7. YdacTKu MOHOTOHHOCTH, JIOKAJIBbHBIN 3KCTPEMYM (PYHKITHH.

, (X3+X2_3X+1j’ (3X2+2X—3)(X2—1)—(X3+X2—3X+1)2X
y = 2 = 2 =
x" -1 (X2_1)
3x% +2x = 3)(x = 1)(x +1) = 2x(x = 1)(x* +2x —1
(x-1x1)-2xx-) ]
(x—l)z(x+l)2
:3x3+5x2—x—3—2x3—4x2+2x:x3+x2+x—3:(X_l)(X2+2X+3)

(x — 1)(x + 1)2 (x - 1)(x + 1)2 (x — 1)(x + 1)2

B x> +2x+3
(x + 1)2
X3+x2+x-3 | x-1 Wrak y'(x) _ x? +2x + 3
—_ > 2
x3-x2 x2+2x+3 (X + 1)
_2x*+x-3 Orcroza ciietyer, 4To
2x2-2x Vx y'(x)# 0 u cTanmoHapHbIxX
—gz:g TOYEK (PYHKIIUSA HE HMEET.
0 IIpn x=-1 y’(x) HE CYILECTBYET.

CocTaBUM TaOIHILY

X (_OO’ _1) -1 (-1,00)
y' + HE CYIII. +
Puc. / /

8. Haxoxxnienue Touek neperuda; yqacTKH BBHITYKJIOCTH BBEPX M BHU3 rpaduka

byHKIUH.
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!

n(x) = x? +2x+3 :(2X+2)(X+1)—(x2+2x+3)2(x+1)
o [ (1) ] (o)

2(x+1)2—2(x2+2x+3)_ x2—2x+1—x2—2x—3: 4

(x + 1)3 (x + 1)3 (X + 1)3

Y”(X) >0 Vx E(—OO,—l) 5 y"(x) <0 Vx e(—l, oo)
y”(x) #0Vx € (—oo,—l) U (—l, oo)

CocTaBuM Ta0IHILY

X (-CD, '1) -1 (_1300)
y” + -
Puc. _J /R

3, .2
I'padux byskIUM y = HXZ—M MIPUBEJICH Ha puC. 4
2

/ﬁ: /r.ﬁl 2 >x

1

[ SR
1
—_

Puc. 4

156



1.6. HeonpeaejieHHbI HHTErpas
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1.6. HeonpenesieHHbIN HHTErpaJI
1.6.1. IlepBooOpa3Has pyHKUHUS

[Tycte dynkmus f(x) ompeneneHa Ha MHOXKECTBE M, KOTOpOE SBISIETCS
00 UHTEPBAJIOM (KOHEUYHBIM MJIM OECKOHEUHBIM), JIMOO CETMEHTOM.

3ameuanme. PaccmoTpeHune cerMeHTa HEOOXOAMMO JUIsl IPUMEHEHHs Heolpe-
JIeICHHOTO MHTETpajia B AallbHEHWINEM Uil BBIYMCICHHS OIPENEICHHOTO HHTe-
rpana.

Omnpenenenne. Oynknus F(X) HaspiBaeTcs nepBooOpazHon ((pyHKImen) st
bynkuit f(x) Ha MHOKecTBe M, eciu oHa AuddepeHpyeMa B Kaxk 10l Touke
x mHO)ecTBa M u F'(x) =f(x) VxeM.

3ameuyanue. B KOHIIEBBIX TOUKaX CErMEHTa PacCMAaTPUBAIOTCS OJHOCTOPOHHHUE
IIPOU3BO/IHBIE.

Mpumep. f(x)=2x = F(x) =x* VX &(~w0,+m0)
JlencTBUTENBHO:
F'(x) =2x VX €(—0,+x)
OueBuaHoO, yto ecnu F(X) sBisiercss nepBooOpasHoi i ¢pyHkuuid f(X) Ha MHO-
xectBe M, To F(x)+C (C = const) Takxke siBasieTcsl nepBoodpasHoit s f(x) Ha

MHOkecTBe M ([F(X) + C]’ =F'(x) = f(X)) .

Teopema 1. Ilycts F(x) 1 F»(X) - m10061e iepBooOpasubie mis pyuaknun f(X) Ha
MHOkecTBe M, Toraa Fi(x) - Fo(x) =C Vx € M, rae C = const.

Joxka3zareabcTBo. [Tomoxum, G(x)= Fi(x) - Fa(x), Torma G(x) muddepeHmm-
pyemMa Ha M (B ciyuyae cerMeHTa B KOHIIEBBIX TOYKAaX CYIIECTBYIOT OJTHOCTO-
POHHHE MTPOU3BOJIHBIC) U

G'(x) =(F,(x)-F,(x)) =F, () -F, ®)=f(x)-f(x)=0 VxeM,
oTKyaa cienyet, uto G(x)=C =const Vx eM, T1.e.
Fi(x) - F2(x) =C=const Vx eM.
Teopema nokazana. Takum 00pa3oM MOKa3aHO, YTO JHOObIE IEpBOOOpA3HBIE IS

OJTHOM ¥ TOH k€ (PyHKIIMH HA MHOKECTBE M MOTYT OTJIMYaThCS JIUIIh HA KOH-
CTaHTYy.

CaencrBue. Eciu F(x) - ogHa u3 nepBooOpasubix i f(x) Ha MHOXKecTBe M, TO
mobass mepBooOpaszHas @D(x) mus f(x) Ha M mpeAcTaBisSOTCS B BUIE
O(x)=F(x)+C, rae C - HEeKOTOpasi KOHCTAHTA.
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1.6.2. HeonpeneseHHbI HHTErPa

Onpenenenne. CoBOKYITHOCTh BCeX MEpBOOOpa3HbIX (yHKIMHA f(X) Ha MHOXe-
cTBe M Ha3pIBaeTCs HEONpeAelICHHBIM MHTErpaiioM oT pyHkmuu f(x) (Ha 3TOM
MHOKECTBE) M 0003HAYAETCsI CHMBOJIOM

j- f(x)dx
B sToM 0003HaUeHNH 3HAK I Ha3bIBACTCS 3HAKOM MHTETpaja, BhIpake-

Hue f(x)dx - mogsIHTErpaIbHBIM BhIpaKeHHEM, a (yHKUUS f(X) - MOIBIHTETpab-
HOW (yHKIHEH.
Ecmu F(x) - omHa u3 mepBooOpa3ubix (yHKimi mis Gyskmun f(x) Ha
MHOKeCTBE M, TO B CHJTy CIEACTBUS U3 T€OpeMBI I1.1.1.
[f(0dx = F(x)+C (1)

rac C - mo0Oas mocTogHHas. DTO PaBCHCTBO CIICAYCT ITIOHUMATh KaK PaBCHCTBO
ABYX MHOXKCCTB, TOUHCC CJICAOBAJIO ObI 3aIKcaTh Tak:

[f(dx = {F(x) +C} .
ITpumep. Jcosdx=sinx+C — 0 <X < +0,

3ameuanme. Eciu F(x) - nepBooOpasnas ¢pynkuuu f(x) Ha MHOXecTBE M, TO B
dopmyte (1) mox 3HakoM mHTErpaia cTouT auddepennman Gpyakuuu F(x), nei-
creurensHo: dF = F'(x)dx = f(x)dx.

bynem cuurath 10 onpeaeJeHuIo, 4To

[fe0dx = [F(x)dx = [dF(x) 2)

1.6.3. OcHOBHBIE CBOIiCTBAa HEONPeIEIeHHOr0 HHTErpaja

1°. Iycrs dyrxums F(x) nubdepertmpyema Ha M, Torma
IdF(x): ( )+c WIH J-F dx- ( )+c
CripaBeAsIMBOCTh 3TUX PABEHCTB BhITEKAET U3 cooTHomeHu# (1), (2) m.1.2.
2°. Mycte pynxims f(x) umeer HepBoo6pa3Hy10 Ha MHOXecTBe M, Toraa
d[ f(x)dx = f(x
371ech MO MHTErpaoM If (x)dx MOHMMAaeTCs Jolasi mepBooOpaszHas F(x)
¢yskuun f(x). CpaBeamuBoCTh 3TOH (HOPMYJIIBI OYEBHIHA B CHITY OTIPEICICHUS
nepBOOOpa3HOM: Tak
[£(x)dx = F(x)+c = d | f(x)dx = d[F(x) +c] = dF (x) = F/(x)dx = f(x)dx .
3°. Ecin dynkmmn fi(X) 1 f(X) nMeroT nepBoo6pasubie Ha M, To 1 hyHKIHS
fi(x) + fo(x) Takke umeeT nepBooOpa3Hyo Ha M, u

[[6.(x)+ £(x)]dx = [ £, (x)dx + [ £,(x)dx (1)

DTO paBEHCTBO O3HAYAET COBIAJICHUE IBYX MHOXXECTB (DyHKIHH, T.€., YTO CyM-
Ma Kakux-Jn0o mepBooOpa3Hbix s GyHkui f(x) u f5(X) saBisercs nepBooo-
pasnoit ans pynkuuu fi(x) + f2(x), 1 Ha0OOpOT, BCsKas mepBOOOpa3Hasi A
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bynkun f)(x) + f2(X) sBIsSETCS CyMMON HEKOTOPBIX MEPBOOOPA3HBIX [Tl HyHK-
i f1(x) u £5(X).

Joxa3aTeabcTBo. Ilycth '[ f] (x)dx =F, (X) +c,, j f, (x)dx =F, (X) +cy;
[onoxum F(x)=F(x)+F2(x), Torna F(x) muddepennupyema Ha M u

F ’(X) = (Fl(x) +F, (X)) = Fl’(x) + Fz'(x) =1 (X) +1, (x) Vx eM,
T.¢ F(X) siBsiercs nepBooOpasznoit ¢pynkimn f1(x) + £5(x) nHa M. Takum oGpazom,

.[(fl (x) +f, (X))dx = F(X) +c=F, (X) + Fz(x) +c,

Ifl(x)dx + j fz(x)dx = Fl(x) +c, + Fz(x) +c, = Fl(x) + Fz(x) +c, +c¢,
Tak kak c;+c; - Takke NPOU3BOJIbHAS OCTOSHHAS, TO MHOKECTBA
{F1 (x)+F,(x)+c, +c, } u {Fl (x)+F,(x)+ c} COBIIA/IAIOT.
Caoiictso 3° JIOKa3aHO. AHAJIOTHYHO JIOKA3BIBACTCS, YTO
”fl (X) -1, (x)]dx = j- f) (x)dx - I f, (x)dx .

4°. Ecnu dynkums f(x) mmeer nepBooGpasnyio #Ha M 1 a€R, 10 byHkmms af(x)
TaKXke uMeeT Ha M mepBooOpasHyto, mpuueM a0 HMeeT MeCTO PaBEHCTBO

[af(x)dx =a [ f(x)dx 2)
Jloka3zareabcTBo. IlycTh .[f (x)dx = F(x) +c, Torma (aF (x))' —aF ’(x) =af (x) )
Taxum oOpazom a.[ f(x)dx = a(F (x) + c) =aF (x) +ac, J-af(x)dx =aF (x) +c,.
Tak kak a#0, TO ac Takxe ABJISIETCS] IPOU3BOJIbHON MOCTOSIHHOM, U MHOYKECTBA

{aF (x) + ac}, {aF (X) + c} coBnagaroT. CBOHMCTBO 4° JIOKa3aHo.

Caoiicta 3° i 4° BeIpaX«aOT CBOIMCTBA TMHEHHOCTH HEOMPEIEICHHOTO HHTETPa-
Jla OTHOCHUTENBHO MOJIBIHTErPAIbHON (DyHKITHH.
Bomnpoc o cymecTBoBaHUY TIEPBOOOPA3HBIX OCTAETCS TOKA OTKPHITHIM.

1.6.4. Tad1una OCHOBHBIX HeONpedeIeHHbIX HHTEIrPAIOB

Panee mb1 momyuwmnu tabnuiy. Kaxknas dopmyna TaGnuibl mpou3BOA-
HBIX TMPOCTEHINNX >JIEMEHTApHBIX (YHKIMH, YCTaHABIMBAIOIIAS, YTO Ta WIH
nHas ¢yHkuusa F(X) umeer npousBonyto f(X), MpUBOIUT HAC, B CHITY OTpeee-
HUS HEOTIPEACTICHHOTO MHTErpaia, K COOTBETCTBYIONIEH (hopMyJie HHTETPaITbHO-
T'0 UCUHCIICHUS

If(x)dx = F(X) +c
Taxum 06pa3oM, IPUXOAUM K CIIEAYIOLIeH TabIIIe HHTETPAaJoB.
1. IO -dx=c

2. Il-dx=x+c
ad Xoc+1 1
3.J'x x= e (o0 -1)
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"o

Ipux >0 1n|x| =lnxu (lnx) =_
4. jd—x=ln|x|+c X, 1 1
X Ipux <0 ln|x| = ln(—x) u []n(-x)] — ___(_1) -

X X

5. J-axdx -2

— +c (0<a ;tl), J.e"dx:eX +c

6. jsinxdx =—COSX+¢C

7. jcosxdx =sinX+¢

8..[ df =tgx+c (X¢£+DTE, neH)
cos” X 2

dx
9. J.szx = —ctgx+c (x#m, n 1)

arcsinx +c¢
10. | dx :{ * (-1<x<1)
1—x>2 —arccosx +c¢
11._[ dx3 :{ arctgx +c¢
1+x —arcctgx +¢
12. J. cix = Infx +v/x* J_rl‘+c (|x‘>1 B ClTyyae 3Haka “—)
x 1
dx 1, |[1+x
13'-[1_)(2 ZEIHTX+C (|X|¢1)

14. J.shxdx =chx+c

15. Ichxdx =shx+c¢

dx
16. J.chzx =thx+c

dx
17. I x =—chx+c¢

3ameuanme 1. [lokazarensctBo hopmyn 12 u 13 cnemyer mpoBecTH Hemocpe-
CTBEHHBIM IH(PPEepEeHIIMPOBAHNEM TPABBIX YacTEH M TPOBEPKOI COBIAICHHS
pe3yibTara ¢ NOJAbIHTErpaibHbIMU (YHKIUSAMU CIIEBA.

3ameuanue 2. Onepanus auddepeHupoBaHus He BEIBOJAUT HAC U3 Kiacca dJie-
MEHTAapHBIX (QYHKIUH, OJHAKO MOKHO JT0OKa3aTh, YUTO MHTETPANIbI OT HEKOTOPBIX
AIIEMEHTAPHBIX (PYHKUUN yKe HE SBISIOTCSA JIEMEHTapHbIMU (YHKLHUSMH, Ha-
HpuMep,

_y2
Ie *dx - uaTerpan [lyaccoHa.

Teopema 2. Ilycts pynkuus ¢o(x) onpenenena u nuddepeHnupyemMa Ha MHOKE-
ctBe M. Ilyctb, nanee, s GpyHKIMU g(U) CyLIECTBYET NepBooOpasHas QyHKIHH

G(u) na maoxectse U = {(p(x)|x eM} ,T.€

J.g(u)du = G(u) +c.
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Torga na MHOXecTBe M 117151 QyHKIIMH g((p(x)) . (p’(x) CYIIECTBYET MEepBOOOpa3-

Has, paBHasg G[o(x)], T.e.
J. g((p(x))(p’(x)dx =G ((p(x)) +c

I (1)

[ 2(o(x))o"(x)dx = [ glu)du

Joxka3aTeabcTBo. [lo Teopeme 0 MpoU3BOIHOM CIOKHON (PYHKIIUN UMEEM

;_X{G((P(X))} =G (u)]sgi @(%)-

Ho G/ (u) 0 OTpEeIETICHUI0 NEPBOOOPA3HOI ecTh g(u), MOITOMY

;_X{G((P(X))} = 8(u)| iy 0'(x) = (0(x)) - 0'(x).

Taxum o6pazom, G(p(x)) sBisieTcss nepBooOpa3sHON HyHKIMH g((p(x))~(p’(x) Ha

u=tp(x)

MHOXecTBe M, u ¢popmy:na (1) nokazaHa.
CymiecTByeT /1Ba BapuaHTa METO/1a 3aMEHbI TIEPEMEHHOM.
a) Mertoa nmoaBeaenus noja 3uHaxk auddepenunana.

[Tycte TpeOyercsi BBIUMCIUTH HMHTErpal jf(x)dx. [Ipennonoxum, 4to

cymectByeT auddepenuupyemas GyHKius O(x) U QyHKus g(u) Takue, 4To
HOJBIHTETpaJIbHOE BhIpakeHHe f(X)dX MOXKeT ObITh 3aMCaHO B BUIE

f (x)dx = g((p(x)) . (p’(x)dx = g((p(x))d(p(x) = g(u)du
(3T0 MpeoOpa3oBaHKe HA3BIBACTCS MOJBECHUEM ((X) 101 3HAK nuddepeHma-
na). ITo Teopeme 2 umeem

If (x)dx = I g((p(x))(p’(x)dx = Ig(u)du

[ToaToMy BbIUMCIEHUE If(x)dx CBOJIUTCS K BBIYUCIICHUIO HHTerpanaIg(u)du

u=(p(x)

(KOTOpLIﬁ MOKET OKa3aThbCs IMPOLIC I/ICXOI[HOI"O) n HOCHC,Z[YIOH_Ieﬁ IoACTaHOBKE

u=0(x).
IIpumep.
IIpumep.
2x +1 B d(x2+x)_ d(x2+x—3)_ du
J'Xz +X—3dX_J‘X2 +x-3 _I x> +x-3 _J-T u=x’4+x-3

:1n|u” ) +c:ln‘x2+x—3‘+c.
u=x"+x-3

6) MeTon noacranoBku. [1ycTs TpeOyeTcst BBIYHCIUTD HHTETPal jf (x)dx .

BBenem HOBYIO epeMeHHYI0 U hopmynoi x=¢(u), rae ¢(u) cTporo MOHOTOH-
Hast, TuddepeHmpyemas GyHKIHA.
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[ToncraBuM X=@(u) B HCXOJHOE MOABIHTETPATBHOE BBIPAXKEHUE, MOITY-
YUM f(x)dx = f((p(u)) . (p’(u)du = g(u)du

ITo TeopeMe 2 CpaBeUIMBO PABEHCTBO
_[f(x)dx = _[f((p(u)).(pr(u)du o0 = Ig(u)du wme(x

T.€. BBIYMCIICHUE HHTErpaja I f(x)dx cBoaMTCS K BBIYMCICHUIO HHTErpaia

Ig(u)du (KOTOPBII MOXKET 0Ka3aThCs MPOIIE UCXOTHOTO) U MOCIEAYIOIIEH MOI-

CTaHOBKE u=(p'1(x)

1+
IIpumep Il+j_dx, x>0. TMomoxum x=u’ ue(0,+0); u> CTPOro MOHOTOHHA
X

!

Ha 5TOM MHOKecTBe dX = (uz) du=2udu, u=¢'(x)=+/x,orkyma

o e i e

= (2(%& —%uz +2u) —41n(u +1)j|“=& +c=
- 2(1x3/2 —lx+2xl/2] —41n(\/§+1)+c.
3 2

KoneuHo, Takoli mpueM NpPUMEHMM HE KO BCSKOMY MHTerpaity. Kpome
TOT0, CIIEAYET MOAYEPKHYTb, YTO BHIOOp MPaBUIILHON IOJACTAHOBKU B 3HAYM-
TEJIBHOW Mepe OIpeIesIAeTCs] UCKYCCTBOM BBIYMCIIUTEIS.

PaccmoTpuM eme oauMH npuMep, KOTOPbIM MO3BOJIMT HAM PaCHIMPHUTH
TaOJIUIy MHTErPAJIOB

d 1
'[az-fxzza_z'[ :_I :_I1+u

) (J

1 X 1 X
+c=—arctg—+c=——arcctg—+c
a a a a

1
=—arctgu
a

U=

X
a

AHaNOTHYHO BBIYHCISIOTCS CJICAYIOIHNEC UHTCTPAJIbIL:

X—a
> > =—1In
X" —a 2a

J‘ dx 1 te

X+a

X
,[\/7 = arcsm +Cc= —arccos—+c |X| |a|
a

=1n‘x+ x> +a’|+c

J' dx
Vx® +a’
1.6.5. UnTerpupoBaHue Mo 4acTsam

Teopema. [lycts pynknum u(x) u v(x) nuddepeHnupyemsl Ha MHOKECTBE M W,
KpPOME TOT0, Ha 3TOM MHOKECTBE CYIIECTBYET epBooOpazHast i (yHKIHH
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v(x)u'(x) . Torna Ha MHOecTBe M cyIiecTByeT nepBooOpa3Has As GyHKIUN
u(x)v'(x) u cnpaBemyuBa popmya

Iu(x)v "(x)dx = u(x) - v(x) — Iv(x)u "(x)dx (1)

3ameuanue 1. B koHIIeBBIX TOUKax MHOKecTBa M (eciiu M - cermMeHT) pac-
CMaTPUBAIOTCS OAHOCTOPOHHUE MTPOU3BOIHBIE.

3ameuanue 2. Onpenenenue nuddepeHiuana u CBOMCTBO HHBAPUAHTHOCTHU €TI0
(opMBI TO3BOJIAIOT 3aMUCATh ATY (GOPMYITY B BUE

.[udv =u(x)v(x)— jvdu

Jloka3aTebcTBO TeopeMbl. 3anuiieM GopMyJTy IS MPOU3BOIHON MPOU3BEIC-
Hus GyHKIUH u(x) u v(X).

! ’
[u(x)v(x)] =u(x)v'(x) +u'(xX)v(x); ux)v'(x) = [u(x)v(x)] —u'(x)v(x) .
YMHOXHM TOCIIEIHEE PaBEHCTBO Ha dX M BO3bMEM HMHTETpasl oT 00eux Jactei
HOJIy4E€HHOTO PaBeHCTBA. Tak Kak 1Mo yCIOBUIO Ha M CyIecTByeT

Iv(x)u '(x)dx, u “u(x)v(x)]r dx = u(x)v(x) + ¢, To Ha M cymecTByeT
Iu(x)v’(x)dx U cripaBeuiuBa (hopmyiia
ju(x)v'(x)dx =u(x)-v(x)+c— Iu '(xX)v(x)dx
Bxnrouas npounsBonbHy0 noctosiHayo C B ju'(x)v(x)dx, NOJYyYuM (GOpMYITY
(D).
®opmya (1) cBOAUT BOMPOC O BHIYUCICHUU MHTETpaja .[udv K BBIYHC-
JICHUIO MHTETpaa .[Vdu . B psize KOHKpETHBIX CIly4aeB 3TOT MOCIEIHUI HHTE-

T'pall Ipo1e HCXOAHOTO.

Boruncnenue uHTerpaia J.leV MOCPEACTBOM NpUMEHEHUs:  (OpMYJIbl

(1) Ha3BIBAIOT HHTETPUPOBAHUEM I10 YACTSM.

IIpumepsr:
1% 7= [x"Inxdx (n#-1)
n+l
u=Inx, dv=x"dx; du:d—X, y=2
X n+1
n+l n+l
J = X Inx — ! jx“dx: X (lnx—L)JrC
n+1 n+l1 n+1 n+1
20 J—[xarct xdx; u=arctgx, dv=xdx; du= dx V_i
. g 9 g ) ’ +X2’ 2
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: 1 ? : 1+x°)-1
= %arctgx—g]lf Tdx = X?arctgx I[( ) ]
X’ ¢ ld J~ d x> +1 ¢ X C
= arctgx ——dx L 5 arctgx—-

30 7= '[Xz cosxdx = szd sinx = x* sinX—ZIxsinde =
Emte pa3 npuMennM GopMyITy HHTETPUPOBAHUS TI0 YACTSIM

=x’ sinx+2jxdcosx =x?sinXx +2xcosx —2sinx + C

4° )= .[e" cosxdx; u=¢e", dv=cosxdx; du=e"dx, v=sinx
J=¢" sinx—.[ex sin xdx
Eme pa3 npumennm GopMyiry HHTETPUPOBAHUS IO YaCTSIM
u=c¢e", dv=sinxdx; du=e*dx, v=-cosx
J=e"sinx+e*cosx—1J
3TO paBCHCTBO IIOHUMACTCA KaK paBCHCTBO MHOXCCTB (T.e. KakK paBeHCT-
BO IpeJICTaBUTENIEH MHOXKECTB J U €”sinx+e cosx-J) ¢ TOYHOCTBIO 10 MPOM3-
BOJILHOW TIOCTOSIHHOM, TIOATOMY OTCIOJIa ITOJTy4aeM

sin X + cosXx
=———¢e"+C

5. J=J\/a2—x2dx; u=+a’-x*, dv=dx du=2_—x, V=X

a’ —x?

dex
J=1+ 2 _ 2d = x4/ 2 _ 2 + | —
j a X dx Xva X .[ a2 >

2 o
I[O6EIBI/IM U BBIUTEM @ B YHUCJIHUTCIIC TIOABIHTCTPAJIbHOU (I)YHKI_II/II/I HUHTCIrpaJIa,

CTOAIICTO B npaBoﬁ 4YaCTH paBCHCTBA; TOT A4, IIPOU3BEASA ACJICHHUC HA V 8.2 - X2 .

OyzieM UMETh
deX - (a ) 2 dX 2 2 2 . X
I j- dx=a I——I\/a —x"dx=a"arcsin——1J

va®-x’ Va? —x? va® -x’ a
[ToxcraBuM 3TO BhIpaxkeHUE B PopMyITy (2), MOTydUM
J=xva? —x> +a’arcsin~—J

a

2
J= j«/az —x*dx =§«/a2 —x? +%arcsin§+C

a

Otcrona

0
6. HpOBOI[SI AHAJIOTMYHBIC BBIYHUCIICHUA, JICTKO IIOJIYUYUTh, UTO
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2
a
j\/az +x%dx = x4/a’ £x° i;lnx+\/a2 +x*|+C
P(x)
Teopema 3. [TycTb 9 - MpaBWJIbHAS pallMOHATBHAS APOOb C BEIIECTBEHHBI-
X

MU KO3 UIIEHTaMH, 3HaMEHATEeIh KOTOPO MMEET BHL:

m (2 A 2 A
Q(x) = (x=b ). (x=b, )" (x* +px+q,)" . +p,x+q,)
Torna mms 3Toli APoOU CIIPaBeUTMBO CIIEAYIONIEE PA3IOKEHHE HA CYMMY TIPO-
CTeHIuX IpoOeii:

o) o) © (m) (m)
P(x)_ B, n B, - Bﬂl - B, - Bﬁm n
—_— B e ﬂl cee cee —ﬂm
O() x-b (x—b) (x—b,) x=b, (x-b,)
1 1
MOx 4 NO . MOx+ NO . MPx+N} n
2 2 2 2 A
(x"+px+q) (" +px+q) (x"+ px+q,)"
M{"x+N" M x+ Ny" Mx+ N
3 + 3 3 +...+ 3 )
(x"+p,x+q,) (" +p,x+gq,) (x"+p,x+q,)
B sToM paznoxeHun Bgl),B(zl),...,BEm),ME”,Nf”,...,M&“),N(L“) - HEKOTOPbIE Be-

IIECTBCHHBIC ITOCTOAHHBIC, YaCTh KOTOPBIX MOXKCT OBITh paBHa 0.

3ameuanne. JUin onpenenenns nocrosuueix MY, N B B obmem ciyuae

CJIEZyeT MPUBECTH PaBeHCTBO (1) K 00meMy 3HAMEHATEI0 U TOCIIE ATOTO CPaB-
HUTH KOA((DUIIMEHTHI IPU OJJUHAKOBBIX CTEMEHSAX B unuciautensx. [Ipu atom, ec-
7 cTeneHh MHOTrowIeHa Q(X) paBHa I, To BooOIIe TOBOPSI, B YUCIIUTENIEC TIPABOM
yacTu paBeHCTBa (1) mocie mpuBeneHUs K 0OIeMy 3HAMEHATEI0 TMOJTy4YaeTCs
MHOTOWIEH cTerneHu I-1, T.e. MHOrOwWIeH ¢ | KoadduIeHTaMu, YUCIIO Ke HeH3-

BECTHBIX Mg”,N?”,Bg” Takxe paBHseTcs .
Taxum 06pa3om, MbI rosydaem cuctemy | ypaBHenuii ¢ | HensBectHbIMU. Cy1ie-

CTBOBAHHC Yy HEC PCIICHHA BBITCKACT U3 HOKaSaHHOﬁ TCOPECMBEI.
PaCCMOTpI/IM OCHOBHBIC MCTOIBI PA3JIOKCHUS Ha HpOCTeI;'IHIPle ,Z[pO6I/I.

1.6.6. MeToa HeonpeaeeHHbIX KO3(GULINEHTOB

2
o . x° -1
Haiinem pasznoxeHue Ha MPOCTEHIITNE qpOOH st ﬁ
xX(x° —

OOt BUJ pa3ioKeHus: B 3TOM CIIydae
x* -1 A Bx+C Dx+E
2 2= . T 2T 72
xX(x”+1) x (x"+1) X" +1
[IpuBoas k 00IEMy 3HAMEHATEIO U OTOpaChIBas €ro, IMEEM
x2-1=A(x*+1)*+(Bx+C)x+Dx+E)( x*+1)x
[TpupaBHsieM KOXPPHUIMEHTHI TIPU OJMHAKOBBIX CTEICHSX X:
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npu x° | A=-1 Orcroona HaxoauM: [A=-1
npux |C+E=0 B=2
npu x> | 2A+B+D=1 C=0
npu x> | E=0 D=1
npu x* | A+D=0 E=0 ,

MO3TOMY MCKOMOE Pa3JI0’KeHHE UMEET BU:
x? =1 1 2X X

x(x*> +1) x X+ x*+1

1.6.7. MeToa BblYepKHUBAHUSA

[Tycts 3Hamenarens Q(X) MpaBUILHON pallMOHANBHOMN ApoOH nMme-

()

€T BCIICCTBCHHOC YUCJIO 4 KOPHEM KPATHOCTHU (L. Torma cpeau HpOCTefIHII/IX

P(x)

Ipobeii, Ha CyMMY KOTOPBIX pacKIaJbIBaeTCs Apo0b , €CThb Ipo0b
A P(a)

e ITo nemme 1 ko>pdunment A = pas rae o(x) = % .

IIpaBuio: 1ist BeranciaeHus koddduimenta A mpu mpocTeiieit 1poou

x_a) COOTBETCTBYIOIIEH BELIECTBEHHOMY KOPHIO @ MHOrowieHa Q(X) Kpat-

HOCTH 0L, CJIe[yeT BEIYEPKHYTh B 3HAMEHATEIE IPOOH CKOOKY (x—a)" uB
OCTaBIIEMCS BBIPAKEHUH MOJIOKHUTH X=a. OTMETUM, YTO 3TOT IIPUEM ITPUMEHUM
JIUILB JUIS BBIYMCIECHUS KO3(DPUIIMEHTOB IPU CTApIIUX CTENEHSIX MPOCTEHIINX
Ipo6eil, COOTBETCTBYIOIIMX BEIIECTBEHHBIM KOPHAM Q(X).

Merton BbluepKHBaHUsI 0COOEHHO AP PEKTHBEH B ClIydae, KOT/1a 3HaMeHa-
tenb Q(X) UMeeT JIUIIb OJJHOKPATHBIEC BEIIECTBEHHBIE KOPHH, T.€. KOTaa
Q(x)=(x-a;)(x-a2) ... "(x-ay). Torna cnpaBenIMBO MpeaCTaBICHIE

P(x A A A
®_ A, A o
Qkx) x-a, x-a, X—a,

Bce KOA((UIIMEHTHI KOTOPOI'O MOT'YT OBITh BBIYMCIICHBI 10 METO/Ly BHIYEPKUBA-
Hust. s BerurcneHus KodpduuuenTa Ay ciaeyeT BEIYEpKHYTh B 3HaMEHAaTese

P(x
npobu (—) CKOOKY (X-ax) U B OCTABILIEMCS BEIPAKEHHUH MOJOKHUTh X=ay.
X

X A A, A,
5 = + +
x" -Dx-2) x-1 x+1 x-2

Haiitu paznoxxenue qpodu
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1 1

=TT 2
1 1

A = X
" (x=2)(x+))
X

Aj=——
(x-D(x-2)

x=2 =

X 2
x> -1 3
Orcrona

X 1 1 2

K -Dx-2)  2x-1) 6x+1)  3(x-2)

3ameuyanune. MeTo/] BEIUCPKUBAHHS CHIKAET TPYAOEMKOCTb BBIYHCIICHUH U B
0oJiee CIIOKHBIX CITyYasX.

Paznoxute npaBuibHYyI0 1po0h
3xt +2x’ +3x7 -1
(x=2)(x* +1)°
x*+1 HMeeT KOMITIECKCHBIE KOpHHU =
3x*+2x7 +3x7 -1 B M1X+N1+M2X+N2

= +
(x =2)(x* +1)° X—=2 x> +1 (x> +1)°

Merton HeornpeaeIeHHbIX KO3 UIIUSHTOB MPUBOIUT K CUCTEME 5-TO MOPSIKA.
Ecnu xe B onpenenuts MeTO10M BBIUEPKUBAHUS, TO CHCTEMa OYJIET Y’KE TOIBKO
4-ro nopsika.

1.6.8. UnTerpupoBaHue HEKOTOPBIX KJIaCCOB (PYHKIMIA
1.6.8.1. Hnmezpupyemocmo payuonaivHoit opoou

[Ipex e Bcero oTMETUM, UTO BCSIKYIO HEMPABUIBHYIO PAllMOHATBHYIO APO0k
MO>KHO (ITOCPEJICTBOM JI€ICHUS YUCIUTENSI Ha 3HAMEHATENb ‘yTOJIKOM™) TpeI-
CTaBUTH B BUJIC CYMMBI aJIre0pandecKoro MHOTO4YJIeHa U MPaBUIIBHON pariuo-
HaJBHOM IpOOH.

x'—x’ +1 N 4x +1
IIpumep. _— = (x - 2x) +—

2
X +x+2
x-x3+ 1 | x2+x+2

xHx3+2x2 x%-2x
22x3-2x2+1

-2x3-2x2-4x

x> +x+2

Ocratoxk 1+4x
HHuTterpupoBaTs MHOrO4JIEH MBI yMeeM. B cuily TeopeMsl 0 pa3iioKeHUH IIpa-
BUJILHOW PAIIMOHAIBHON IPOOH C BEIIeCTBEHHBIMH KO3 (DUIIMEHTAMH HA ITPO-
CTEHIIINE, BOMPOC CBOJAMTCS K MHTETPUPOBAHUIO MPOCTEHIIMX JPOOEH:
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e/le/ICHHbI HHTErpaJl

st 3amevyaHui

B B

Mx+ N Mx+N

1. II. III.

x—b (x—b)’

X 4px+a (x4 px+q)

3nmeck $=2,3,...; A=2.3,...; B, M, N, b, p, q - HeKOTOpbI€ BelIeCTBEHHbIC YHCIIA,
pUYeM TPEeXdIeH X2+px+q HE UMEET BEIECTBEHHBIX KOPHEH, T.€.
p2-4q<0.
B t
L. J‘—dx=BJ-d—=Bln|t|+c=Bln|x—b|+c (t=x—b)
x — b) t
jdt—B-l—f-C—B- 1 e
¢ () T 1B (x—b)"
3z[ec5 t=x- b

2 2
II. x* +px + =(x+£j +( _p_)
pxX+q 5 q 4

p2
Tomoxum a = +1/ - —
q 4 (q 4

OyJeM UMeTh

M
Mt+(N—2p)

J- Mx +N =J~

x> +px+q t* +a’

:%ln(t2 +a2)+ .

2

LS Oj. ITpoussens moaCcTaHOBKY t = % ,

__I 1:t ++aa ( _l\gp)éj t)?
s

2N -Mp t

M 2
arctgg+ c= ?ln(x + px + q)+

E
L 2N-Mp s
P

arctg
24 / q- 4

IY. Ananoruusno III nonyuaem

Mx+N

(x2 +px+q)x :_I

(t*+a )x

M L 2N-Mp dt

(t* +a )K

(t +a2)+2N MpJ.

21—t +a?)”

O06o3naunm K, = dt

(t2 +a2)

Hy10 hopmyITy

2 (t2 Jraz)x

—. YCTaHOBUM J|JIsl 3TOTO UHTETPAa PEKypPPEHT-
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K -4 _ 1 [t +a’ t]dt
x j(tzﬂ‘z)X azj(t +a ) I (¢ +a2)’
:aLzI dt 1 ft w1 jtd(t +a?)

-l A2 A2 el 2 Y
(t2+a2) 2a (t2+a2) a 2a (t2+a2)
J11s1 BBIYMCIICHHS TTOCTICTHETO HHTETpalia MPUMEHUM (OPMYITy HHTETPUPOBAHUS
10 YacTsAM, Iojaras B Heil u=t, du=dt

d 2 2
do = (t +a A), . 1 _
(t2 +a2) (7»—1)(t2 +a2)
1 t 1
K, =—K _
bl H+2a2(7»—1)(t2+a2)“ 232(7‘_1) -
Otcronga
_ t N 2A -3
2@12(7L—1)(tz+az)k_1 32(27‘_2) -
*r=1) K, j = larctg1 +c
t?+a? a a

Hcnonw3ys pekyppeHTHYIO hopmyny, Beruuciaum Ky, Ks, ... u T.1.

3ameuanue. Ha npaktuke K, yarie BRIUUCISAIOT HEIOCPEACTBEHHO C IIOMOIIBIO
IIOJCTAaHOBKHU t=a-tgu
IIpumepsbl.

J~ xdx
x* =D(x-2)

X _ b2
x> -D(x-2) 2x-1) 6(x+1) 3x-2)°

xdx 1 dx 20 dx
I()42—1)(;<—2):_ij __Ix+1 EIX— -

1 1 2 (x-2)"
:—Eln|x—1|—gln|x+1|+§ln|x—2|+C=1 %(X 1)1/2(x+1)1/"§

x® +2x* +2x%2 -1

2. Beruncnum I 3 > dx . CormacHo 001eMy npaBuily, BEICTUM

x(x° +1)
HETYI0 YacTh, Pa3/IeJIUB YUCIUTENIh Ha 3HAMEHATEh; TTOJTYYUM

x®+2x* +2x%2 -1 N x> =1
=X+—.
x(x* +1)? x(x* +1)

[IpaBunbHYyIO paloHATBHYIO IPOOb Pa3oKUM Ha MpOCTeHIIne

x? =1 1 2x X

=——++ + , OTCIO/Ia

x(x* +1)? X x> +1D* x*+1
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J'X6+2X4+2X2—1

d J-d Idx+ 2xdx +J- X d
X=|xdx—|— X =
x(x* +1) X (x> +1)? x* +1
x’ dx*+1) 1pd(x*+1)
:7—ln|x|+_|. x? +1 +EI X2+l
x* 1 x* 1 Vx® +1
:7—ln|x|— 2+1+Eln(x2+1)+C:7—X2+l+ln w +C

1.6.8.2. Humezpupoeanue neKomopuix uppayuoHaibHocmeil
1.6.8.2.1. Payuonanvnvle pyHKyuu om HecKOIbKUX apZyMeHmMoe

Omnpenenenne 1. MHOTO4WIEHOM CTENEHU N OT ABYX apryMEHTOB X U y Ha3bIBa-
€TCs1 BBIPAXKECHHE BUAA

_ 2 2 n n
P (x,y)=a, +a, X+a,y+a,Xx +a,Xy+a,y +..+a X +..+a,y" ,
B KOTOPOM YEPE3 A 5, gs--+»@ 0»---»3y, O003HAUEHBI IIOCTOSHHBIE BEIIECTBEH-

HBIC YHCJIA TAKUE, YTO CPEIM YHCEIl A (,8 (, 1yj5---»8,, €CThb XOTSI ObI OJJHO YHCIIO,

OTJIMYHOC OT HYJIA.

Onpenenenune 2. PanyonansHoi (GyHKIMEN OT ABYX apryMEHTOB X U y Ha3bIBa-

CTCA Bblpa)KeHI/Ie BHUJ1a
P (x,y)

ROV =0 xy)

rae Pn(x,y) 1 Qm(X,y) - MHOrO4WI€HbI OT IBYX NEPEMEHHBIX CTEMEHU N U M COOT-

BETCTBCHHO.

YrBep:xknenue. Ecou R(X,y) - paninonanbpHast GyHKIUS OT IBYX apTyMEHTOB X U

y, Ri(t), Ra(t), Rs(t) - Tpu mpon3BONBHBIX pallMOHATBHBIX (PYHKIIMH OT OJHON
IIEPEMEHHOM t, TO BEIPAKECHHE

R(R, (1), R,(1)-R,(t)
MIPEACTABISIET COOOM pallMOHANBHYIO (DYHKIIHIO OT OJHOM MMEPEMEHHOM.

3ameuanue. B nanpHelimeM Uil 10Ka3aTENbCTBA UHTETPUPYEMOCTH B 3JIEMEH-
TapHBIX (PYHKLIUAX HEKOTOPHIX BBIPAKEHHH MBI OyJIeM ITOCPEICTBOM CIEIHAb-
HO NIOJJOOpaHHON TOJCTAHOBKH CBOJNUTH HHTETPAJl OT PAaCCMAaTPHBAEMBIX BBIpa-
JKEHUW K MHTETpaTy OT palliOHAIBHOM IPOOH.

1.6.8.2.2. Humezpuposanue svipasxcenuil euoa

R( {ocx+[3j
:;7 6 b
rae meN’, a, B, y, 8 = const.

IMonmoxum t = m ax+p ,Torma t" = aX+B, X=u5(l)(t)-
YX+90 X+ 0 o—yt"

WuTerpan nepeiner B I(R((p),t) -@'(t)dt.
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AHaOTrHYHO MOKHO paccMOTPETh PallMOHAJIBHBIC CI)YHKI_II/II/I HECKOJIBKHUX IIE€PC-
MCHHBIX U UHTCIrpaJibl BUAA

T S
oax + ax +
IR X,( BJ ,( Bj ,... ldx,
TX + 0 TX + 0
I7Ie BCE TIOKA3aTeIH T, S, ... PAIIMOHAIIbHBI; HAJ0 JIUIIL IPUBECTH ITH IMOKA3aTEIN
K 001I1eMy 3HaMEeHATEeNI0 M, YTOOBI I0JT 3HAKOM MHTerpalia MoJy4UuTh paluo-

ox + 3
HAJIbHYIO (DYHKIIUIO OT X ¥ pajiiKaja m .
YX+ 90

Vx+142

ITpumep. J dx

(x+1)° —/x+1

3nech IpoOHO-TMHEWHAS QYHKLIUSA

ox +f
+

, B 4aCTHOCTHU, CBCJIACh IIPOCTO K JIN-

HeriHo# ¢ynkumu x+1. [Tomaraem t :M, x =t* —1, Torma
f Jx+1+42 dxzzj(t+2)tdt:2J~t+2
(x+1D2—+x+1 t* —t -1
=J.( 2 — 2042 jd :ln—(t_l)2 —iarctgﬂ+c
t—1 t*+t+1 t2+t+1 43 V3

I'JI€ OCTAETCS JUIIL MOACTABATE t = VX +1 .

2) J‘ dx
vJax® +bx +c¢

2 o
€CJIM BBIJICTTUTH B TPEXWICHE aX +bX+C IMOJIHBINA KBapaT.

dt =

OToT HWHTCIrpaI JICTKO CBOAUTCS K Ta6J'II/I‘~IHOMy,

IIpumep j dx

Vx? +2x+5

XH2x+5 = (x+1)°+4

OrTcrona,
dx dx+1) \/27
'[ =J' =lnx+1++vx +2x+5‘+C
VX2 +2X+5 T (x+1D)7+5
0) j Ax+B dx . B yucnuresne npo6u HEOOXOAUMO BBIJICITHTH ITPOU3BO/I-

vax?+bx+c

HYI0 KBaJPaTHOI'O TPEXUJICHA.

J‘ Ax+B J‘ dx =

A b
—(ax+b)+B-——
dx = 2a
Vax? +bx +c¢ vJax? +bx +c¢
A d(ax’ +bx +c)

Ab dx
2a° \Jax’ +bx+c 2a J-\/ax2+bx+c
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IIpumep
5
[ R
N2x% +8x +1 N2x% +8x +1
5 4x + 8 dx
=~ | ——7dx-13| ——=
I\/2x2 +8x+1 I\/sz +8x+1

\/_I [ 1
X +4x + -
2
5 13 13 2 1
25\/2)( +8x+1-——=Injx+2+,/x +4x+5

V2
1.6.8.2.3. Tpuzonomempuueckue u cunepoonuyecKkue noOCMaHo6KuU

;VZX +8x+1

+C

B unTerpanax suaa IR(X, Vax® +bx + c)dx MOYKHO BBIJICJIUTD IOJHBINA KBaJIpaT

2 o o o
B TPEXWICHE axX +bX+C ¥ CBECTH MX JHHEHHOH 3aMEHOH K HUHTCrpajiaM Bruaa

JR(EAT=0 o R+t [R(6E =T,

JJist BBIYMCIIEHUS 3TUX HHTETPAJIOB YACTO OKA3hIBAETCS YIO0OHBIM HCIIOJIb30BATh
TPUTOHOMETPHUECKHE TTOICTAHOBKH
t=sinu, t=cosu, t=tgu,
a TaK)Ke TUNICPOOTHYECKHUE MTOICTAHOBKU
t=shu, t=chu, t=thu.

V1-x2
Ipumep = J. d
X
ITonoxum,  x=sint, Torna dx=costdt wu 3amaHHBIA UHTETPAT IPUHAUMACT BU]T

. J- 1-sin*t costdt=J-CO,Stht=J.C?S§t

sintdt =
sint sint sin” t
(cost > 0)
2 2 2
cos” tdcost u-du l1-u du
:_I—zz_'[ 2:_[ 2du_J‘ 2 =
1—cos“t l1-u l1-u 1-u
u=cost
3 ll 1+u+c_ ) ll 1+ cost 3
I T PP — oSt M T Cost B
|1 + cos(arcsin x)|

= cos(arcsinx) — —ln
|1 cos(arcsin x)|

172



1.6. HeonpeaejieHHbI HHTErpas

st 3amevyaHui

> 1 1++/1-x2

——In +C=
2 1-41-x?

1+4/1-x*
> _1n *lic

X

=41-x

1.6.8.2.4. Humezpuposanue 6unomMunanibHvlx oughhepenyuanos

J-xm(a +bx")Pdx
rae a, b - 1100bIe NOCTOSIHHBIC, m, N ¥ p - paMoHaJbHbIe YKca. Panmona-

JU3UPYIOLIAs MTOACTAHOBKA CYIIECTBYET B TPEX CIIydasix.

1. p - uenoe
.[R(x, r\/;)dx , r7ie r - HauMeHbIee 00111ee KpaTHOE 3HaMEeHaTeen

parroHaIbHBIX YUCEN M U N.
IToncranoBka t =4X

5 m+1

- T[ETIOE.
n

m+1
[Tonoxum z=x", 0603HaYKB —1=q, 6ynem umeTh

jxm (a+bx")Pdx = lJ.(a +bz)" zdz (q - memoe).
n

OTO ecTb MHTErpaj BUAA IR(Z, Va +bz)dz, rAe S - 3HaMeHaTeNb yucia p. Pa-
[IUOHATTM3UPYIOIAsl MOJACTAHOBKAa MMeEeT BHJ t =3a + bz, win 1Isi UICXOAHOTO

uHTerpana t = Va +bx" .

3. m+1

+p - uenoe. CHavana MoaOKUM ~ z=X"

jxm(a +bx")Pdx = lJ.(a +bz)Pz%dz =
n

p
:lI(i+bj Zp+qu=J‘R(Z,%/i+bde.
n’\z z

m+1
3aecy ptq=pt+———1 - menoe, MO3TOMY palMOHAIU3UPYIOMIAsT MOJACTAHOB-
n

la -
Kat = 3/—+b , wiK A8 UCXOAHOTO MHTEerpaia t =3Vax " +b, rae s - 3HaMeHa-
z

TEJb YUCIHA P.
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IIpumepsbl.

31, 4 u
I.J‘ 1+&dx:jx_%(l+x%j 3dx, m:—l, n:l, p:l
Jx 2

+1=—%+1
L #
paBeH 3).
IMonoxuMm t = 31 +‘{/;, X = (t3 —1)4, dx = 12t2(t3 —1)3dt , TOr1a
Y1+4/x 3 3 A
X = - == —T)+c=={1+3x +ix|-7|+c¢
[ = 12f (1 - )de (4 -7) 7(1 Vx) (4(1 Yx) 7)
X

Tak kax =2, TO ©UMEeeM BTOPOU ciydail (3HaMeHaTelb P

2. ‘[4\/1(1% = Jxo(l+x4)_%dx.

1
3nece m=0,n=4, p = 2 ; TPETUH CIy4all UHTETPUPYEMOCTH, TaK KaK
m+n I 1 1
+p =—-—=0- wnenoe; p=——;3HaAMEHAaTeJb P PaBEH 4.
n 4 4 4

4 4
[onoxum t=3x"*+1= 1+x =X = (t4 _1)‘% dx = t3(t4 —1)_%dt
X

V1+x* =tx = t(‘[4 —l)_%,

j Iﬂ:_I(___j _—I — t+1 —larctgt+c=
41/1+X t* t+1 t—1 e+l 4 1| 2
1 Lm—— arctgdx ™" +1+c

=—In
U™ +1-1

4

1.6.9. UnTerpupoBaHue TPUTOHOMETPHYECKUX (PYHKIUH

1.6.9.1. Humezpanwt éuoa j R(sin X, cosx)dx , 20e R - payuonanvnas ghynkyusn

9.1. Takue MHTErpaNbI MPUBOIATCS K MHTErPAaM OT PAllMOHAIBHBIX (DYHKIHI ¢
. . X
IIOMOLIbI0 YHHMBEPCAJIBbHOM TPUTOHOMETPUUYECKON IOACTAaHOBKU t = tgz. B

pe3yJibTaTe 3TOH IoACTaHOBKH UMCCM

X 2| X
: ()

. g 2t S -
sinx = :1+t2; COSX = " :1+t2
1+t {Xj 1+t 2()

g ) g )

2dt
x = 2arctgt; dx =
8 1+t
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2
J-R(sinx,cosx)dx:J-R( 2t2 ,l_tzj 2dt2‘

I+t7 1+t7 )1+t
Hpumep.
2dt
J- dx =j 1+¢ =2J- dt =J- dt _
4sinx +3cosx+3 2t 1-¢° 2(4t+3) Y 4t+3
4. S +3- ~+3
I+1¢ 1+¢

= lln|4t + 3| +c.
4

Bo3sBpaiasce k crapoi nepeMeHHOH, TOTyYUM

I dx :—lln
4sinx+3cosx+3 4

X
4tg —+ 3| +c.
&5

X
3ameuaHme. YHMUBepcallbHasl IO/ICTAHOBKA t = th BO MHOTHX CJIy4asix IPHBO-

JIUT K CIIO)KHBIM BBIUMCIIEHUSIM, TaK KaK [IPU €€ MPUMEHEHHUH SinX U COSX BbIpa-
)

XKaroTcs yepes t B BUJIE pallMOHAIBHBIX Ipooei t~ .

B HEKOTOpBIX YaCTHBIX CIIydasxX HAXOXKICHUE UHTErPajoB BUIA

jR(sin X,C0S x)dx MOJKET OBITh YIPOIIEHO.
1. Ecmm R(sin X, cosx) - HeueTHas (YHKIMS OTHOCUTENIBHO SInx, T.€.
R(— sin x, cosx) = —R(sin X,COS x) , TO MHTErpaJl PalMOHAIU3UPYETCS IMOJICTa-

HOBKOHU COSX=t.
2. Ecmm R(sinx,cosx) - HeyeTHass (QYHKOHUS OTHOCHUTEIBHO COSX, T.C.

R(sin X,—COS x) = —R(sin X,COS x) , TO MHTETpaJ] PallMOHAIU3UPYETCS C MOMO-

IIBIO MTOJCTAHOBKHU SINX=t.

3. Ecim R(sin x,cosx) - yeTHas (YHKIMS OTHOCUTENBHO SINX M COSX, T.€. €CIU
R(— sin x,—cosx) = R(sin X,COS x) ,TO CJIelyeT MPUMEHHUTD MOJICTAHOBKY tgX=t.

IIpumepsbl.

sm X —sin x) sm X —sin x)
1. j dx j dx
cos2x cos’ x—sin’ x
Tak kak nmoApIHTErpaibHast (YHKIMS HEUeTHA OTHOCUTENIFHO SINX, TO TOJIaraeM

cosx=t. Orcroma sin’x =1—1t?, cos2x =2cos’x—1=2t* -1, dt=—sindx.
TaKI/IIZI o0pazom, )
sin x —sin” x cos” xd cos x £ dt 1 1 dt
-[ cos2x dx:—'[ 2cos’x—1 '[ :__'[dt__j%z -
I dwz) ¢ 2 - 1|
"2 2[( 2) -1 2 4ﬁ \t 2+1\

CieoBaTesbHO,

\/Ecosx—l
—{+¢

\/Ecosx+1

sin x —sin® x 1 V2
j—dx =—cosx——In
coS2x 2
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dx.

) J-cosx —Cos’ X
' cos2x
31ech MoABIHTErpalibHAS (QYHKITUS SBIISCTCS HEYSTHOW OTHOCHTEIHLHO
kocuHyca. [ToaTroMy mpuMeHsieM IMOACTaHOBKY SinX=t, Toraa
cos’x=1-sin*x=1-t*, cosxdx=dt.

CiegoBaTeibHO,
J-(cosx—i-cos3x)d _J-(l—i-coszx)cosxd _J-(Z—tz)dt_J- t* =2 gt =
cos2x T ety T T 0T

1e20-4 1 3¢ dt ¢ ( )

_5-[21‘2—16#_5-"611_5'[%2_ 2 2\/_.[( t) _1
21

) 4\/_ \\/_z+1\

OKOHYATEIBHO MOTYyUYHUM:

cosx —cos’ x 1 . 3\/_ \/Esmx 1
[

dt = —sin
cos2x 2 ‘\/Esmx—i-l‘

3aMeTI/IM, 4TO B 3TOM CJIydac MHTCIrpaJl BCCTAa MOXKCT OBITH 3aIMCaH B BUIC

: 2
IR *(sm X,COS x)cosxdx .

3 J- dx
N - —.
sin“ x+2sinx-cosx—3cos” x
3nech NoJbIHTErpadbHas GYHKIUS SBISIETCS YETHOW OTHOCUTENBHO SINX M COSX,
MO3TOMY I0JaraeM t=tgx.

Torna
. tgx t
X = arctgt, sinx = =
\/1+tg2x N1+t
dt 1 1
dx=——, COSX = =
L+t Jl+tg’x  1+6
dt
I dx :I 1+1 _
sin’ x + 2sin x - cos x — 3cos” x t? P B
I+27 1462 A1+ 1+8
:I > :I :llnt—_1 +c=llnm+c
2 +20-3 (t-1)e+3) 4 |t+3 4 ltgx+3

3ameuanue. To xe Hp606p330BaHI/Ie MOKHO CACJIAaTh MPOIIC, €CJIU B HCXOAHOM
2
HHTCIpajIC YUCIUTCIIb U 3BHAMCHATCIIb pa3aCIMTh Ha COS X.

dx
J‘ dx :J' C0S2 X :J‘ dtgx
sin® x+2sinx-cosx—3cos’x Y tg’x+2tgx—3 7 tg’x+2gx-3
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1.6.9.2. Humezpanot éuoa jsinm x-cos" xdx.

1-# cayuaii. I1o kpaitHell Mepe OUH U3 MOKa3aTeleld M WIM N HEYETHOE LENOE,
MOJIOKUTEIBHOE YHCIIO.

Ecnu n- HeyeTHO, TO IpUMEHSIETCs IOJCTaHOBKA SINX=t, €CJIM e M- HEUETHO,
TO MOACTAaHOBKA COSX=t.

IIpumepsbl.

1. J‘sin4 x-cos’ xdx

ITonoxum sinx=t, cosxdx=dt, Torma

J-sin4 x-cos’ xdx = Isin“ x(l —sin? x)2 cosxdx = It4(l—t2)2dt =

= jt“dt —ZItédt+It8dt =lt5 —gt7 +lt9 +c= lsin5 X—%sin7x+lsin9x+c.
5 7 5 7 9

9

J~ sin® xdx
cosx3/cosx

[Tomoxus cosx=t, -sinxdx=dt, moxyunm:

=—[(1-) 3dt——jt /dt+jt 3dt—3t/+2t/+c—

3 3
= +=cos-Vcos’ x +c.
Vcosx S

_4 _4
= J.sm3 X -COS % xdx = I(l—cos2 x)cos % x sin xdx =

2-0ii cayyaid. [Tokazarenu creneHell m M n - YeTHBIC MOJOXKUTEIbHBIC YHCIIA.
31ech HYKHO IpeoOpa30BaTh MOABIHTEIPANBHYIO (PYHKIUIO ¢ TOMOIIBIO (op-
MyJI.

) 1 .
smx-cosx:§sm2x
. 1

sin XZE(I—COSZX)

cos’ X = %(l + c0s2X)

Ipumep. J.sin2 x-cos’ xdx.

3nech
2
. 2 2 . 2 1 .
sin” X-cos” X = (sinX-cosx)” = Esm2x =

1—cos4dx

:lsin2 2)(:l :l(l—COS4X).
4 4 2 8
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Otcrona

1 1 1
Isinz x-cos’ xdx = g.[ (1-cos4x)dx = gJ‘ dx — gJ.cos4xdx =

1
= gx—zsin4x+c.

1.6.9.3. Humezpanot éuoa Itglnxdx (nm Ictgmxdx), 20e m - yenoe

noJioxcumesibHoe 4ucio

[Tpu HaxOXkAEHUU TAaKUX UHTETPAJIOB MPUMEHSETCS popmyia

—1 (ctg’x = —
cos” X sin” x

C IIOMOIIIBIO KOTOpOI\/'I OCICA0OBATCIIbHO CHMXKACTCA CTCIICHD TAHI'CHCA U KOTaH-
T'CHCAa.

tgzx = -1,

Ipumep.

J.tg7xdx = Itgsx( — 1) dx = Itgsxd(tgx) — I tg’xdx =

tg’x 3 [ 1 ) tg’x  tg'x ( 1 )
6 J. £ X cos’ x dx 6 4 +J. X cos’ x dx
4 to?

te®x  tg'x X
= g6 - g4 + g2 +In|cos x|+ C.

COS2 X

1.6.9.4. Hnmezpanw 6uoa J. sin mx - cosnxdx, J.cosmx -cosnxdx, J. sin mx - sin nxdx.

Hcnionb3ys hopmyibl

sino-cosfP = %[sin(a +B) + sin(o — B)]
cosa -cosP = %[cos(oc +B) + cos(a — B)]

sino-sinff = l cos(a — ) —cos(a + P) |,
2

MpEeJICTaBIsIeM MOABIHTETPANBbHYIO (DYHKIIHIO B BUJIE CYMMbI KOCHHYCOB WU
CHUHYCOB.

IIpumep.
J.sin 2x-cosSxdx = %J. [sin 7x + sin(—3x)]dx =

—lj'7d lj'3ol—i Tx+ Lcos3x+ C
—2 S1n /Xdx b SIN 5XdX = 14COS X 6COS X .
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1.7. OnpeneneHHBIH HHTErPAJ M €r0 reOMETPHYECCKHE NMPHI0KEHUS
1.7.1. UaTerpupyemocTh GyHKIMHU HA CETMEHTE.

yp [ycts pynkmms f(x) 3amana Ha cer-
( mente [a,b] (a<b). OGo3HaUMM ue-
pe3 T pazbuenue [a,b] mpu momoru
> HE COBMAJAIONIUX APYT C APYTOM TO-
ek a=Xo<x<...<X,=b Ha n yacrmu-

= / f( HBIX CETMEHTOB [X0,Xi]...[Xn-1, Xn]-
N / /E“{\f &n) Touyku Xg,Xi,...,Xn HA3BIBAIOTCS TOY-
kamu pazouenus T. Ilycts &; - mpo-

——
MMM
NANIANN

b

x0 E1x1&2x2 &3 X3&n Xn

a

A\ 4

M3BOJIbHAsA TOYKA YaCTUYHOI'O CET-
MeHTa [Xi1,Xi]. PasHOCTh AX{=X; -Xi|
OyzeM Ha3bIBaTh JJIUHOM YacTU4-
Puc.1 HOT'O CErMEHTa [Xj.1,Xi].

Ompenenenne 1. Yncno 1{x;,&; |, rae

Hx;, &} = f(&)AX) +(E2) A%y +...+f(§)AX,, = %f(ﬁi)AXi

Ha3bIBACTCS] MHTETPAIbHON cyMMO#l (pyHKIMH f(X), COOTBETCTBYIOIIEH TaHHOMY
pasobuenuto T cermenTa [a,b] u JaHHOMY BBIOOpPY MPOMEKYTOUYHBIX TOUEK &; Ha
YAaCTUYHBIX CErMEHTaX [Xj.1,Xi].

O6osnaunm A = max Ax; (1= L_n) - nuameTp pa3zbuenus T cermenTa [a,b].
1

I'eomeTpryecKuil CMBIC]I HHTEIPAJIBLHON CyMMBI I{xi, ﬁi} . PaccmoTtpum xpu-

BOJIMHEHHYIO Tpamernuio - (urypy, orpaHudeHHyo rpaduxom ¢yHkmum f(x)
(Oymem cuuTaTh ee MOJOKHUTEIBHON M HEMPEPBIBHOM), IByMsI OpIMHATAMH, TIPO-
BEJIEHHBIMHU B TOUKAaX a ¥ b ocu adCIMCC U OCBIO a0CIuCC.

HHurterpanbHas cymma I{xi, éi} - IUIOMIAh CTyTeHYaToi urypst (puc.1)

Onpenenenne 2. Yucno [ Ha3pIBaeTCA NPeACIOM HHTETPATBHBIX CyMM I{xi, &i}

npu A—0, ecan mnug Ve>0 MOXKHO yKa3zaTh Tako€ IOJIOKHUTEIBHOE YHUCIIO
0 =0(¢g), uro g nroboro pasouenus T cermenra [a,b], MakcuManpHas UTHHA

A YaCTUYHBIX CETMEHTOB KOTOPOro <O, HE3aBUCHMO OT BbIOOpa Touek &; Ha
CErMEHTAaX [Xj.1,X;| BHIIIOJIHEHO HEPABEHCTBO

‘I{Xi, &1} - I‘ <é&
Ecau unTerpanpHas cymma I{xi, &i} npu A—0 umeer npexaenom uucio I,

TO OyzeM 3anuchIBaTh 370 Tak | =lim| {)(i &, }
A—0

Onpenenenne 3. Oynxuus f(x) HasbiBaeTcsi MHTErpupyemoil mo Pumany Ha
[a,b], ecau cymiecTByeT KOHEUHBINH mpenen | MHTerpasbHbIX CyMM 3TOH (DyHK-
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muu npu A—0. YkazanHbIi npenen | Ha3bIBaeTcs ONpPENEICHHBIM UHTETPaIoM
¢yskumu f(x) no [a,b] u o603HaUaeTcs TaK:

b
I= J f(x)dx
a
W3 pucyHKa BUIHO, YTO OIpENeIEHHbI UHTErpajl YUCICHHO paBeH IUIOo-
a1 KPUBOJMHEWHOM Tpamemnuu, onpenenseMoi rpapuxom ¢ynkimuu f(x) Ha
[a,b]. CpaBennuBa cneayiomas Teopema. Heorpanuuennas Ha [a,b] dyHKIms
f(x) He uHTErpUpyeMa Ha 3TOM CETMEHTE.
Joka3zarenabcTBo: [lycts dpynknus f(x) HeorpannyeHa Ha [a,b], Tora oHa He-
OrpaHUYEHA HAa HEKOTOPOM YaCTHYHOM CEIMEHTE [Xk.1,Xk] JIF0OOro JaHHOTO pa3-
6uenus T cermenta [a,b]. Torma cnaraemoe f( &y )AXy MHTErpanbHONW CyMMBI

I{xi, &i} , OTBeyarolee 3ToMy pazouenuto T 3a cuer BbIOOpa T.&( MOXKET OBbITH

C/IeJIaHO KaK YroJHO OOJBIIMM IO aOCONIOTHON BEIMYUHE, T.€. MHTErpaJIbHbIC
CyMMBI I{xi,éi} oTBevarolue Jodomy pasduenuto T, He OrpaHUYEHBI U TO-

3TOMY HE CYIIECTBYET KOHEYHOTO Mpejesia HHTEeTPaIbHBIX cymM. MTak, Oyaem
paccMaTpuBaTh JIUIIL OTPaHUYEHHBIE Ha [a,b] hyHKIIUH.

3ameuanue: OTMETHM, YTO BOOOIIE TOBOPS, HE BCSKas OrpaHMuYEHHas Ha [a,b]
GYHKIUS SBISETCSI HHTETPUPYEMOM Ha STOM CErMEHTE.

[IpoBepuTts 31O Monoxxkenue st GyHkuu Jupuxie (3Ha4eHUs: B paliiOHATbHBIX
TOYKax 1, a B uppannoHaibHbIX - 0). OTa QyHKIMSA HE UHTErpUpyeMa Ha [a,b].

1.7.2. BepxHue 1 HHZKHHE CYMMBbI M HX CBOICTBA.

[Tycts ¢ynkmus f(x) - orpannyenHas Ha [a,b] QyHkuums, T.e. (Im,M)
(Vxela,b]):[m < f(x) <M]. T - pa3buenue [a,b] Toukamu a=x<x;<...<x,=b.
O603HaunM Yepe3 M; - TOUHYIO BEPXHIOIO M Yepe3 m; - TOUHYIO HIKHIOIO TPaHH
9TON QYHKITUH HA [Xj.1,Xi].

n
CyMMBI S =M Ax; + M ,AX, +...+M | Ax,, = > M;Ax;
i=1

n
s = mAX; + mHAX,+...+4m Ax, = D m;Ax;
i=1
Ha3bIBAIOTCSl BEpXHEH M HWOKHEH cymMmamu (yHKImH f(X) 11 1aHHOTO pazdue-
Hus T cermenTa [a,b].

3ameTuM, 4TO JII00ask MHTErpajbHas CymMMa I{xi,ﬁi} JAHHOTO pa3oue-

Hus T cermeHTa [a,b] 3akimroueHa MeXJIy BepxHeW M HIDKHEH cymMmaMu S U S
9TOTO Pa30MEHHUS.

I'eomeTpuuyeckmii CMbICJ BEpXHEH M HWKHEW cyMM. PaccMoTpuM aiist mpocTo-
ThI TIOJIOKUTENBHYIO U HETIPEPhIBHYIO QyHKIHIO f(X) 1 KpUBOIMHEHHYIO Tpare-
IIUI0, OTIPEICTISIEMYIO 3TON (PYHKITHEH.
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y A ya
f(x) f(x)
SZ; )
DA 4

// N
%%/ﬁ ? N
/\//\ - N

-— 4/ -] ~ ~

a=xo Xi-l1 Xi b=xn 7 x a=x0 Xi-1 X\i b=Xn 7X
Puc.1 Puc.2

M; 1 m; B cilydae HENPEPHIBHOCTH (YHKIUHU TPEICTABISIOT COOON MaK-
CHUMaJIbHO€ ¥ MMHUMAJIBHOE 3HAY€HMs 3TOM (YHKIIMM Ha YACTUYHOM CETMEHTE
[Xi-1,Xi] pa3Ouenus T, S ¥ s - UIOIAAM 3aITPUXOBAHHBIX CTYNEHYATHIX QUIYP,
n300paKEHHBIX HA PUCYHKAX | U 2 COOTBETCTBEHHO.

CBoiicTBa BEpXHMX M HIDKHHX CYMM MOJPOOHO H3II0XKEHBI B [2] (cTp.
321-323), mosTomMy MpuBEIEM JHIIb (OPMYIHPOBKH TEOPEM U MPOKOMMEHTH-
pYeM KaXJyI0 U3 HUX C TIOMOLIbIO PUCYHKOB.

CroiictBo 1. [ moboro ¢ukcupoBanHoro pazouenuss T u mis moboro &0
IPOMEXYTOYHBIC TOYKH &; HAa CETMEHTAaX [X;.;,X;] MOXKHO BBIOpATh TaK, 4YTO MH-

TerpajpHas  CymMMa I{xi, F,i} OyZeT  yIOBIETBOPATH  HEPABEHCTBAM
OSS—I{Xi,ii} <e. Touku &; MOXXHO BBIOpaTh U TAaKUM 00pa30M, YTO UHTETPaJb-
Hasi cymMmMa OyJIeT yI0BJIETBOPATH HEPABEHCTBAM OSI{xi, éi} -s<e.

Ha pucynke 3 wm3obOpaxeHa (QyHKIUS
Y] f(x), 3amanHas Ha cermente [a,b]. &; -

MIPOMEKYTOYHBIE TOYKH HAa YaCTUYHBIX
CEerMEeHTax [Xj.1,Xi]

A~ fi&,)  IlpeoGpasyem pasHOCTH S- I{xi, &; } =
M Ax; + MbAX, +... MjAX; +...+ ML AX, -
- f(&))AX- (&, )Ax,-...-

| g (87 )AX - (2, JAX, =

a0 bixi &X Gxil b= X = [M-f(€))]AXHMo-(€5 )]AXo ...+
HMi- f(&;)]AXi+... /[ Mq- f( €, )] AXn.

N

77 /77777

fE_,1 Mi M2 f(lE_,) f(X) M M,

Puc. 3

3nech S - BepxHsA cymMa. Kaxxoe cinaraemoe nocieaHe CyMMbl Npea-
cTaBisieT co0O Momagb 3alITPUXOBAHHOTO MPSMOYTOJbHUKA, MOITOMY

S—I{xi,ﬁi} €CTh CyMMa IUIOUIa/IeH 3alITPUXOBAHHBIX MPSMOYTOJIbHUKOB, KOTO-
pasi, OYEBUIHO, MOKET OBITh CKOJIb YTOJHO YMEHBIIICHA 32 CUET BHIOOpA TOUEK
&; (ecnu MpoMeXyTOUYHBIE TOUKU &; BBIOMpATh OJU3KMMHU K TOYKAM CETMEHTOB

[Xi-1,Xi], B KOTOpBIX (hyHKIMSA f(X) mpuHUMaeT 3HaueHus: M;).
JIJIs HUKHUX CYMM PacCy KICHHS IPOBOJIATCS aHAIOTUIHBIM 00pa3oMm.
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CroiicTBo 2. Eciiu pazobuenne T' cermenTa [a,b] momyueHo mytem moOaBiaeHUs
HOBBIX TOYEK K TOUKaM pa3OueHust T 3TOro cerMeHTa, To BepxHss cymma S’
pazbuenus T' He 6ombiue (S’ <S) BepxHeil cymMbl S pazouenus T, a HUKHSASA
cymma s’ pazbuenus T' He meHblne (s<s') HIDKHEN CyMMBI s pa3ouenus T.

<>\\§;-
AN

N
7 N

=X0 t X1 X, b X3:b X a=Xg t X1 X, X3:b X

Puc. 4 Puc. 5

ol |

Ha puc. 4 Touku Xy, X, X2, X3 - TOUYKA pa3OueHus cermeHTa [a,b], cooT-
BeTCcTBYIomMe pazouenuo T. Kpykkamu OTMEUeHbI HOBBIE TOUKH tj, ty, KOTOpbIE
BMECTE C TOUYKaMH X; JaI0T HOBoe pazoueHue T' cermenra [a,b].

CerMeHThI [Xo,X|] U [X2,X3] MOAENMINCH HA CErMEHTHI [Xo,ti], [t1,X1] 1
[X2,t2], [t2,X3], coOoTBeTCTBEHHO. BepxHsAsi cymma Ha cerMeHTax [Xo,ti1] U [Xo,t2]
YMEHBIINJIACh Ha BEJIIMYMHY, PABHYIO IJIOWIAsAM NpAMOyroidsHUkoB ABCD u
KLMN, a Ha OCTalbHBIX YaCTHUYHBIX CEIMCHTAX OCTallach 0€3 U3MCHEHHS, I10-
3TOMY BEpxXHsisi cymma S' pa3ouenus T' ymeHbIIMIACH IO CPABHEHHUIO C BEPX-
HEWl CyMMOH.

Ha puc.5 npuBenena aHanornyHasi KapTUHA JUIsl HIDKHUX CYMM.

CaoiictBo 3. Ilycte T' u T" mrobbie aBa pasbuenus [a,b]. Torma HuxHSS
CyMMa OJIHOTO M3 3TUX pa30MEHUI HE MPEBOCXOJUT BEPXHIOI CYMMY IPYToro.
Nmenno, ecmm s',S’; s” ,S” COOTBETCTBEHHO HUXHUE M BEPXHHUE CYMMBI pa3-
ouennii T' u T"” , 10 s’ <S"; 8" <S'.

w [
Ha puc. 6 oaumHapHON MITPUXOBKOM
NoKa3aHa BepxHssd cymMMa S’ pa3bue-
g@ uus T’ cermenra [a,b] Toukamu

X0=a<X|<X,<X3=b, a JBOWHOH IMTpH-
XOBKOH - HIKHSS cymMa s” paz0ue-
Hus T" cermenTa [a,b]
\ A >X TOYKaMH
xo=Ko=a &1  x1&2 x2 &3 x3=E4=b £g=a<t<Er<E3<Es=b

Puc.6

CsoiicTBo 4. MHOXECTBO {S} BEPXHHUX CyMM JaHHOH QyHkuuu f(x) s Bce-

BO3MOXKHBIX Pa30MeHUll cerMeHTa [a,b] orpaHuyeHo CHU3Y. MHOKECTBO {s}

HWKHUX CYMM OI'PaAaHUYCHO CBCPXY.
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O603HauuM uepe3 | TOUHYIO HMKHIOIO TPaHb MHOXECTBA {S} BEPXHHUX
cymm I =inf {S}, a yepe3 | TOYHYIO BEpXHIOI I'pPaHb MHOXXECTBA {s} HUKHHUX
cymm [ = sup{s} .UYucna [ u I Ha3pIBalOTCA COOTBETCTBEHHO HUXHUM U BEpPX-

HUM uHTerpanamu lapOy ot ¢pynkuuu f(x). Jlerko mokasars, uto [ < i

I

I s

4w

CaoiictBo 5. IIycTb pa3zouenue T’ [a,b] nonydeno u3 pazouenus T nobaBneHu-
€M K MOCJIEAHEMY P HOBBIX TOUEK, U MyCTh S8’ ,S’;s, S - COOTBETCTBEHHO HUX-
Hue 1 BepxHue cymmsl pazouenuit T' u T. Torna qus paznocreit S-S’ u s’ -s
MOJKET OBITh MOJTy4YeHa OLIEHKa, 3aBUCAIIAS OT MAaKCUMaJIbHOU JUIMHBI A YacTUY-
HBIX CerMeHTOB pa3ouenus T, yucna p 706aBICHHBIX TOYEK U TOYHBIX BEPXHEH
1 HUKHEH rpaneid M u m ¢ynkiuu f(X) Ha cermente [a,b], a umenno: S-S’ <(M-
m)-p-Au s'-s <(M-m)-p-A

yaA
S-S'=cymme mmoma neit

HI)?OYI‘OHLHI/IKOB
\ ol

S\§§\\\\N}m /

x0 £1X1 x2 & x3 A x4=b X

Puc.7

/

*M

\4

Ha pnc.7 TOYKH Xo= a<X;<Xo<Xx3<x4=Db COOTBETCTBYIOT pa36I/IeHI/IIO
T cermenra [a,b], a 1Be m0OaBIEHHBIC TOYKH &) U & 00pa3yrOT BMECTE C TOYKA-
MU X;: X=a<&<X;<X2<§,<x3<X4=b pazOuenue T' sTOro cermenra.

OpavHapHOM MITPUXOBKOW TNOKa3aHa BEpxHss cymma S pa3Ouenus T, a
JIBOMHOM IITPUXOBKOW JIBa NMPSMOYTOJIBHUKA, CyMMa IUIOIIAAEH KOTOPBIX JAeT
yMeHbienue S 10 BenmuuHbl S’ . Ecim yepe3 M 1 m 0003HauUTh TOYHBIC BEPX-
HIOIO M HWXKHIOIO rpanu ¢pyHkuuu f(x) Ha [a,b], a uepe3 A MakCUMaIbHYIO JUIUHY
YaCTUYHOTO CerMeHTa [X.1,Xi] pazomenuss T, TO TuIOmAAs MPSIMOYTOJIHHHKA
ABCD, paBnas (M-m)Ax Oyzaer Oofblie MIOMIAAN Ka)XJOTO U3 JIBYX MPSMO-
YTOJIBHUKOB, 3alITPUXOBAHHBIX JBOMHOU IITPUXOBKOM, OTCIOA OYEBU/IHA OLICH-
ka: S-S’ <(M-m)A-2 (3aech 2 - unciao A00aBIEHHBIX ToueK). [ HIDKHUX CyMM
MOJKET OBITh JIaHa aHAJIOTUYHAs MHTEPIPETaIUs.

B 3akmroueHue maHHON TeMmbl MpuBeaeM 0e3 Jl0Ka3aTenbcTBa (OpMYIIU-
POBKY TeOpeMbl, M3BECTHOW TOJ Ha3BaHueM JiemMMbl [lapOy, mmeromei ¢yHa-
MEHTAJIbHOE 3HAYEHUE JUISl TOCTPOEHUsI TeopuH B Teme “OnpenesieHHbId WHTE-

2

rpan’.
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Jlemma Jlap0y. Bepxuwmii u Hrokauid naterpanst JapOy I u I o ¢pyHk-
muu f(x) mo cermenry [a,b] SBISAIOTCS COOTBETCTBEHHO IpeAeaMU BEPXHUX U

HWKHUX CyMM IIp A—0, T.e. lim S =1 ¥ lims= I.
A—0 A—0

3ameuanue 1. Yucno i, HalpuMep, Ha3bIBACTCS IPENEIOM BEPXHHUX CYMM S
npu A—0, ecitu (Ve > 0)(35 > 0) (VT)A<6:>‘S—f‘<s].

3ameuanmue 2. B ciyuae, korga [ =1= 1 nemma [lapOy no3BoJIsIeT MEPEXOqUTh K
mpejieNiaM B HEPABEHCTBAX BHAA s<I{xj,&;}<S HpU CTPEMJICHUU K HYJIO JIHa-

metpa A paszbuenuss T cermenta [a,b]. Ilpu srom s—I u S—I, orkyna
I{Xi’(tvi} —1I.

1.7.3. Heo0xoauMoe 1 10CTATOYHOE YCI0BUE HHTETPUPYeMOCTH PyHKIUH
Ha CerMeHTe.

BrimenepeuncieHHble CBOMCTBA BEPXHUX M HIDKHUX CyMM IO3BOJISIIOT
JI0Ka3aTh TeOpeMy 00 MHTErpUpyeMOCTU (PYHKIIUK HA CETMEHTE.

Teopema. [l511 Toro, 4To0bl OrpaHuveHHas Ha cerMeHTe [a,b] dyHkius f(x) ObI-
Ja MHTETPUPYEMOM Ha 3TOM CErMEHTE, HEOOXOIUMO M JIOCTaTOYHO, YTOOBI
Ve >0 Hanuiock Takoe pazouenue T cermenTa [a,b], as koToporo
S-s<e.

He Oynem mpuBOAMTH JOKA3aTENBCTBO 3TOM TEOPEMBI, OTMETHM JIUIIIb,
YTO U3 HEpaBEHCTBA S - s < € CJelyeT PaBEHCTBO I=I=1, uro B CHITy 3aMeya-
HHUS 2 TapaHTHPYET CYIIECTBOBAHUE Tpelesia MHTErPajbHBIX CYMM I{xi,ii},

pasHoro .

Omnpenesaenne. Uucno o; = M; - m;, rae M; 1 m; - TOUHbIE BEPXHSSI U HUKHSAS
rpanu QyHkiuu f(x) Ha [Xi.1,X;] Ha3bIBatOTCs KonebanueM QyHkImuM f(x) Ha cer-
MEHTe [Xi.1,Xi]. O4eBugHO, uTO ®; > 0, 1OO M;> m;.

[Tocne BBeneHHOTO onpeenenus kojaedbanus GpyHkuuu f(x) pazHOCTb

n n n n
S—s= zMiAXi - ZmiAXi = Z:(M1 —mi)AXi = Z(DiAXi >0
i=1 i=1 i=1 i=1
(Tak kKak Bce ®; >0 u Ax; >0) U MOCIEIHIOI TEOPEMY MOXKHO C(HOPMYIHPOBATH
TaK:

Jlns Toro, 4toObl orpaHuueHHas Ha cermente [a,b] dynkius f(x) Obula uHTEr-

pupyema Ha [a,b], HEOOXOAMMO U JOCTATOYHO, YTOOHI it Ve > () Hamiock Ta-
n

Koe pazouenue T cermeHTa, Juist KOTOporo ) ®;Ax; <e
i=1

{f(x) eB[a,b] Af(x) eL[a,b]} = (Vs > O)(EIT): i(ﬂiAXi <g
i=1
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1.7.4. PaBHOMepHasi HeNPEePbIBHOCTH (PYHKIIUM HA MHOKeCTBe.

[Tycte dynkuusa f(x) ec{x} (HeTpepbIBHA HA MHOXECTBE {x} ; {x} -
MHO>KECTBO 3aMKHYTO WJIM HET, KOHEYHO MJIN OECKOHEYHO), T.€. OHA HEIPEPHIB-
Ha B K&XJI0OM TOYKE 3TOTr0 MPOMEKYTKA X( € {x} . OTO 03HAYaeT, YTO

(‘v’a > 0)(36 > 0)(Vx € {x})z“x — x0| <d=> |f(x) — f(x0)| < 8]

OtmeTuM, 4To i (PUKCUPOBAH-
HOT'O € YKCJIO O 3aBUCHUT HE TOJILKO OT &,
HO U OT TOYKH X.
Cy1iecTByeT JId IIpU 33JaHHOM €
Takoe O, KOTOPOE TOIUIIOCH OBl JIJIsl BCEX
> TOYEK X U3 ATOI'0 IPOMEKYTKA?

BT

Xo-g X0 X0+8 X1

Onpenenenne. Oynkuus f(x) Ha3pIBaeTCS paBHOMEPHO HENPEPBHIBHOM Ha {x},

ecim uig Ve >0 MOXKHO yKa3aTh TaKoe MOJIOKUTENbHOE Yrciio O(0=0(€)) 3aBH-
csiee TOJMBKO OT €, YTO Ui JIOOBIX JBYX TO4YeK X' M X' MHOMKECTBa {x},

YAOBJIETBOPSIIOIIMX YCIOBHUIO

x" - x’| < , BBIIIOJIHAETCS] HEPABEHCTBO

[f(x) - f(x)l<e

IIpumep 1. y=Inx paBHOMEpPHO HENpPEepbIBHA HA MOJYHpsIMOK X > 1. B camom
nene, o Teopeme Jlarpanxka ams mo0bix x' > Lx" >1 (mycTh Ui onpeesieH-
HOCTH X' <X').

If(x") = f(x")| = [f"(&)|x" - x’

CrenoBarenbHo, 1o qaHHOMY €>0, ecnu BbIOpaTh 0<0< €, TO U3
x" x| <3 = [f(x") - f(x")| <&

"

—x'l < |XH —x'

:é|x , 100 x' <€<x" m &>1

Mpumep 2. Oynknus f(x)=1/x na unreppaie (0,1) HenpepbIBHA, HO HE ABJIACTCS

Ha HEM paBHOMEPHO HETIPEPBIBHOM, T.€. Il HEKOTOporo £>0 Helb3s BHIOPATh
0>0 Takoe, 4TO HEPABEHCTBO |f (x")—f(x")

<9d.

[okaxewm 310. [lycte 5>0, x' = §, x"=§/2, Torma |x” —x'| <8/2, a Be-

< & OyJIeT BBIMOJHEHO 175 BceX X"

U X' IIpH yCIOBUH, YTO |x” -x'

JIUYMHA |f(x") - f(x’)| =2/8-1/8=1/8 MoxeT OBITH cleNaHa CKOJNb YTOIHO

OOJIBLIION.
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w
y2n
.l 32—0 mpu y2—>0
_1
y1 y=7
€ J\ S
02 S1 X

Jlnis HempephIBHOM Ha cerMeHTe (DYyHKIMU CIpaBeAInBa cielyolas TeopemMa.

Teopema (Kanropa). HenpepsiBaast Ha cermenTe [a,b] dyuknus f(x) paBHOMep-
HO HETpephIBHA HA 3TOM CETMEHTE.
Tenepb, ¢ OYEBUIHOCTHIO, BBITCKACT CJeACTBHE: MycTh (QyHKIusA f(X)

HEenpepbIBHA Ha [a,b], Torma s (‘v’s > 0)(38 > 0) TaKoe, YTO Ha KaXKJIOM, MpHU-

Ha/JIeXkKaIeM cerMeHTy [a,b] wactuunom cermente [c,d], mmmHa d-c kotoporo
MeHbIe O, Kojebanue ® ¢pynknuu f(x) Menbpmie €. Chopmynupyem U TOKaKEeM
CJICAYIOIIYI0 OCHOBHYIO TEOPEMY .

Teopema. HenpepwiBHass Ha cermente [a,b] dynkums f(Xx) mHTerpupyema Ha
3TOM CErMEHTE.

Ilycte mano (Vg > O). Tak kak f(X) paBHOMEpHO HempepbIBHA Ha Cer-

menTe [a,b] (Teopema Kanrtopa), To mis mojoxurenbHoro uuciaa &/(b—a)

MOJKHO yKa3aTh Takoe 0>0, uto mpu pa3zdouennu T cermeHTa [a,b] Ha YacTUUHBIE
CEerMEHTHI [Xi.1,Xi|, AJTMHA MAKCUMaJIBHOTO W3 KOTOPBIX A<d, KoneOaHHE
(ynkium f(x) Ha KaxaoM u3 Hux MeHbine ¢/(b—a) (CleacTBHE U3 TEOPEMBI

n e n
Kantopa). Torna pust takux pasouennii T S—s =) o;Ax; < DAX;=g ¥

i=1 —aiz
BBITIOJTHSACTCS TOCTATOYHOE YCIOBHE HHTETpUpyeMocTr GyHKIUH f(X).

3ameuanue. Ecnu f(x) umeer Ha [a,b] koHEUHOE YMCTIO TOYEK pa3pbiBa 1-ro po-
na, To pyHkuus f(x) Takke MHTErpUpyeMa Ha 3ToM cermenre. [Ipu stom, ecnu,

b c b
Hanpumep, f(X) pa3pbiBHA B OJJHOM TOYKE X=C, TO jf (x)dx = If (x)dx + jf (x)dx,
a a C

1 3HAYCHHE OTHUX MHTCTPATIOB HEC 3aBUCUT OT 3HAUCHUA Q)YHKHI/II/I B TOYKC C.

1.7.5. OcHOBHBIE CBOCTBA ONpeIeIeHHOT0 HHTerpaJa.

a
1) [f(x)dx =0 (110 OTIpe/IeTIeHHIO).
a
b a
2) ff (x)dx = — j f(x)dx (mo ompexaeneHuto, npu a<b).
a b
b b
3) [ef(x)dx = cf f(x)dx (c = const).
a a
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b b b
4) [[f(x) + g(x)]dx = [f(x)dx * [ g(x)dx

b c b
5) jf (x)dx = jf (x)dx + jf (x)dx TSI TIPOU3BOJIBHBIX C, TIPH YCIIOBUU
a a C

uHTEerpupyemMoctd Gpynkuuu f(x).

b
6) If(x)dx >0, ecmu f(x) =20 Vx € [a,b].
a

7) Ecnu ¢pynkius f(x) € c[a,b], To cBoiicTBO 6) MOKHO yTOUHHTH TpH f(X) = 0.

b b
8) ff(x)dx > I g(x)dx ecnu f(x) >g(x) Vx € [a,b].

9)

b
j f(x)dx

b
< [Ifo)ldx .

b b b
10) mj g(x)dx < If(x)g(x)dx < Mjg(x)dx,

ecnu
g(x) =0 Vx € [a,b]l, M =supf(x),m = inf f(x).
[a,b] [a,b]

1.7.6. IlepBas u BTOpasi GopMyJibl CpeIHEr0 3HAYCHHUS.

Jokaxem hopmyitry, KOTOpast Ha3bIBae€TCs IEPBOM (HOPMYJIION CPEHETO 3HaYE-

HUSL.

[Tycts dynkmum f(x) u g(X) uHTErpUpyEMBI Ha cerMeHTe [a,b], u dyHKIms g(X)

HE MEHseT 3Haka Ha 3ToM cermenTte. Eciiu M = sup f(x) , m = inf f(x), To cy-
[a,b] a,b]

HIECTBYET YUCIIO L, yAOBIETBOPSIOlIee HepaBeHCTBAaM m < 1L < M, Takoe, 4To

crnpaBeanuBa Gpopmya

b b
JEx)g(x)dx = uf g(x)dx. (1)

Ecnu, B yactHOCTH, f(X) HempepbIBHA HA cerMeHTe [a,b], To 3§ €[a,b], uto OyneT
BBITIOJTHSITHCSI PABEHCTBO

b b
[f(x)g(x)dx = £(&)[ g(x)dx.. 2

3ameuanue. ©@opmyina (1) u (2) Ha3biBaeTcs nepBoi (HopMysIOl CpeIHEro 3Ha-
YEHUSI.
Joxa3aTeabcTBo. byem npeanonarare, uro g(x)>0 (B ciyuae g(x) < 0 paccy-
JKICHUSI aHAJIOTUYHBIE).
b
a) Ecmu j g(x)dx =0, T0 B cuiy cBoiictBa 10 ompemeneHHOro WHTErpala
a

(cM. Temy 5)
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b
Jfg(x)dx =0,
a

M TOrJa B KQYCCTBEC L MOKHO B3ATb JIF000€ YHCIIO.

b
B) [lycTh jg(x)dx >0, Torna u3 (10)

a

b b
m < jf(x)g(x)dx/f gx)dx <M.

b b
OGosnauas yepes p = [ f(x)g(x)dx / [ g(x)dx, Gynem umers hopmyiy (1).
a a

®opmyna (1) nokaszana.

st mokasarenbcTBa (popMyibl (2) Hy)KHO TMOKa3aTh, YTO B CiIydae He-
npepreiBHON QyHkmu f(x) HaligeTcs Takas Touka &e[a,b], uto f(§)=p B hopmy-
ae (1). OxpHako 3TO BBITEKAET M3 TOTO, YTO HEMPEpPbIBHAS HA CErmMeHTre [a,b]
(GYHKIHS TOCTUTAET Ha TOM CErMEHTE KaK CBOMX TOYHBIX rpaHeil M u m, Tak u

JTH000T0 MTPOMEKYTOYHOTO MEXKIY HUMH 3HadeHus U (m < pu < M).

CaencrBue. B yactHOM citydae, korna g(x)=1, dopmyna (1) npuHuMaeT BUA:

b
jf(x)dX:u-(b—a),

a (B mpeAnonokeHuu HerpepbiBHOCTU (yHKIUU f(X) Ha cermenTe [a,b]) hopmy-

na (2) mpeBpaiaercs B

b
jf(x)dx =f(§)-(b-a)

3ameuanue. Ecnu f(X) He sBNsieTCs HEMpepbIBHOH, TO Gpopmyna (1) BooOIe
rOBOpS, HEBEpHA.

Ipumep.
M(x) A g(x)
1 1
! 1
2 2
T > T >
2 1 X 2 1
%, OSXS% 1, OSXS%
f(x) = { g(X)=1 {
, —<x<1 —, —<x<1
2 22
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—
=g

AW

b 11 12 1 1

Jf(x)g(x)dx = I—dx = .|'1-dx+ f —dx|=>=-=pn-

a 02 0 12 2 2
u g VEe[0,1] f(E)=u.

Chopmynupyem 6e3 qoka3zaTebCTBa TEOPEMY, MO3BOJSIONTYIO OTYYUTh
dbopMyIly, U3BECTHYIO TOJI Ha3BaHHEM BTOPOW (HOPMYJIBI CpPEeIHEro 3HAYCHUS,
unn dopmynsl borne. Ota dopmyna OyneT HEOAHOKPATHO HCIIOJIB30BATHCA B
Pa3HBIX pa3jenax MaTeMaTHYeCKOro aHayiu3a, B YaCTHOCTH, B pasnene “Hecoo-
CTBEHHBIE UHTETPaJIbl’ .

Teopema. Eciiu Ha cermente [a,b] dyHKIus g(X) MOHOTOHHA, a f(X) MHTErpuU-
pyeMa, TO Ha 3TOM CEIrMEHTE CYIIECTBYET TaKasi TOUkKa &, 4To

b £ b
jf (x)g(x)dx = g(a) f f(x)dx + g(b) j f(x)dx
a a &

- BTOpas (popmyna cpeaHero 3HaueHus win popmyna bonsre.

1.7.7. UuTerpaJ ¢ nepeMeHHbIM BEPXHHUM MpeaeoM.

OpHMM M3 Ba)KHBIX NOHATUN AJI1 HENPEPBIBHBIX U MHTETPUPYEMBIX Ha
cermeHTe [a,b] QyHKUMH ABISIETCS MOHATHE MHTETPasia C IEPEMEHHBIM BEPXHUM
IPEIENIOM, UCIONb3Yysl KOTOPOE, MOKHO HOJYYUTh OCHOBHYIO (hOpMYJy HHTE-
rpajgbHOro ucuucieHus - opmyny Horotona-JIeiiOHuma.

Onpenenenune. Ilycts Qynkuums f(Xx) uHTErpupyemMa Ha JIIOOOM CerMEHTe

[a,B]e(a,b) u mycTh ¢ - HekoTopas (pUKCHpOBaHHAS TOYKA, MPHHAIJIEKAIIASL

uHTepBany (a,b), Torma, kakoBo Obl HU ObuTO umcno xe( a,b), dynkuus f(x)

UHTETpUpyeMa Ha [c,x], W Ha wuHTepBaIe (a,b) ompeneneHa ¢GyHKIHA
X

F(x) :jf(t)dt, KOTOpasi Ha3blBA€TCsd WHTETPAJIOM C IIEPEMEHHBIM BEPXHUM
C

HpeeIOM.

Teopema. Jlrobass HenpepbiBHas Ha uHTepBaie (a,b) pynkuus f(x) umeer Ha
ATOM HHTepBajie nepBooOpasHyro. OmHON M3 MepBOOOpa3HBIX sABISETCS (YHK-
X
nusa F(x) = J f(t)dt, rae ¢ - mobas pukcupoBaHHAS TOYKa HHTEpBaa (a,b).
C
JlocTaTouHO JO0Ka3aTh, 4TO IS Vx e(a,b)3 lim Fix+A%) - F(x)
Ax—0 Ax
(Ax 6epem TakuM, uToOBI (X+AX)€(a,b)). PaccMoTpum pa3sHOCTH

= f(x)

F(X+ AX) — F(X) = X]Axf (t)dt —f f (t)dt = j f (t)dt + ff (t)dt —I f (t)dt =

= j f(t)dt = f(&)AX,

X
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rae & - HeKOTOpOe YHCIIO, 3aKITI0YEHHOE MEeXKIY X U X+AX (31ech OBbLIIO HCTIOb-
30BaHO CBOMCTBO 6 OIpeNelIeHHOr0 MHTErpajga u rnepsas (Gopmyia CperHero
3HAYCHHUS JIJIs1 HEMPEPHIBHOW HA CErMEHTE (QyHKIIUH).
Taxk kax f(x) HempepsiBHa B Touke X, TO pu AXx—0 f(§)—>1(x), u mosTo-
My lim F(x + Ax) - F(x) _ ().
Ax—0 Ax

3ameuanue 1. AHAJIOTUYHO JOKAa3bIBAETCA TEOPEMA I HEPEPHIBHOM HA Cer-
MeHTe [a,b] dyHkiuu f(x). B 3ToM cityyae B kauecTBe ¢ MOXKHO B35ITh TOUKY a U

F(x) = )j(f(t)dt .

d X
3ameuanue 2. MbI nokasanu, 4to — If(t)dt =f(x).

dx\,
3ameuanue 3. Ecnu f(X) nHTerpupyema Ha 1:000M CErMeHTE, CoJIeprKalleMcs B
UHTEpBaJe (a,b), To UHTETpall C IEPEMEHHBIM BEPXHUM IPEAETIOM IMPECTaBISIET
co00i1 HempepbIBHYI (QYHKIMIO Ha UHTEpBaJe (a,b) OT BepxHero mpezena. B
caMoM Jiene

x+Ax X
AF =F(x+Ax)—F(x) = [f(t)dt - [f(t)dt = pu- Ax,
C C
M = sup f(x)
raie msu<M [a,b]
m = inf f(x)
[a,b]

Otcrona lim AF = lim (u-Ax) =0, u B cuiny pa3HocTHOU (popmbl yc-
Ax—0 Ax—0

J0BUs HenpepbIBHOCTH F(X) ecTh HenpephIBHAs Ha HHTEepBae (a,b) GyHKIHS.

1.7.8. OcHoBHas opMy./ia HHTErPAJIBHOI0 HCYHMCIeHUS WK Gopmyia
Hrnrorona-Jleiionunia.

B paznene “HeompenenenHslit uHTErpay” ObUIO MOKa3aHO, YTO JIIOOBIE

IBe mepBooOpasHbie GyHKIMU f(X) Ha cermMeHTe [a,b] oTnMUarOTCSA JIMIIL Ha

KOHCTaHTy. B mpenpinymeil Teme naHHOro mocobust Obu1a JoKa3aHa Teopema,
X

YTO MHTETPAJI C IEPEMEHHBIM BEPXHUM IIPEIEIOM F(X):J f(t)dt sBnsercs onHoM
C

u3 nepBooOpa3HeIX GyHKIMH f(x) Ha cermente [a,b] (c,xe[a,b]), moaTomy Jto-

0ast mepBOoOOpa3Has ((X) HEMPEPBHIBHON Ha cermeHTe [a,b] dyHkiuu f(x) moxer

OBITh MpeACTaBieHa B BUIE O(X) = I f(t)dt+c, roe ¢ - mpou3BoOILHAS TTOCTOSH-

a

Hasg. Mcnone3yss  cBoOWcTBO 1 OmpeneneHHoro  MHTErpaisa, MMEEM
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o(a) = j f(t)dt+c=c. OueBugHO TaKxe, 4TO npu X=

b b b
¢(b) = [ f(t)dt+c= [ f(x)dx+c, otkyma [ f(x)dx=(b)~c.
[MoxcraBnsist BMecTo ¢ D(a) B oceHEE PABEHCTBO, TIOTYYUM (HOPMYITY

[£(x)dx = o(b) ~ p(a).

Jlns yno6eTBa 3amucu pasHocts ¢ (b)- ¢(a) 3anuckiBaior B popme @(x)|”, u

® - ocHOBHas (pOPMyJIa HHTETPATLHOTO HCUMCIICHHS Wi (Op-

[ f(x)dx = o(x)

a

myna Hetorona-Jleitbnuna.

[Tpumepsr:
i \/— mT T T
=arctgy/3 —arctgl=———=—

s 8 3 4 12

1.

2

3
= arctgx
1+x g 1

T
sin2xdx = —lCOSZXE = —l(COSZ-E—Cosz-Oj = —l(—l—l) =1
2 0 2 2 2

O 0 | 3 —_—

2
dx X2 | ) T
3. I—z arcsin—| = arcsin——arcsin0=—
0 16—X2 4 O 2
n 7T
Z 1 2 1] 1 1 1
4 [ dx= |t =2 - - Laegy22
7SI X 2sin” x| 2 sin? *  gin? X 2 2
6 6 2 6

1.7.9. ®opmybl 3aMeHbI IEPEMEHHON 1 HHTETPHUPOBAHMS M0 YacTAM B
olnpeae1eHHOM HHTerpale.

Teopema. Ilycts dynkmus f(X) HenpepsiBHa Ha cermenTe [a,b]. CermeHT [a,b]
SBJISIETCSI MHOXKECTBOM 3HAYCHUH HEKOTOPOW (QyHKIHMH X=g(t), ONpeaeneHHOM
Ha cermeHTe o < t < 3, mpuuem g(a)=a, g()=b.

ITycts Takxke g'(t) HempepbiBHa Vte [a,f3]. Torma cnpasemiuBa hopmy-

b
na: jf(x)dx = I flg(t)lg'(t)dt - popmymna 3aMeHBI IEPEMEHHOM 1MOJT 3HAKOM OII-
a o

PCACIICHHOTO UHTCIpaJIa.

HoxkazareancTBo. [lycts ¢ (X) - HeKOTOpas nepBoodOpaszHas Gpynknuu f(x), T.e.
b
P'(X)=f(X) n If(x)dx =o@(b)—o¢(a). Tak kak Qynkuuu ¢ (x) u x=g(t) aud-

(depeHIUpyeMbl Ha COOTBETCTBYIOIIMX CETMEHTaX, TO CJIOXHAas (DyHKIHS @
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[g(t)] muddepenpyema Ha cermente [o,P]. [Ipumenss npasuiio auddepenu-
POBaHUS CIIOKHOW (DYHKIIUH, TIOTYIUM

Lolow]=o'aw)- g’ (1)

I7I€ IPOU3BOAHAs @' BBIUMCISIETCd IO apryMEHTy X: (p'[g(t)]zgo’(x), rae
x=g(t). Tak kak @'(X) = f'(X), To mpu x=g(t) moay4uum (0’[g(t)]= flgt)]. IToa-
CTaBlsAss 3TO  3HAa4YeHUE (p'[g(t)] B mpaBylo 4yacte (1), mnomxyuum

%(p[g(t)] = f[g(t)]g’(t) , OTKyJa cieayert, uro ¢[g(t)] Ha cermente [o,[] sBs-

eTCs epBOOOpa3HOH Isl HyHKINUU f[g(t)]g’(t) . [lToaTomy o hopmyne Hrroto-

Ha-JlelOHMUIIA
B
[ fle]e'(Vdt = o[e(®)] - o[g(w)],

a Tak Kak g(PB)=b u g(o)=a, To OKOHYATEIHHO MOTYUUM
B

[ fla(®]g'()dt = o(b) - o(a)

a

il
2 cosx .

IIpumep 1. PaccmoTpum j—dx. [Tonoxum sinx=t, U, cJIeA0BATEIBHO,
ol+sin” x

I1
dt=cosxdx; Tak kak t=0 mpu x=0 u t=1 pu X = PR TO

IT

2 1
jcosx/(l +sin? x)dx = jdt/(l + t2) = arctgti)
0 0

I
4

IIpumep 2. Beruucautsy | xvV1+ x2dx . Tlonoxum 1+x’=t, roraa dt=2xdx.

i
V3
[Tockonbky t=4 ipu X = V3 ut=9 pHu X = V8 , TO

3
jgx 1+x2dx:?£dt=1-3t3/29=1(93/2—43/2)=9
20 23 [ 3 3

3 4

Teopema. Ecnu ¢yHkimu u(x) u v(X) Ha cerMeHTe [a,b] UMEIOT HENMpephIBHBIE
IPOM3BOJIHBIE, TO CIIPABEUINBA CleAytomas Gpopmya

b
fu(x)v’(x)dx = [u(x)v(x)]

b b
— f u’'(x)v(x)dx,
a a

KOTOpast Ha3bIBACTCA (bOpMy.]'IOﬁ HUHTCIPUPOBAHUA 110 YaCTAM JUISA ONIPCACIICH-
HBIX UHTCI'PAJIOB.
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Hoxa3arenabcTBo. [lockobKy [u(x)v(x)]’ =u'(x)v(x) +u(x)v'(x), To QyHKIUSA

u(x)-v(x) sBusieTcss mepBooOpa3Hoi s HyHKIIUU [u'(x)v(x)+u(x)v’(x)], oT-

b
KyJia CIeayeT, 4To Hu’(X)V(X) +u(X)V’(X)]dX = [u(x)v(x)]b. Hcnonw3ys cBoii-
. a

CTBa ONPEAETICHHOTO MHTETPAJIA, TOIy9YuM
b b ©®
fu(x)v’(x)dx = [u(x)v(x)] - f u'(x)v(x)dx.
a a a

3ameuanue. Tak kak v'(x)dx =dv u u'(x)dx =du, To momyuenHas ¢gopmyia

b b b
MOXET OBITH 3allMcaHa B BUJIE j udv = (uv) — I vdu .
a a

s

IIpumep 1. Boruncnuth J x sin xdx . [Tomaras u=x, dv=sinxdx, noxyunm du=dx,
0

V = -COsX, TOTAa

n n 7 T
[xsinxdx = —xcosx —j(—cosx)dX:n+sinx0 =r.
0 0

1.7.10. CnpsimiisieMOCTh M JJIMHA YT IJIOCKOH KPHUBOIi.

[Tycts 3amanbl GyHKIMU @(t) U Y(t), HEMpephIBHbIE HA cerMeHTe [a,f].
MHOXkeCTBO {M} BCEX TOYEK M, KOOPAMHATHI X U y KOTOPBIX OIPENEISIOTCS

X =0(t) y N
YpaBHEHUSIMH o <t <3 Ha3pIBaeTCs MPOCTON KPUBOMW, €CIM Pa3IUy-

y=y(t)

HBIM 3HAYEHUSIM MapameTpa t u3 cerMeHTa [o,3] OTBeUaroT pa3nuyHble TOUYKU

ATOr0 MHOKECTBA.
MK Bynem naspiBaTh Touku A u B, oTBeuaromue
TpaHUYHBIM 3HAYEHUSIM o U [3 mapamerpa t
A(a) FPAaHUYHBIMA TOYKAMH MPOCTOM KPHUBOI.
X [IpocToii 3aMKHYTOH KpHMBOW Ha3bIBaeTCA
KkpuBas L, kotopas 00pa3yeTcsi 00beIMHECHH-
B(B) €M JIByX IpocTbix KpuBbiX L; u L, cnenyto-

M 00pazom:

N

1) rpannyHBIe TOYKU KpUBOW L, COBMaAaOT C rpaHUYHBIMU TOYKAMHU KPUBOM
L,; 2) mo0ble He TpaHUYHBIE TOYKH KpuBbIX L 1 L, pa3snudHeL.

Omnpenenenune. [Tycts ¢(t) u y(t) HEMpepbIBHBI HA {t} . YpaBHEHHS

X =@(t)
B (1)
y=wy(t)
3a1a10T ITapaMETPUYECKU KPUBYIO L, eciu CylecTByeT Takasi CUCTEMa CErMEH-
TOB {[ti_l,ti ]} , pa361/IBaIOH_[I/IX MHO>XECTBO {t} , UYTO JJIS1 3HAYCHUM t U3 KaXKq0ro

JTAHHOT'O CErMEHTA 3TOM CHCTEeMbl ypaBHEHHS (1) onpenenstoT mpocTyro KpH-
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By10. [Ipu 3TOM Touku KpuBoi L paccmarpuBaroTcs B ONpeaeIeHHOM MOPSIIKE B
COOTBETCTBUU C BO3pAacTaHHEM MapameTpa t, T.e. ecii M| COOTBETCTBYET 3HaYe-
HUIO mapamerpa t;, a M; - t, To M; cuutarorcs npeamecTByonen M,, ecnu
t;<t;. Touku, OTBEHANOIIME PA3IMYHBIM 3HAYEHUSM IMapaMeTpa, BCErja CUhTa-
I0TCS PA3IUYHBIMU.

IHpumep. PaccmorpuM kpuByto L, 3anaBaeMyo mapaMeTpu4eCKU ypPaBHEHUSIMHU

2)

X = cost

y=sint
0 <t < 4w - 9T0 HE mpocTasg KpUBas, HO €CIIU B3SIThb CUCTEMY cerMeHToB [0, ],
[m,27], [27,37t], [3m,47], pasObuBatontux [0,47], TO 175 3HAUCHUMN t U3 KaXKIOTO
YKa3aHHOI'O CErMEHTa JAHHOM CHCTEMBbl ypaBHe-
HUs (2) ompeAenstoT MPOCTYI0 KPUBYIO (IIOJIYOK-
PYKHOCTB).

\\J Kpusas L - gBaxxap1 06xoaumast OKpYy>KHOCTb.

Urak, mycts kpuBas L 3a1aercs napaMeTpuuecKUMH ypaBHEHUSIMHU

X=0(t
o )oc <t<B.Iycts T - mpousBoasHOE pa3dueHue [a,B] Toukamu

y=wy(t)
oo=to<t;<t,<...<t, = B. CoOTBETCTBYIOIINE TOYKU KprBOi L 0003HaUNM depes
MO’ M17 M25 ceey Mn

Jlomanyto MM M,...M,, Oynem Ha3bIBaTh
JIOMaHOW, BIIMCAaHHOM B KpuByro L u otBe-
yaromed naHHomy paszbuenuto T cermenrta
[o,B]. dnuna 1; 3Bena M; 1 M; aToit nomaHoi

T M2 Mn paBHa
to it tn \/(Xi —Xi-1)2 +(Yi _Yi—1)2 =

= Jlott) ot ) +[wt) - vt

Jnuna I(T) Bceit a0 ToMaHOM paBHA

(1) = X1 = S0t ot +[w(ti) - w]

Mo

Onpenenenne. Eciin MHOXECTBO {l(T)} JUIMH BIIMCAHHBIX B KpUBYI0 L joma-

HBIX, OTBEYAIONTNX BCEBO3MOXKHBIM pa3zouenueM T [o,3] orpaHndeHo, TO KprUBast

L naspiBaeTcsa cnpsamisiemoil. TouHas BepxHsisi rpaHb | MHOXKeCTBa {I(T)} Ha-

3bIBACTCA NJIMHOM Ayru Kpusoi L.

Teopema (0 OCTaTOYHBIX YCIOBHSX CIPSIMIIIEMOCTH W JUIMHE JYTH IIOCKON
kpuBoi). Eciin pynkimm x = @(t) u y = y(t) umerot Ha cermente [a,[3] Henpe-
PBIBHBIE MTPOU3BOJIHBIE, TO KpHBas L, onpenensemas nmapaMeTpuyecKUMH ypaB-
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X =o(t)
HEHUSMH ) t e[a, B] , cpsmisieMa, U IuHa | ee ayru MOKeT ObITh
y=v
BBIUHCIICHA 110 opMyIie
p
’ 2 ! 2
1= [{[o' O] +[w' ] dt 3)
o

[Tosichum 6€3 neTanbHOr0 0OOOCHOBAHHUS CXEMY JOKA3aTelbCTBA JAaHHOU
TEOPEMBI.

Jrtan 1. PaccmarpuBaeTcs BelpakeHHE

i(T) = i\/[(p(ti_l) - (p(ti)]2 + [\p(ti_l) - \V(ti)]2 JUTMHBI JIOMaHOM, BIIMCAHHOW B
i=1

KpHBYI0 L 1 oTBeuaromieid mpon3BoibHOMY pa3ouenuto T cermenTa [o.,f3], u mo-
Ka3bIBACTCSl €€ OrPAaHUYEHHOCTD, T.€. KpuBas L - cnpsmisiema. J{nnHa kpuBon L
o0o3Havaetcs yepes l.

Iran 2. [TokazeBaercs, 4to 1(T) ckoib yromHo Mano OTIH4aeTcs OT BETUIHHBI

p
I= j\/[(p'(t)]z + [\u’(t)]zdt npu A—0, rae A - nuametp pazouenus T cermenTa
o

[a,B], a umenHHO,

I(T)-1]< % )

Jran 3. [lokaspiBaercs, 4To cpean JoMaHbiX, MHBL 1(T) KOTOpHIX yaoBIEeTBO-
PSIIOT HEPaBEHCTBY (4), MMEIOTCH TaKHe, JUTMHBI KOTOPBIX Maj0 OTIMYAIOTCS OT

uaHb | yru kpuBoit L, a umenno, 0<I- i(T) <§.

Ortcrona cienyer, 4To |1 - I| < €, U B CUJLy IPOU3BOJIBHOCTH €

1=1= o O +[v o]

1.7.10.1. Bvtuucnenue onunsl 0y2u na0CKoU Kpueoil npu
PAa3MUYHBIX CROCODAX ee 3a0aHUs.

1) Ecnu xpuBas L sBasiercs rpaduxom pynkuun y=f(x) u f'(x) HenpepbiBHa Ha
[a,b], To kpuBas L cupsmnsiema, u anmHa | ee gyru Beraucisercs no Gopmyie

1= ?1/1 '] dx.

Joxka3aTeabcTBo. ['paduk QyHKIMHM NpencTaBiseT KPHUBYIO, OINpeNeseMylo
napamMeTpUIeCKuMHU ypaBHeHHsIMU x=t, y=f(t), a < t < b, U BBIMOIHEHBI yCIOBHS
TEOpPEMBbI O JOCTATOYHBIX YCIOBHAX CHPSAMIISIEMOCTH M JJUHE AYTU IJIOCKOM
kpuBoil. [lonaras @(t)=t, y(t)=f(t) u 3ameHss nepeMeHHYI0 HUHTErpUPOBaHUs t Ha

b
X, IOJIy4YnMm | = Nl + [f’(x)]zdx .
a
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2) Kpusas L onpeznensercs nonsipusiM ypaBHeHHeM 1=1(0),0, < 0 < 0, u 1(0)
uMeeT Ha [0}, 0,] HepepBIBHYIO IPOU3BOIHYIO, TOT/1a KpuBas L cnpsimiisiema,
u anuHa | tyru L MoxeT ObITh HalifieHa o ¢popmyiie

6,
1= Jrz(e) +[r'(0)] do
6,

(DOpMy.]'Ia nepexonaa OT MOJIAPHBIX KOOPAWHAT K JCKAPTOBBIM KOOpAHWHA-

x =1(0)cos0

Tam _ , clemoBarenbHO, L ompenensercss mapaMeTpUYCCKHMU
y=r1(0)sin6

ypaBHEHHUSIMH, B KOTOphIX GyHKmuU ¢ =1(0)cosO; vy =r(0)sinO ynosierBo-

PAIOT YCIOBUSIM T€OPEMBI, OTKYAA CIELYET, YTO

B 0,
I= J.\/[(P'(t)]2 +[\I/'(t)]2dt = J.\/(r'cose— rsin®)’ +(r'sin® +rcosf)’ do =

_ f\/r2(9)+[r’(6)]2d9

IMpumepsl. 1) Haiitu nnuny 1uanm, 3a1aHHOW YpaBHEHUSIMH x23 4 y2/ 3=

3
X =cos” t
[Iepeiinem k mapaMeTpU4eCKUM yPaBHEHUAM
— qin3
y=sin"t
y 3! n

2 2
1=4 j\/9cos4 tsin”t +9sin® tcos? tdt = 12Isintcost cos’ t +sin” tdt =
0 0

a
2 =6
0

2) HaiiTu [IHHY AyTH HOMyKyOHYecKoil mapaGosisl y*=X", 3aKIIOYCHHOH MEKITY
toukamu (0,0) u (4,8).

Y.
M(4,8) 3 > 9
R Taxk xak x>0, To y':E\/x u \/1+(y’) :1/1+Zx

X

i
2

=6 [ sin2tdt = —3cos2t
0

CrnenoBaTeianHO,

4 3/24
l:I 1+2de:£-z(l+2 )
0 4

(10\/5 - 1)

_8
930 4 o 27

3. Haiitu nyinHy mepBOro BUTKA apXUMEAOBOM CIIUpaIu p=a@
[TepBsIii BUTOK apXHMEIOBOM ciMpaiu 00pasyercs npu
W3MEHEHUU NOJIIpHOTO yria ¢ ot 0 10 21

2n 2n

Tootomy 1= [ yJa’p? +a’do=a [ yJo> +1dp =
0 0

= a{n\/4n2 +1 +%ln(2n +V4n? +1)} :
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1.7.11. KBagpatupyeMocCTh M IJIOIIAb IJIOCKON QUIYpPBI.

Omnpenenaenune 1. [Tnockoit purypoit Q OyneM Ha3zbIBaTh KOHEUHYIO YaCTh ILIOC-
KOCTH, OTPaHUYEHHYI0 NpocToi 3aMKkHyTOM KpuBo# L. Kpuas L B 3ToM ciyudae

Ha3bIBaeTCs rpanuneit purypst Q.
ByzneM roBopuTh, YTO MHOTOYTOJBHUK BHHCAH B Gurypy Q, ecim kax-
Jast TOYKa ATOT0 MHOTOYTOJIBHAKA IPUHAISKUT Gurype Q mim ee rpaHurie.

Ecnu Bce TOUKHM TUIOCKOW (UIyphl U €€ TPaHUIbI

( m MIPUHAJIEKAT HEKOTOPOMY MHOTOYTOJIBHUKY, TO
TOBOPSAT, YTO YKa3aHHBI MHOTIOYT'OJIbBHHK OIMCAH

BOKpyT purypsr Q. O4eBuaHO, 4TO TUIOMIAAB JTF000-
ro BIKCAHHOTO B GUrypy Q MHOTOYTOJIbHUKA
Si He GoJIbILe TUIOINAAM JIF0O0T0 ONMMCAHHOTO BOKPYT (UTypbl Q MHOTOYTOJIbHHU-
Ka S4(Si<Sg). O603HAUMM Uepe3 {Si} u {Sd} YHUCJIOBBIE MHOJKECTBA IUIOMIAIEN

BIIUCAHHBIX B Gurypy Q M OMHMCaHHBIX BOKPYT IUIOCKOW (urypsl Q mHOTO-
YrOJIbHUKOB. MHOXECTBO {Si} OTPaHHYEHO CBEpXY (TUIOMIABI0 JIFOOOTO OMH-

CaHHOTO BOKPYT Q MHOTOYTOJbHUKA), & MHOECTBO {Sd} OIPAaHUYEHO CHU3Y
(Hampumep, yucioM HyJb). O6o3Haumm uepe3 P = sup{Si} u IS:inf{Sd}.

Uucna P u P Ha3pIBaroTCs HIDKHEH M BEpXHEH IUIOMABIO THIOCKOH (urypsl Q

COOTBECTCTBCHHO.

Jlemma. Huwxnss miomans P guryper Q He Gosble BepxHel mwiomaau P atoit

¢urypsl, T.€. P <P

ral <

supS; =P P =infS,
Hoxa3zarenbcTBo: [Ipeanonoxum npoTuBHoe, T.€. P >P U 0NOKHM
_ P b _
pie_PtP (B P)/2—8>0. Tak  Kak
V2
O S e S P= sup{Si} , TO HalpaeTcs Ta-
A d N Z— Ca) A d . .
B p_c_t*P , KOW BmuCaHHBIA B ¢urypy Q
P s 2 S = MHOTOYTOJIbHUK, TIJIOMIAab  S;
KOTOPOTO

si>g—g=(g—§)/2 (1)
Tax kak P = inf {Sd } , TO HalJIeTCsl TAKOW ONMUCAHHBIN BOKPYT GUTyphl Q

MHOTOYTOJIBHUK, ILIOMIagb KOTOPOro Sy OymeT MeHbIIe YHcia P+e
Sd<P+s:(B+P)/2 Q).

W3 Hepasencta (1) u (2) cnenyer, uto Sy<S;, 4ero He MOXKET OBITh.
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Omnpenenenune 2. [lnockas purypa Q Ha3bIBaeTCs KBAAPUPYEMOU, €CITH BEPXHSISI
wiomane P aroit puryper coBmamaer ¢ ee HwxkHEH miomaapio P . [lpu stom

yucio P=P =P naseiBaercs miomanpio ¢purypsr Q.

Teopema (0 HEOOXOIUMOM U IOCTATOUYHOM YCJIOBUU KBAJPUPYEMOCTH IIIOCKON
¢burypsi). Jlns toro, uToOs! mwiockas ¢urypa Q Oblia KBagpupyeMoi, HeoOXo-
JUMO U JOCTATOYHO, YTOOBI AJIsl TF0OOTO MOJIOKUTETHHOTO YHCIIA € MOXKHO OBLIO
yKa3aTh TaKOW OMUCAHHBIA BOKPYT (pUrypbl Q MHOTOYTOJLHUK M TAKOW BITUCAH-
HBIM B purypy Q MHOTOYTOJIBHHUK, PA3HOCTh S¢-S; TIomaaeii KOTOPbIX ObL1a ObI
MEHBIIIE €, S4-Si<g

Hoxka3zareancTBo. Heob0xogumocts. Ilycte durypa Q kBagpupyema, T.e.
P=P=P.
Tak kak P = sup{Si}

€ €
2 2 = .
L u P :1nf{Sd}, TO JUISA JIIO-
\ g ra ) ra \ 4
€ p o & ooro &>0 MOXHO YyKa3aTb
P=3 S P 34 2 TaKOW BIHMCAHHBIA B QuUrypy
Q MHOTOYTOJIBHUK, TUIOIIAIb
€ .
Si KOTOPOTO YJIOBJIETBOPSIET HEPAaBEHCTBY P —S; < 5 (3) wu Takoii onucaH-

HBII 0K0JIO (urypsl Q MHOTOYTrOJbHHUK, IUIOIIAL Sy KOTOPOIO yJIOBJIETBOPSIET
€

HEPaBEHCTBY S, — P< 5 4).
CknanpiBas HepaBeHCTBa (3) u (4) momyunm Sy-Si<e.

HocraTounocts. [lycth Sq 1 S; muionaay MHOrOyroJIbHUKOB, JJI1 KOTOPBIX Sq-
Si<e m Tak kak S; <P <P < Sy, To P-P <e. Tak kak € - NpoU3BOIBHOE YHUCIIO, TO

P=P u ¢burypa kBagpupyema.

— —
sup{S;} =P inf{Sy}=P

Si
Teopema nokaszaHa.

I[lnomaabs KPpUBOJIUHEHHON TPanenuu.

w PaccMoTpuM KpHMBOJIMHEWHYIO Tpa-
nenuio - (Qurypy, OrpaHHYEHHYIO
rpauKkoM HETPEPHIBHOW M HEOTPH-
natenbHoil pynkumu f(x), 3agaHHON
Ha cerMeHTte [a,b], opauHatamw,
MPOBEJCHHBIMU B TOYKax a U b u
oTpe3koM ocu OX MEXy TOUKaMH a

R =0 > ub. JlokaxxeM TeopeMmy.
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Teopema. KpuBonmHeiiHas Tpanenus IpeIcTaBiIseT coo0l KBaapupyemyto hu-
rypy, miomaab P KoTopoit MoxkeT ObITh BEIYKCIICHA 110 opMyIie

b
P= jf(x)dx

Hoka3zareabcrBo. Tak kak ¢ynknus f(x)eCla,b], To 3Ta dyHKIHMS UHTErpH-
pyeMa Ha 3TOM CErMEHTE, MOITOMY (Vs > 0)(3T):[S— s < s] , TIe S u s - Bepx-

HSISl U HIDKHSIS CyMMBI pa3ouenust T COOTBETCTBEHHO.
S=S4 u s=S;, Tne Sq u S - WIOWIATN CTyNEHYATHIX MHOTOYTOJBLHUKOB, MPUYEM
MHOTOYTOJIbHUK IUIOMAAN Sq CONEPKUT KPUBOJIIMHEHHYIO Tpalenuio, a Iiola-
1 S; - conepxkutcs B Hell. [lockonbky S¢-Si<e, To U3 TeopeMbl 0 HEOOXOAUMOM
U JOCTATOYHOM YCJIOBUM KBaJ[pUPYEMOCTH IIOCKON (DUTYpHI BBITEKAET, YTO
KpUBOJIMHEHHAs Tpaneuus kBaapupyema. [lockonbky

b b
limS = lims = [f(x)dx u s<p<S,T0 p=[f(x)dx .
A—0 A—0 a a

3ameuanue 1. Ecniu pynkuus f(x) HenmpepbIBHA U 3HAKONIEPEMEHHA HAa CETMEHTE

AY [a,b], TO ompeneneHHBI HHTE-
b
4 Ab\ % rpai jf(x)dx Oyzer naBath ai-
a c‘@d b ~x a
~ reOpanyeckyo CyMMy ILIOIIA-
JIeH, 3aKIIOUYCHHBIX MEXIY OCBIO

Ox, rpaduxom ¢pynkmmu f(x) u
opauHaTtamMu X=a, x=b. [Ipu 3ToM ruromamu Hax ockio OX OyAyT MOIydaThCs €
HOJIOKHUTEIbHBIM 3HAKOM, a O 0Ch0 OX C OTpULIATEIbHBIM.

J1st TOro, 4TOObI MOIYYUTh CYMMY 3THUX IUIOIIA/IeH B OOBIYHOM CMBICTIE, HY>KHO

BBIYUCIIUTD .[|f(x)|dx. Tak, cymMMa 3alITPUXOBAaHHBIX HA PUCYHKE ILUIOLIa/ei
a

paBHa

c d b
J f(x)dx — f f(x)dx + J f(x)dx
a d

C

3ameuanue 2. [Inomaas, 3aKi04eHHas MEXAY ABYMsI KPUBBIMU:

A yi=fi(x), y>=f2(X) u nByms opauHata-
y2=12(x) MU: X=a, X=b B TOM cllyuyae, Korja oj-
Ha KpuBas JICKUT HAX APYrou, T.c.
f(x)>f)(x) Ha cermenTte [a,b] BeIpaxa-
€TCSl HHTETPAJIOM.

b
P = [[£f,(x) - f;(x)]dx

\ 4
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Eciu 00e KPpHBbIC JICKAT HaJl OCbIO OX, TO U3 YCPTE)Ka BUJAHO, YTO
b b b
P = [ £ (x)dx — [ f;(x)dx = [[£,(x) - f; () ]dx
a a a

B o0miem cirydae, ecnu KpuUBBIE KaK yTOIHO PACIOJIOKEHBI OTHOCHTEIb-

HO ocu OX, MOXXHO MPUUTH K Pa30OpaHHOMY, €CJIM MepeABUHYTh ochb OX Ha-
CKOJIbKO BHH3, YTOOBI 00€ KpHBbIE OKazamuch Haa ockio OXx. B atom ciydae k
obenm ynkmusam fr(x) u fi(x) mpubaBisieTcss OMHO U TO KE MOCTOSHHOE Clia-
raemoe, npuyem pazHocTh f>(Xx)-f1(X) ocraercs 6e3 U3MEHEHMS.

Inomans mIockoi (pUrypsl B NOJSIPHBIX KOOPAMHATAX.

[Tyctp kpuBast L 3amaHa B monsipHOW cucTeMe
KoopauHat ypaBHeHuem r=r(0),0€[o,B]. byzem
CUUTaTh, 4TO 1(0) HENpepbIBHA U HEOTPULIATEIbHA
Ha cerMeHTe [o,B]. KpuBonmHeiHBIM cexTOpOM
Ha3bIBAeTCS IUTOCKas (urypa, OrpaHUYEHHAsS
KpuBO# L M NByMs Jydamu, COCTaBJISIIOLIMMU C
noJIIpHOU ochio yrutel a 1 3. Chopmymupyem 6e3
JI0Ka3aTeIbCTBA CICIYIOUIYIO TEOPEMY.

Teopema. KpuBonuHelHbIN CEKTOp MpeACTaBIseT cOO0N KBaapupyemyro Gury-
pYy, IUIOIIAAb KOTOPOM MOXKET ObITh BBIUUCIIEHA 110 (popmyIie

IIpumepsbl.

p
P =ljr2(e)de
2(1

1. Halitu nnomaas GuUrypsl, 3aKIr04EHHON MEXKTY KPUBBIMU y=5-x2 u

y=x-1. Peliasi COBMECTHO ypaBHEHUS

N//U'

v

|

2

y=s5-x , IOy YUM

y=x-1

1= —3 Xz = 2
; . CnepgoBarennHoO,
y1 =4

y2 =1

P :_.zf [(S—Xz)—(x—l)]dxzjf(6—X—x2)dx=

3 3

x> x°

ox - -2

2 3

2
~202
-3 6

2. Haiitn momanbs QUrypbl, OrpaHUYCHHONW OJHUM JIEIECTKOM KpPHUBOMH

p2

=a

cos2¢ (IeMHHuCKaTa).
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[IpaBass yacTh ypaBHEHUS AAHHOW KpPUBOM
HEOTpULaTeNIbHA MIPU TE€X 3HAYCHUSX O, AJIs
" KOTOpbIX c0s2(>0, Mo3TOMY NEpBbIN Jene-
B T T
CTOK JISKHT B yrie, rae —— <2¢p < —, T.€.
C 2 2
4 4
CnemoBaTensbHO,
L3 T
2 M 2 2
14 a“ 1 . 4 a a
Poagc =5 jazcos2(pd(p=7551n2(p = T(I—H):?
T
T
- 1

1.7.12. O0bem Tes1a BpaleHUsl.

Brraucnenune 061,eMa TCJIa CBOAUTCA TAKXKC K BBIYHUCJICHUIO OIMMPCACICHHOI'O UH-
terpana. Ilycts paccmarpuBaemoe Teno E moisydaercss OT BpallleHUs TaHHOMN
kpuBoH y=f(Xx), 3a1aHHOl Ha cerMeHTe [a,b], Bokpyr ocu Ox. O603HauUM uepes
V o6wveM ganHoro Tena. PazoObeM Telo monepeuHbIMH CEUYEHUSIMU, TepIICHIN-
KyJSApHBIMH K ocu OX, HauWHas OT X=a M KOH4Yas X=b.

y/

OueBUAHO TMOMEPEUYHbIC CEUCHHUS -
Kpyru paauyca y. Paccmorpum
AE onuH u3 3nemeHToB AE, 00pa3oBaH-
HBIA CEYCHHMSIMH C aOCHHMCCaMH X U
x+Ax. bygem cumrate, yTo AX noc-

a b
UXO+AX >X TATOYHO Maja0 M 3aMEHHM O0beM
w\ J tena AE o6beMoM mpsIMOTO LIUJIMH-
Jlpa, BBICOTAa KOTOpPOro Ax, a IJo-
aJab OcC-

HoBanmsS(x)=I1f*(x) u, clexoBaTeNbHO, /IS 0ObeMa V Tela MOJTyYUM TIPHUOIH-
KeHHOe BeIpakeHHe V ~ Y S(X)AX (cyMMHpoBaHHE OEpEeTCsl MO BCEM DIICMEH-
TaM, Ha KOTOpPbIE Hallle TeJIO0 pa3douTo MonepeyHbIMU ceueHusiMu). [Ipu nepexo-
Jie K TpeJieNry, KOTAa YUCIIO 3JIEMEHTOB OeCIpeesIbHO BO3pacTaeT U HauOOIb-

niee u3 Ax—(, HamyMcaHHas CymMMa MpEeBpallaeTcs B OMpPEeICHHbIN UHTerpal,
KOTOPBIN JaeT TOYHOE 3HaUYeHHe o0bema V,

b
V= [mf?(x)dx .

Ntak, npuxoIum K CIEIyIOIIEeH TeOpeMe.

Teopema. O0beM Tena, NOTYYaeMOro MpU BpalleHUH BOKpYr ocu OX KpuBOM
y=f(X), 3aKII0UeHHBIN MEXITy OpANHATAMHU X=a U X=Db, BbIpaxkaeTcsi popMyI0i

V= _lfnyzdx = j)‘ nf? (x)dx

a
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IIpumep. Beraucnute 00beM Tena, 00pa30BaHHOTO BpallleHHEeM BOKPYT oceit Ox
u Oy ¢urypsl, orpaHU4eHHONH BETBBIO MapabOJbl X = \/§ u oTpe3koM 1<y<4

OCH KOOpJIMHAT.
y

Y4

Puc.1

2 -1

Puc.2

><V

1. Beraucium ob6beM V Tena o0Opa30BaHHOTO
BpameHneM 1mapabosel  BOKpyr ocu  OX.
(cm. puc.1)

Tak Kak X = \/§ , TO y=x2

; 4. T 52 T 31
V=n[xidx_x" =Z(32-1)="n
571 5 5

1

2. Eciu V - 006beM Tena, 00pa3oBaHHOTO
BpalleHueM napadoiisl BOKpyT ocu Oy
(cm. puc.2)

4

V, = TE'[(\/;)Zdy= TEy?24

1 1

o 15
=—(16-1)=—mnx
2( ) 2
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1.8. O000meHne MOHATHSI ONPeAeIeHHOT0 HHTerpaJa.
HecoOcTBeHHBIE MHTETPAJIBI.

s 3ameyanui

1.8. O60o0meHne MOHATHS ONIPeIeJIEHHOT0 MHTerpaJja.
Heco0cTBeHHBIE MHTETPaJIbI.

BBenennoe panee noHsATHE ONPEACICHHOTO MHTErpajia HE MIPUTOIHO IS
HEOTrpaHUYEHHOW QYHKIMH U JIJIS Cilydasi, KorJa NoJAbIHTerpajabHas GyHKIUs He
orpannueHa. PaccMOTpuM HEKOTOpble BO3MOXKHBIE 00OOIIEHUSI MOHSATHS OMpe-
JIEJICHHOTO MHTeTpaa.

1.8.1. HecoOcTBeHHbIE MHTETrPAJIbI ¢ 0eCKOHEYHbIMH
npefeJiaMi MHTerPUPOBaHMA

Bynem mpeanonarate, uro gynkuus f(X) HempepblBHA Ha MOTYMPSMOMA
a<x<+oo, TOTJIa OHA HEMPEPhIBHA Ha JIOOOM oTpe3ke [a,b], rme b>a u, cnemposa-
TENIBHO, CYIIECTBYET HHTETPAT

| fedx.

OTOT wuHTerpayn sBisercss (yHKUMEH CBOEro BEpXHEro mnpezaena b
b

F(b) =I f(x)dx , onpenenennoii Ha npomexyTke a<b<+oo. Eciu npu b—>+oo

+00

F(b) ctpemutcs k KOHEUHOMY TIpeENy, TO 3TOT Mpezes 0003HAYAI0T I f(x)dx

a
Y Ha3bIBAIOT HECOOCTBEHHBIM MHTETPAJIOM 10 OECKOHEYHOMY ITPOMEKYTKY (OT a
1o 6eckoHeunoctr) ot pynkuuu f(x). Takum 06pa3zom, 1Mo onpeaeacHUo

T fx)dx = bli)ngw jl f(x)dx |

€CJIM 3TOT NpCAC CyHmICCTBYCT U KOHCUCH. B >Tom ClIy4dyac IpUHATO I'OBOPHUTD,

+00

YTO HECOOCTBEHHBIN HHTETPal I J(x)dx cymectByer umm cxoaures.

a

B IMPOTUBHOM CJIy4ac: €CJIM NpeAel HC CYHIECTBYCT WUJIN MPEACTT 0ecko-

0
HEYCH, TO CUMBOJY J. f (x)dx HHUKaKOIro 4ucCJIOBOI0 CMbICJIa HC IMMPHUIINCBIBAIOT

a
W, Ha3bIBasi €r0 CHOBA HECOOCTBEHHBIM WHTETPAJIOM, TOBOPST, YTO 3TOT HECOO-
CTBEHHBII HHTErpaJl He CYIIECTBYET MIJIN PACXOHUTCSL.
AHanoruuHeM oOpazom s GyHKIMU f(X), HEMIPEPhIBHOW HA MOIYIpS-

b
Mot -c0<x<b, onpenenseTcs HeCOOCTBEHHBIN HHTETPa _[ f(x)dx

b b
[Ipu 3TOM I J(x)dx = ILH} I S (x)dx , €CJIM 3TOT IIPELEI CYIIECTBY-

€T 1 KOHCUYCH.
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Jna ¢yskiuu f(X), HEMpepbIBHOW HA BCE YMCIOBOW OCH, HECOOCTBEH-
HBII HHTETpaJl ONPEIeNIAETCS] PABEHCTBOM:

J s = 1o+ | £or,

rjae ¢ — 1000e Ynucio, a KaKIbl U3 MHTErpajoB B MPaBOi 4acTH paBeHCTBA CXO-

+00

mutcsi. [Ipy 3TOM HECOOCTBEHHBIN HHTErpaj I f(x)dx  masmBaercst cxoms-
— 00

mumcs. (Ero BenmnunHa, 04eBUIHO, HE 3aBUCUT OT Yncia ¢). Eciu xoTs Obl oguH

+o0

C
W3 VHTETPAJIOB _[ f(x)dx " _[ f(x)dx PacxoJIUTCs, TO HECOOCTBEHHBIN MHTE-
+ o0 C

+00
rpan j J(x)dx  naspiBaeTcs pacxomsmmMmes.
—oo

W3 cnenmaHHBIX BBIIEC ONMPEICICHUA CXOIANINXCS HECOOCTBEHHBIX UHTE-
rpajgoB ¢ OECKOHEYHBIMU Ipe/ieJaMl MHTETPUPOBAHUS CIEAYET, YTO 3TU UHTE-
Tpajbl SBISIOTCS HE TpeeaMi HHTETPAIbHBIX CyMM, a TIpeJeaMy OTpeieeH-
HBIX HWHTErPAJOB C MEPEMEHHBIMH BEPXHUMHU WU HUKHUMH TpEJeIaMH TpU
CTPEMIICHUH STHX TPEAETIOB K OECKOHEYHOCTH.

Ecmu dynkmus f(x) HempepblBHA W HEOTpHUIATEIbHA Ha OCCKOHEYHOM

b
MIPOMEKYTKE [a,+0), TO If(x)dx YUCJIEHHO PaBEH IUIOMIAIA KPUBOJIMHEHHOU
a
Tpamenuu, OTpaHUYEeHHON CHU3Y oTpe3koMm [a,b] ocu OX, cBepxy KpuBOH
y=f(X), cieBa u crpaBa - npsMbpIMu X=a B X=b. [Ipu Bo3pactanuu b npsimas x=b,
OTPaHUYHUBAIOIIAS Ty KPUBOJIWHEHHYIO TPATICINIO, IBUYKETCS HAMPaBo.
+00
B ciyuae, ecnmu mpu 3TOM HECOOCTBEHHBIM MHTETpas J J(x)dx  cxo-
a

JTUTCSI, €TO BEIIMIMHY €CTECTBEHHO MPHHSTH 32 TUIOMIAh OCCKOHEYHOH ITOJIOCHI,
orpannyeHHON cHHU3y ochio OX, cBepxy — rpadukom pyHkimu y=f(x), cieBa —
npsiMoi Xx=a (puc.).

Y A

y=1{(x)
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HecoOcTBeHHBIE MHTETPAJIBI.

s 3ameyanui

BalOT HECOOCTBEHHBIMH WHTETPAIIAMH TIEPBOTO POJIA.

pona:
Ilpumep 1.
T dx = limjl = lim arctgxr = lim (arctgb - arcth) _Z .
L+ x? bomg 14 x? b 0 Boweo 2
Ilpumep 2.

o 1+ x

= l lim(ln(l +b° )— In 1)= 00, CIIEAOBATEIHFHO

2 b—x
T xdx
——— — pacxoJuTcsl.
o 1+ x? P A
Ilpumep 3.

+00

. . . b . . .
Icos xdx =1im| cos xdx = limsin x‘ = hm(sm b —sin 0)_ 3TOT Tpenen He
0

0
CYILIECTBYET, 3HAUYUT Icos xdx - pacXoauTcs.
0

1. Ecmu p=1, TOo nmeem:

© b
@: lim @: limInx

T X

2. Ecmm p#1, To myst mo6oro b>0 umeeM:

1 X

T xdx :limj X i L —d(x2+1):llimln(l+x2]b—

t dx 1 t dx 1
B b -1)u tim [ ={p-1

P

AHanornygeie pacCyxA€HUs UMCHOT MCCTO U IJII UHTCTPAJIOB BUA:
b +00
[ foodx u [ frodx

— 0 — 00

HecoOcTBeHHbBIE HUHTCrpajbl C OECKOHEUYHBIMU npeaciiaMu nHoraa Hasbl-

PaCCMOTpI/IM HECKOJIBKO IMTPUMEPOB HECOOCTBEHHBIX HHTCIpaJIOB IIEPBOT'O

2

b—>oc01+x2 b—x ) 1+)C2 2 b 0

b

b—>w0 b—o b—

Ilpumep 4.
Hccnenyem Ha CXOAMMOCTH HHTETPAI, 3aBUCAIIUMN OT MMapaMeTpa p:
00

dx

p
1 X

b .
| = lim (lnb - lnl) = 00 — UHTETpaJl PaCXOJUTCS.
ba+ool X b—>+w0 1 b—+o0

,ecmup > 1
I-p

b—>+o0 xP
1
oo, ecnup <1
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HecoOcTBeHHBIE MHTETPAJIBI.

s 3ameyanui

o0
o dx
Taxkum 00pazoM, HECOOCTBEHHBIN MHTETpa I—p cxonutes npu p>1 u
X
pacxoaurcs mnpu p<l.

HexoTopble cBoiicTBa HECOOCTBEHHBIX HHTETPAJIOB

IIpuBenem 0Oe3 noka3aTenabcTBa CBOWMCTBA HECOOCTBEHHBIX HMHTETPAJIOB
HEpBOTro poja.
1. Ilyctes f(x) — HempepplBHA Ha HOJIYNpsAMOM [a,+o0), TOrAa HHTETrpaibl

+00 +00
j f(x)dx n J. f(x)dx a;>a, BenyT ce0st OIMHAKOBO OTHOCHTEIBHO CXO-
a a
JIMMOCTH.
+o0 +o0
2. Ecmm If(x)dx CXOJIUTCSI U paBeH S, TO MHTErpal Icf(x)dx , TIe ¢ —

IMMPOU3BOJIBHOC YUCIIO, TAKIKC CXOOUTCA U PaBCH cxS.

+00 +0
3. Ecnu uHTErpass J. fi(x)dx wu I f,(x)dx cxomuTcst ¥ COOTBETCTBEHHO
a a

~+00

paBHbBI S| U Sy, TO UHTETPAJ I(f ((x)+f,(x))dx Taxke cxomuTcs U paBeH

a

S1+So.

Kpurepuii Komn

+00

JInst CXOOMMOCTH HHTErpasia j f(x)dx HeoOXoaUMO W JIOCTATOYHO,

a

yTOOBI /TSt TF0O0oro €>0 MOXKHO ykKazath A=A(g), Takoe, 4To ajisi JoObIX R; u
Ry, Gonbimx A, BBIMOTHSACTCS HEPABEHCTBO:

RZ
If(x)dx <eg
R,

Heo0xonnMmoe ycjioBHe ¢X0AUMOCTH HeCOOCTBEHHBIX MHTEIPAJIOB

+00

Ecnu munTerpan j f(x)dx cxomuTcsi, TO €ro YacTHBIC HHTErPAJIbI Orpa-

a

HUYCHBI, TO CCTh CYHICCTBYCT TAKOC YUCIIO M>O, 4TO AJId BCEX b>a BEITOJIHSIET-

b
Csl HEpaBEHCTBO I f(x)dx|<M

a

9T0 YTBCPKACHHUEC HCHIOCPECACTBCHHO BBITCKACT U3 CYHICCTBOBAHHA KO-
HCYHOI'O Ipcaciia YaCTHBIX MHTCTPAJIOB IIPpH b—o0.
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HecoOcTBeHHBIE MHTETPAJIBI.

s 3ameyanui

Takum 06paaoM, €CJIM YaCTHBIC UHTCTPAJIbl HC OI'PaHUYCHBI, TO HECOOCT-
BEHHBII HUHTCrpal paCxoquTcCs. Ecnu xe yacTHBIC UHTET paJibl OrpaHUYCHBI, TO O
CXOOAUMOCTHU HECOOCTBECHHOT'O HHTCrpaja €€ HUUCro CKasaTb HCJIb34A: B OAHHUX

CIIy4asiX MHTETpal MOXKET CXOIUTHCS, a B APYTUX — PACXOIUTHCS.
+o0

Hanpumep, y HecOOCTBEHHOTO HHTETpaia I COS Xdx 4YacCTHbIE HHTETPAJIbI
0

b

. b .
Icos xdx =sin x| , =SInb OrpaHNYCHBbI, HO OHM HE UMEIOT MpeJela Npu b—>+oo
0

(Tak kak sin b mpu b—+oo0 He UMeeT mpesena) U, CAeA0BaTEIbHO, HECOOCTBEH-

+00
HBI UHTETpa I COS XdX - pacXxoJIuTCsl.
0

Heco0cTBeHHbIe MHTErpaJibl OT HEOTPUIATEIbHBIX QyHKIMT

Ecou moppiaTerpanbHas ¢yukmus f(Xx) Ha momympsimoit [a,too) Herpe-
pBIBHA U HEOTpPHUIATEIbHA, TO OIPAHUUYECHHOCTh YACTHBIX MHTETPAJIOB SIBJISCTCS

+00
HEOOXOAMMBIM M IOCTATOYHBIM YCIIOBUEM CXOJAMMOCTH MHTETpasia I f(x)dx .

a

HpI/I3HaK CpaBHECHUS HeCOOCTBEHHBIX HHTErpajaoB

Ecmu pynkium f(x) u g(X) HempephIBHBI HA MOTYNPSIMON [a,+00) U yI0B-
JETBOPSIOT Ha HeM ycioBuio 0<f(x)<g(X), TO U3 CXOUMOCTH UHTETpala

+00
[ g(x)ax (1)
CJICOYCT CXOANMMOCTb MHTEIpaia

[ £(xdx 2),

¥ 00paTHO: M3 PacCXOJAUMOCTH MHTETpasa (2) cieayer pacXoAUMOCTh HHTErpaia

(1).

Caencraue:

Ecmu f(x) m g(x) — HempepbiBHBIE (YHKIIMM Ha MOJYHpPsSMOH [a,+o0) H
. X .
lim %:R (rne R — npedictButenbHoe uymcio: 0<R<c), To wuHTErpabl
X—>+00 g X

+00 +00

j f(x)dx n I g(x)dx cxomaTcs Wi pacXOIATCs OAHOBPEMEHHO.
0 0
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s 3ameyanui

AOCOJIIOTHASI M YCJIOBHASI CXOAMMOCTh HeCOOCTBEHHBIX HHTEIPaJIOB

Onpenenenue. [lycts f(x) — npousBosibHAs HENpepbIBHAS HA MOIYNps-

+00
MO [a,00) dyHKIMS, HEOOsS3aTeIbHO 3HAKOMOCTOsIHHAsA. VHTEerpan J‘ f(x)dx

a

+o0
Ha3bIBACTCS A0COMIOTHOM CXOSAIIUMCS, €CITH CXOAUTCS MHTETpaj I | f (x)|dx .

a

+o0
Teopema. Eciiu cxoguTcst mHTErpas I | f (x)|dx, TO CXOJUTCSI U UHTETpaI

a

+ff(x)dx.

OTMeTuM, 9TO CXOJUMOCTh HECOOCTBEHHOTO HHTErpaja OT 3HaKOoIepe-
MCHHOU (DYHKIIMU HE BJICYET 3a COOOM ero abCOMOTHON CXOMUMOCTH, a JJIs UH-
TeraHOB OT 3HAKOIIOCTOAHHBIX Q)YHKL[I/II\/II N3 CXO0ANMMOCTHU I/IHTCFpaﬂa cne;[yeT
€ro a0COJIOTHAS CXOIUMOCTD.

sin x

dx

400 . "
sin x
Hamnpumep, unterpain I—dx (a>0) cxomutcst, a UHTErpanl I
X

a a

X

Tsin x
PACXOAUTCH, TO €CTh UHTErpa I—dx HE SIBIISICTCS] aOCOTFOTHO CXO/ISIIIMCSL.
X

a

(Takue uHTErpalibl HA3bIBAIOT YCIOBHO CXOISAIIUMHUCH).

sin x 1
<
2 2
X X

400 .
sin x
WNurerpan I—zdx (a>0) cxonuTcst abCOMIOTHO, TaK KaKk , 1
X

a

+00 dx
HUHTCIrpaJl J-— CXOOUTCH.
X

a
1.8.2. HecoOcTBeHHbIE MHTErPAJIbI OT HEOTPAHUYEHHBIX QyHKIMIT

[Tycts Teneps ¢yHkuus f(x) 3agana Ha momyuHTepBane [a,b). Touky b
Oynem Ha3bIBaTh 0c000M, ecnu QyHkmus f(x) He orpanuyeHa Ha [a,b), HO orpa-
HUYEeHa Ha Jr00oM [a;b-a]c[a,b). byaem Taxke mpeamonarath, 4YTo Ha JHOOOM
TakoM cerMeHTe QyHKIus f(X) uHTerpupyema.

B nammx npemanonoxeHusix Ha [a;b-o] 3agaHa (yHKIHS apryMeHTa o

F(a)= jf(x)dx.

I/ICCJ'IGI[yeM BOIIPOC O IpaBOM MNpE€ACIbHOM 3HAUYCHHUU (I)YHKI_II/II/I F(X) B
TOYKE OLZO, TO €CTb BOIIPOC O CYLIICCTBOBAHUU IIpCAcia:
b—a

lim j F(x)dx.
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s 3ameyanui

HpI/I OTOM AJIA 0003HaYEHHUST ITOTO BBIPAXKCHUA 6y,£[eM HCIIOJIB30BAaTh

b
0003HaueHue: If (x)dx . B nanpHe#IeM 3TOT CHMBOJ OyIeM Ha3bIBaTh HECO0-

a
CTBEHHBIM MHTETPAJIOM BTOPOTo pojaa oT ¢pyHKuH f(X) mo mosmyuntepsaiy [a;b).
Ecnu yxa3aHHBIN Tpeien CylecTByeT, HHTEpBaJ OyeM Ha3bIBaTh CXOMSAIINMCS,
€CIIM TIpeZieTl He CYIIECTBYET WM PaBEH o0, TO MHTErpai Oy/eM Ha3bIBaTh pac-
XOMISAIIIMCSL.
Amnanoruuno anst ¢pyHkuuu f(x), HempepsIBHOW Ha MOMyHHTEpBaie (a;b]
U HEOTPaHMYCHHOH BOJM3M a, BBOAUTCS MOHATHE HECOOCTBEHHOTO WHTErpaja

| fedx.

b b
[Tonararot, 4to If (x)dx = 0}15}0 If (x)dx | ecim sToT mpemen cymect-
a at+a
ByET U KOHEYEH.
Hecob6cTBennsbrit uaTerpan ot GpyHkuuu f(x), HeMpepbIBHOW HA MHTEPBa-
ne (a;b) 1 HeOrpaHMYEHHOI BOIM3U €ro KOHIIOB a U b, ONpeaenseTcs paBeHCT-
BOM:

b c b
[ feodx = [ feods + [ fiodx,
a a c
rae ¢ — mobas Touka MHTepBaia (a;b), ecinu KakIplii U3 HeCOOCTBEHHBIX MHTE-
c b b
IrpajioB I Jx)dx u I J(x)dx  cxomures. [Tpu sTOM HecoOCTBEHHBI If(x)dx
a c a
Ha3bIBACTCSI CXOJSIIUMCS, €r0 BEJIMYMHA HE 3aBHCHUT OT BBIOOpA YMCIIA C. €CITH

c b
XOTsI Obl OJIMH W3 WHTETPAJIOB jf(x)dx u jf(x)dx pacxonurcs, To HecoOCT-

a c

b
BEHHBIN UHTErpai J f (x)dx Ha3BIBAIOT PACXOAAIIINMCH.

[Tycts Teneps Gpynkuums f(x) HempepbIBHA Ha OTpe3ke [a;b] BCloay, Kpome

HEKOTOPO TOUYKH ¢, a<c<b, U HE OrpaHUYEHA BOJIHU3H C.
b

HecoOcTBeHHBIN ~ MHTErpal I f(x)dx  onpenensercs paBencTBOM

a
b c b
If (x)dx = If(x)dx + If(x)dx , €CIIM KaXKIbld U3 MHTErpajoB B MPaBOM YACTH
a a c
PaBCHCTBA CXOOUTCH. Ecnu xotst Obl OJIWH U3 3THUX UHTCTPAIIOB PACXOAUTCA, TO

b
HECOOCTBEHHBIN MHTETpal j. J(x)dx naspiBaercs pacxoaAIIumMcCs.

a
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HecoOcTBeHHBIE MHTETPAJIBI.

s 3ameyanui

AHAJIOTUYHO OMpEesAeTCs] HeCOOCTBEHHBIM MHTETPajl MO OTPE3Ky [a;b]
OT (YHKIIMH, HETPEPHIBHON Ha HEM BCIOJIy, KpOME KOHEYHOT'O YHCia TOYEK, U
HEOTPAaHMUYEHHOW BOJIHM3U 3TUX TOYCK.

PaccMOTpuM HECKOJIBKO MPUMEPOB HECOOCTBEHHBIX HHTETPAIIOB BTOPOTO
pona.

Ilpumep 1.

1

Id—: , e p>0.
X

0

. 1
DTO HECOOCTBEHHBIN MHTETPaJl BTOPOTO PO, TaK KaK ) = — > Tne p>0,
X

— HeorpanndyeHHas Ha (0;1) pynkmus: lim L =400,

x—>+0 X
| . 1 oo, p>1
. . 1
IIpu p=1: Iﬂ = lim dx lim X7 =41
Oxp a—)+0axp a—)+01_p " _—,p<1
1 1
ITpu p=1: jdx =lim | — = lim 1n|x”
0 X a—>+0a a—>+0

. X
Taxkum 00pazom, HECOOCTBEHHBIM WMHTETPA J—p cxonures npu p<l u
X
0

pacxoautcs npu p=1.
Hpumep 2.

. ) T
= lim = lim arcsmx = arcsinl —arcsin0 = 5 .

I I dx
\/1_— a->+0 \/: a—>+0
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1.9. (DyHKIII/II/I HECKOJBKHUX MMEPEMECHHBIX

Jlnst 3amMevuannii

1.9. ®yHKIMH HECKOJIBbKHUX NMepeMeHHbIX
1.9.1. MuokecTBa B €eBKJIMA0BOM npocrpancree R™

Omnpenenenne 1. CoBOKYNHOCTh BCEX YINOPSAJOUYEHHBIX HAOOPOB U3 M JAEUCTBU-
TENBHBIX 9HCEN (X1, ..., Xym) (Touek R™) Ha3bBaeTCs M-MEPHBIM EBKJIUIOBLIM
npoctpancTBOM R™, ecim  paccTOsHUE MEXIY JIOOBIMH JBYMs TOYKaMH
P(x{,....x%) 1 Q(y}....,y%) onpenensirorcss GopMyIoi

p(P.Q) =[xt 3¢ ) cr{xy 50, )

IIpumep 1.
X2
m=2 m=1
0
Y2
D Q
0 P p Q
S X Y1
“ X1
Xy
2 2
p=\/(X?—Y?) +(x3-v3) p=[x-v|

Ipumep 2. IlycTs MO(X?,...,X?H), M(X{,..., X))
def

Q.M = {M eRm|p(M0,M) <E} - E - okpectHOCTH T. M)
N
X2
IS m=2 m=1
/' € \
4 \
L Mo e a
\\ ’ll Mo
> X1

Q. (M) = {(xl,w eRZN(xl S0 (%)) <E}

QM) = {(Xl GRHX1 _X?‘ < E}

IIpumep 3. Ilycts dy,..., dy - HOTOKUTETBHBIE YUCTA
def

P, (M) E{M eR™[x; —x!

< di} - IPSIMOYTOJIbHAS! OKPECTHOCTH T. My

(i=1,..,m)
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X2

d2

0
X1 X

v

X1

Yr1Bep:xkaenue 1. Jliobas E - okpecTHOCTh T. My COIEPKUT HEKOTOPYIO MPSIMO-
YTOJIbHYIO0 OKPECTHOCTh 3TOM TOUKH; J100ast MPsIMOYTOJIbHAsI OKPECTHOCTh TOUKU
My, conepxut E - okpecTHOCTB T. M.

[Ipexxne Bcero 3amMetum, 4to A1 m = 1 npsiMoyronbHble U E - okpecTHO-
CTH coBnagaroT. [[nsg m = 2 conepkaHue yTBEPKACHUS TAKKE OYEBUIHO.

Jliis Bcex m > 1 qoka3aTh 3TOT ()aKT MOXKHO TOJBKO aHATUTHYCCKH (XOTS
HArJISIIHBIC TIPEICTABICHUS Ul IBYMEPHOTO CITy4ass HECOMHEHHO 3TOMY MOMO-
raror).

HoxkazareancTBo: 1. [ pukcupoBanroro E > 0 monoxum d=d,=...=

E
=d,=—, Torma

Jm

0
i

<i(i:1,...,m):>\/(xl—x? 2 H(x,, —x0)?

Jm

X —X

m pas

T.€. TOYKa, MPUHAJIEKAIAsA TAKOW MPSAMOYTOJIBHOW OKPECTHOCTH T. My, mpu-
HaJexuT U E - okpectHOCTH T. My, HHBIMH ciioBaMH E - okpecTHOCTBH T. My

E .
COJICPIKUT MPSAMOYTOJIBHYIO OKpecTHOCTh T. My c di = — (1= 1,..., m). 2. Jlns

NS

¢dbukcupoBaHHbIX dj,..., dy, TookuM E = min {dl,. ..,dm} , TOrJ1a

\/(xl —x)) (X —X0)? <min{dy,....dp | = ‘xl —x?‘ <min{dy,....d, } =
:>‘x1 —x?‘<d1.
X _X(i)

AHaIOru4HO <d; (i=1,..,m).

Taxkum 006pa3om, MbI IOTYYHM, YTO TOYKa, MpuHaIexkamas E - okpect-
HOCTH T. My (st E = min{dl,...,dm}) MPUHAJICKUT 3aJaHHOW TPSIMOYTOJIb-
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HOH OKpEeCTHOCTH T. My, T.e. IpSAMOYIojibHasi OKPECTHOCTb COJAEPKUT HEKOTO-
pyio (MBI yKa3aiu, Kakyto, Hanpumep) E - okpectHOCTB T. M.
Yr1Bepxkaenue 1 mokazaHo.

Omnpenenenune 2. Touka My MHOKecTBa U3 R™ Ha3bIBaeTCS BHYTPEHHEN TOUKOM

9TOI'0 MHOXKECTBA, C€CJIIM CYHICCTBYCT HCKOTOPAA E - OKpPECTHOCTD T. Mo, oeian-
KOM IIpUHAJICKAIIast 5TOMY MHOXKCCTBY

O

Mo

Omnpenenenue 3. Touka My MHOkecTBa M3 R™ Ha3bIBaeTCs rPaHMYHON TOYKOM
9TOr0 MHOXECTBa, eciu nobas E - okpecTHOCTh T. My COAEPKHUT KaK TOUYKHU
anHannemamHe MHO)KGCTBy, TaK U HE HpI/IHaIIHC)KaH_II/Ie eMy.

@' Mo @/ Mo

Mo npuHa JJISKUT MHOXKECTBY Mo He npuHAa IIEKUT MHOXKECTBY

Onpenenenne 4. MuOxecTBO 13 R™ Ha3bIBAETCS OTKPHITHIM MHOKECTBOM HJIH
00J1aCThI0, €CITK JTF00ast TOUKa 3TOT0 MHOXKECTBA - BHYTPCHHSIS.

[TprMepOM OTKPBITOTO MHOKECTBA MOJKET CIIYKMTh OTKPBITBIN IIap
def
Qr (M) = {M eRm‘(xl x4 (x,, —x0)? < Rz}.

9TO MHOKECTBO HE SIBISIETCS

@ OTKPBITBIM

Mo

Onpenenenne 5. Ecnum kaxnas rpaHd4YHas TOYKAa MHOXKECTBA MPHUHAIJICKUT
3TOMY MHOKECTBY, TO MHOKECTBO HA3bIBAETCS 3aAMKHYTHIM.
[Ipumepom MOXKET CITy’KUTh “3aMKHYTBIA” 11ap

_ def
Q. (M,) = {M ER™|(x, = X)) +..H(x,, — X0)* < RZ}.

DTO MHOYECTBO HE SABJISICTCS
HU 3a MKHYTBIM, HU OTKPBITBIM.
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Omnpenesnenne 6. 3aMKHYTOH 00J1aCThIO Ha3bIBae€TCA OOBEAMHEHHE OOJIACTH
MHOYECTBa €€ TPAHUYHBIX TOYCK.

Onpenenenne 7. HenpepoiBroii kpuBoii L B R™ Ha30BEM MHOXECTBO TOYEK,
KOOPAMHATHI KOTOPBIX 33/1al0TCA MapaMeTPUIECKIMH YPaBHEHUSIMHU

X1 :(Pl(t)aaxm :(Pm(t) ) t e[aaﬁ]a
rae ¢;(t) e[oc, B] (1=1,..., m). [Ipu t = o, B mory4aem HaYaIO U KOHEI[ KPUBOU
(byaem roBopuTh, 4TO Ha4aa0 ¥ KOHEI] COSTUHEHBI HEMPEPHIBHON KPUBOIA).
Onpenenenne 8. MuoxecTBO 13 R™ Ha3bIBa€TCs CBA3HBIM, €CIIH JIIOOBIE J[BE ETO

TOYKU MOYKHO COCIUHUTH HEIPEPBIBHOM KPHUBOW, BCE TOYKH KOTOPOM IPHUHAJ-
JIeXKaT 3TOMY MHOKECTBY.

CBA3HOC MHOXECTBO MHOXXECTBO HC ABJISACTCA CBA3HBIM

3ameuanue. YacTo B onpesienieHre 001acTi BKIFOYAIOT TPEOOBaHHUE CBSA3HOCTH.

Omnpenenenne 9. MHOXXECTBO HAa3bIBAETCS OTPAHUYECHHBIM, €CIH OHO COJep-
JKUTCSL B HEKOTOPOM IIape.

1.9.2. MocaenoBaTejbHOCTH TOYek U3 R™.

Omnpenenenune 1. [IycTs KaXaoMy HaTypaJIbHOMY YHCITY N TIOCTABJICHA B COOT-
BETCTBHME HeKOoTOpas Touka M, € R™ (He 00s3aTeNbHO pasjIMyHbIE TOYKU IS
passbix n). Torma MHOXKECTBO TOuek Mj, My, ..., My, ..., B3AThIX B YKa3aHHOM
MOPSJKE, HA3BIBAECTCS MTOCIEN0BATEIBHOCTHIO {M n } TOYEK U3 mpocTpancTBa R™.

11
HpnMep 1. (—,—j - IMOCJICAOBATCIBbHOCTDh TOUCK U3 R2
nn
Nx2
1 e M1
1/2 3 M2
°
e S
0 172 1 X1
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Onpezienenre Tpejea MOCIEN0BaTENLHOCTH ToYeKk u3 R™ mo cBoeii
CTPYKTYp€ HE OTJINYAETCS OT ONPEACIICHHs B OJTHOMEPHOM Cllydac:

MOCJIEJ0BATEILHOCTD {Mn} cxomures K T. AeR™, eciin HaumHas ¢ HEKOTOPOro

HOMEpa, BCE AJIEMEHTHI IOCIEOBATEIILFHOCTH MOMAJaloT B JIIOOYIO Harepen 3a-
JaHHYyIo oKpecTHOCTH T.A. (Touka A Ha3bIBaeTCS MPEEIOM MOCIEeI0BATEIFHOCTH,
a TIOCIIeIOBATENIbHOCTD - CXOASALIeHcs ). Mcrnonb3ys J0rn4ecKyio CUMBOJIMKY OI-
penerneHue npezaena HOCJ‘IGIIOBaTeJ'II:HOCTI/I MO>KHO 3aIuCcaTh B CIEAYIOIMEH Gopme

Onp.2 lim M, = A = (Vs>0)(3NeN+)(Vn>N:p(Mn,A)<a)

n—

11 11
IIpumep 2. M| = (—;—); lim (— —j =(0, 0)
n n

n n n—oo

Ha sTom npumMepe Mbl BUAUM, YTO HE TOJIBKO MOCIIEI0BATEIBHOCTh CXO-
JIATCS K HAYaJly KOOPAWHAT, HO M Ka)xJas KoopAauHata M, UMeeT HyJEeBOU Ipe-
nen. B obmiem cirydae cripaBeiiiuBo

Y1B. 1 ln5 TOrO, 4TOOHI OC/IEA0BATENBHOCTh {M n} = {(x§“>,...,x§3> )}

CXOIMJIach K Touke A(ay, ..., ay,) HEOOXOIUMO U JOCTATOYHO, YTOOBI
lim x( ) = =a; i=1,2,..,m).
n—>oo

JoxkazareaberBo: 1) Iim M, = A = lim x(“) =a; (1=1,..,m).
n—oo n—ow

lim M, = A = (Ve >0)(3N eN' (v > N=p(M,,A)<e)

n—oo

2 2
Orcrona mpu n>N:>\/(X§n)—a1) +.. +( (n) am) <& M, B YaCTHOCTH,

‘ () _ o ‘ <€ ..., xgll) —am‘ <€ a 9TO O3HaYaeT, 4TO II0CJIEIOBATEILHOCTH
x(™ x™M ' xoopmuHaT Toyek M, cxo
ks (X pa » CXOJTUTCS] COOTBETCTBEHHO K a1, ..., Am.

2) [hm x\ = a; (izl,...,m)}: limM, =A

n— n—

) _ def €
lim x;" =a; E(V8>0)(E|Ni eN+): —a;|<—
n—oo Am
(=1, ..., m).
HOJ‘IO)KI/IM N = max N; , Toraa st n>N BBIIIOJIHEHO HEPABEHCTBO
1<i<m

2 2
\/(xfn)—al) +.. +( (n)—am) <
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T.C. (Va > O)(EIN eN+): (Vn >N = p(M n,A) < 8) , U, CIICZI0OBATEIIbHO,
IimM,_ =A

n—»oo

YTBepxkaenue 1 nokaszaHo.

Omnp. 3 IlocienoBarenbHOCTh {Mn}HaSLIBaeTcsl OTPAaHUYECHHOM, €ClIu BCE €€

QJIEMCHTHBI COACPIKATHCA B HCKOTOPOM LIAPC.

Omp. 4 I[lycts ny, ny, ..., Ny, ... - TPOU3BOJIBHAS CTPOT'O BO3pACTAIOIIAs MTOCIJIEIO-

BaTEJIBHOCTh HaTypPAJIbHBIX qyucern, TOrAa IOCJIEI0BATEIBHOCTh

M, .M, ..., M, , .. HasbiBaeTCs MNOANOCIIEI0BATEILHOCTHIO IOCIIEI0Ba-
1

TEJIBLHOCTH {M n } .

3ameuanue: Eciu nmocneoBaTeIbHOCTh UMEET MPEJIEI, TO U JIF00ast ee MoImoc-
JIeI0BAaTENbHOCTh UMEET IMpeied.

Teopema 1. V3 11060/ orpaHUYeHHON MOCIIEA0BATEIBHOCTH TOYEK M3 R™ MOXK-
HO BBIJEIIUTH CXOJSILYIOCS IOJIIIOCIEI0BATEIbHOCTb.

Tpumep 3. (M, } = {(1 + (—1)“;0)} p(OM,) = ,/(1 L (=)D )2 <2= M, )

orpaHuueHa (HO He UMEET IpeJiena).

X2

My} =1{(20)} > (20

n—+oo

o 2 X My} = {00} - (00)

n+oo

1.9.3. llonsaTHe PYHKIMH HECKOJBKHUX MePeMEeHHBIX

Omnp.1 Ecnu kaxnoi touke M MHOXeCTBa {Mn} u3 R™ mocTaBieHo B cOOT-
BETCTBHE BEILIECTBEHHOE YMCJIO U, TO TOBOPSIT, UYTO Ha 3TOM MHOYECTBE OIpee-
nena ¢yakmua u=f(M) (wmu u=f(xy, ..., Xm)). MHOXeCTBO {Mn} Ha3bIBACTCS

00J1acThIO oTpeeieHus QyHKIIUH.

IIpumep 1. u = a?-x%- y2 . OGnacTh onpeneneHuss HaXO UM U3 YCIOBUS

212—>(2—y2 >0 < x>+ y2 <a’.
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™, >

Mpumep 2. u = In (z - x* - y°). CreoBatenbHO, 0OMACTH ONPEICTCH S PACIIO-
JIOKEHA HaJI JUTHITHICCKUM T1apaboIonIom z = X + y’.

Omp. 2 I'padukom ¢pynkmu u=f(M) Ha3pIBa€TCSI COBOKYITHOCTH TOUCK
M, f{M)), M e {M n} . I'padpux dpynxuuu u=f(M) sBisiercs runeproBepxHO-

+1
CThIO B TIpocTpancTBe R™ .

Mpumep 3. z=x"+y* +1. Tpaduk QyHKIMH HMEET BUL

zN

N

y
1
> x
Omnp. 3 MuoxecTBO ToYeKk M(Xj, ..., Xm) MpocTpaHcTBa R™, yI0BIETBOPAIOMINX
ypaBHeHHIO f(X, ..., X;m) = C, Tme C - const, Ha3pIBa€TCS MHOKECTBOM yPOBHS

bynkumu f.
Jluauu ypoBHA (m = 2) u nmoBepxHOCcTH (M = 3) Aa0T nHGOPMALIKIO O MOBEe-
HUM (QYHKIHH.

Mpumep 4. z=x>+y> +1.  JIuHAM YPOBHS UMEIOT BHII:
y

x>+ y2 +1=C
X2+y2:C-l X

IIpumep S.u = x>+ 7% - y* . TIOBepXHOCTH YPOBHS UMEIOT yPABHCHHS
C=0 x*+7z°-y*=0 - KOHyC
C>0 x*+2z*-y*=C - ceMeliCTBO OJ[HOIIONOCTHBIX THIIEPGOION/IOB

2,.2 2 .
C<0 x"+2z° -y =C - ceMelCTBO ABYXIOJOCTHBIX TUIIEPOOTIOUIOB
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1.9.4. Ilpenen pyHKIUM HECKOJbKHUX MEePeMEHHbIX

[Tycts dynkmus u=f(M) omnpezneneHa Ha MHOKECTBE {Mn } cR"urtA
o0ajaeT CBOWCTBOM, YTO B JII0OOOH €€ OKPECTHOCTH €CTh TOYKU M3 {Mn} (ot-

JUYHBIE OT A, ecnn Ac {M n } ). Cama Touka A MOXKET He NIpHUHAUIEKaTh 0bJac-

! onpeneneHust GyHkuu u=f(M).

Onpenenenue mpenena (YHKIUKA HECKOIBKHX MEPEMEHHBIX MO CBOEH
CTPYKTYpE HE OTJIMYACTCS OT OMpEACiCHHUs mpenena (yHKIUU OJHOW MepeMeH-
HOM. OCHOBHOE COJIEpKAHUE €ro: €CIM apryMeHT M Majo oTiuyaercs ot A, TO
3HaueHue pynkuuu f(M) mano otnuvaercs ot b (mpeaena gynkun). Onpenene-
HUS nipefiena GyHKIMKA HECKOIBKHX nepeMeHHbIX 1o ['eitne u Ko umerot Bua:
Omp. 1*

def,

b= lim (M) E[V{Mn}:(Mn e(M}AM, 2AAM, —>A)]:>(f(Mn)—>b)

UYucno b HazeiBaercs npenenom Gynkunu u=f(M) npu M—A, ecnu anst moOoi
IOCJIENOBATEILHOCTHU {M n } TOYEK U3 {M} , CXOOAIencs K T.A

(M, # A), coOTBeTCTBYOMIAs MOCIEIOBATEIBHOCTh 3HAUCHUN (PyHKIIMU
{f(M n )} cxoaures K b.

Omp. 1
def
b= lim f(M) = (Ve >0)(35>0):(VM e {M})[o <p(M,A) <3 =[f(M)—-b| < &]
M—-A
UYucno b HazwsiBaercsa npeneioM ¢pyukuuu u=f(M) npu M—A, ecnu s
aro6oro €>0 cymectByer Takoe 6>0, 4TO I BcexX Touek Me {M} , YIOBIIETBO-
psrorux yenoButo 0<p(M,A)<9, cripaBeyIMBO HEPABEHCTBO |f M) - b| <eg.

3ameuanme 1. Mnoraa numyr lim f(x4,...,X,,) =b.
xl—>a1

Xp—a,

o
®

[ /
b+8 I 7777

b-¢ 4__’_/
sz
iy
/ >~ QuA)

A

7 X1

Ha pucynke nana wiumoctpanus omnpeneseHus npeaena no Komm s
ciyuyast m=2. [{na moboro €>0 cymecTByeT Takas MPOKOJOTast 8-OKPECTHOCTh
T.A, 3HaueHus1 QYHKIMU B KOTOPOM OTIMYAIOTCS OT b MeHblIe, 4yeM Ha € (Ipy-
THMH CJIOBaMH, TpapyK (YHKINHU MONAAET B €-TI0JIOCY TUIOCKOCTH U=b).
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- (2 a\l4 ) 2 a4

pumep 1. u =(x" +y . [IpoBepum, uto lim(x~ +y =0, s 3TOrO
x—0
y—0

V>0 Hano HaiiTh Takoe 6>0, 4TO U3 HEpAaBEHCTBA

1/4
0<p(M,O)<6:>(x2+y2)/ 0 < W

0< (x2 +y2)1/2 <d= (x2 +y2)l/4 <e

OYEBUIHO, MOXKHO MOJIOXKHTH 5=¢°.

3ameTuM, 9TO eciu cymiecTByeT npenen Gpyuakuu u=f(M) npu M—A, To
cymectBytoT npeznensl f(M), korma M crpemutcst Kk T.A BAOJbL J0OOro nyua,
IpUYeM BCE 3TH MPEeibl OJUHAKOBBI M COBNANAIOT C mpeaenaoM ¢yHkiuu. Cre-
JIOBaTENIbHO, €cli Ui (YHKIMW YAAeTcsl yKaszaTh, O KpalHel Mmepe, 1Ba Ha-
HpaBJICHHS, BIOJb KOTOPBIX Mpeaesl GyHKINN pa3IuyHbl, TO Ipeaena y QyHK-
IIH HET.

IIpumep 2.
npu x4+y4¢0
U=91x" +y

0 npu x=y=0

Jnst aToit pyHKIMM BOoJb oceit Ox u Oy npeaensl CyecTBYIOT U PaBHBI
0 (Ha koopAMHATHBIX OcAX QyHKIUS paBHa (), HO BIOIb OCH Y=KX

. Xzyz ' %2 -k2y2 K2
lim 2 i lim 7 YR 7 3aBUCUT OT K.
20 x* 4yt x20x" + k7 -xT 14k
y—0
y=kx

Orcrona momyyaeM, 4To mpezesia B HyJjie 3Toi (YHKITUH HET.

Bosnukaet Bonpoc, OyaeT nu GyHKIUS HECKOIbKUX NEPEMEHHBIX UMETh
npeen, eciu Bce Mpeuebl BAONb Jydeld OyayT onuHakoBei? OTBET OTpHIa-
TEJIbHBIN, YTO BUAHO U3 CIEIYIOLIEro puMepa.

Ipumep 3. ®yukuus paBHa 1 Ha ocu OX U ABYX Kpyrax paauyca l, kacarommux-
cst ocu OX B Hayase KOOPJUHAT, B OCTaJIbHBIX TOYKax oHa paBHa 0 (cM. puc.)

JIro60i1 nyu, kpome OX, UYL B HAYAI0 KOOPJMHAT, MONAAaeT B KPYT,
a TaM (YHKIUS paBHA 1, ciemoBaTenbHO, MPEaes BIOJb JII000T0 Jyda paBeH .
C npyroii CTOPOHBI, €CTh MOCIEAOBATEIBHOCTH TOYEK, PACIOJIOKEHHBIX MEXIY
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1 1
ocbio OX U OKPY>KHOCTBIO {(—,—3) HaHpHMep}, cXoAsIuecs K HYJ0, BIOJb
n n

KOTOpPbIX (yHKIMA paBHa 0, U, CIEJOBATEIBHO, IPEEN €€ BJOJIb TaKUX IMOoce-
J0BaTeNIbHOCTEH paBeH Hymo. OTcro/1a Mody4yaeM, 4To rnpejena B Hyje GpyHKIus
HE UMeeT.

AHaNIOrMYHO OHOMEPHOMY CIIy4ar0 MOYKHO JaTh ONPEICIICHUE Mpeelia

byHkuu npu M— oo (ipu TOM {M} JOJI’KHO OBITh HE OTPAaHUYECHHBIM).
Omnpenenenne 2.
def
Jim (M) =b = (Ve > 0)(3A > 0) (VM e {m})
[P(0,M) > A= [f(M) - b < &]

2 2
IMpumep 4. lim e 7 =0. 3anumem onpeneneHue npeaeia
(xy)—>

(Ve >0)(3A>0): [\/xz +y2 > A= e ) ¢ a]

2 2
—(xX*+
U3 nepasencrsa e X )

(24P 1
e ) ceo (2 +y)<lheo x® +y? > —Ine < x% +y? >, [In—.
g

<e (e<1), nomyuyaem

[ 1
OTcroga 04eBUAHO, YTO MOKHO IMOJIOKHUTE A = . [In— .
I3

3ameuanue 2. /{1151 npenenoB CyMMbl, pa3HOCTH, IPOU3BEIEHUS U YaCTHOTO
(GYHKIMH HECKOIBKMX TIEPEMEHHBIX CIIPaBEIJIMBHI T€ Ke (POPMYJIIBL, UTO U B OJ1-
HOMEPHOM CllyJae.

1.9.5. HenpepbIBHOCTh QYHKIMH HECKOJIbKHUX MEePeMEeHHbIX

Onpenenenune 1. @ynkuus u=f(M) Ha3bIBaeTCS HENPEPHIBHOMU B T. A, eciu
lim f(M) = f(A).
M->A

Omnpenenenue 2. Oynkuus u=f(M) Ha3bIBaeTCsI HENPEPHIBHOW HA MHOXKECTBE
{M} , €CJIM OHA HENPEPBIBHA B Ka)KJI0M TOUKE 3TOI0 MHOXKECTBA.

VY ¢10BUIO HEMTPEPHIBHOCTH MOKHO NMPUAATh pa3HOCTHYIO hopmy. Ilycth
Au = f(Xy,...,x,) —f(ay,...,a ) =f(a; + Axy,...,a,, +Ax,,) —f(ay,...,a,),
TOTJ]a YCJIOBHE HEMPEPHIBHOCTH UMEET BU/I:
lim Au =0.
Ax,—0,...,Ax,,—0

(B mpumepe 1 mpenpimymieii TeMbl pacCMOTpPEHA HETMpephIBHAs B HyJe (QYyHK-
1usl.)

@DuUKCUpyeM BCE€ NEPEMEHHBIE, KPOME OIHOM, MPOJIOKHUB, HAIPHUMED,
X2=4y,..., Xm=am, TOTJIAa MONYy4YHUM (YHKIUIO OAHOW mMepeMeHHou f(X;,as,...,am),
KoTopasi OyJleT HempephlBHOW B T. X;=a;, ecnu f(Xi,...,X,) HENpepbIBHA B
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T. A (oueBuaHO). TakuMm 00pa3oM, U3 HENPEPHIBHOCTH (DYHKIMH HECKOJIBKHUX
NEPEMEHHBIX B TOUYKE CJIEIyeT €€ HEeIPEPBHIBHOCTD M0 KaX/10i KoopauHare (Ipu
(UKCHPOBAHHBIX OCTaJbHBIX). OOpaTHOE yTBEP)KIACHHE HEBEPHO, UYTO IMOKAa3bI-
BAaeT NpUMEp 2 NPeablyIIEeH TEMBI:
2.2
=7 npu xt+ y4 =0
u=1x4 +y4

0 npux =y =0.

Ha xoopanHaTHbIX ocsiX (yHKIMS HEMPEpBIBHA (IIPOCTO TOKIECTBEHHO
paBHa 0), HO gaxxe He umeet npenena B T. (0,0). HempepsiBHOCTH BIIOJIb Tyueit
TaK)Ke HE IOCTATOYHO JIJIsi HEPEPHIBHOCTH B TOYKE (DYHKIIMH HECKOIBKUX ITe-
PEMEHHBIX. JTO MOKa3bIBAET MPUMEP 3 MPEIbIAYIICH TEMBI.

1.8.9.1. Ocnosnvle ceoiicmea HenpepvlEHbLIX YHKUUIL

1. Apudmernueckue onepauy HaJl HEPEPHIBHBIME (DYHKITUSME TPHBOMIST K
HENPEPBIBHBIM QYHKIUAM (JIJ1s1 YaCTHOTO 3HAMEHATEN b OTJIMYEH OT HYJIS).

2. HenpepbIBHOCTD CIIOKHOM (DYyHKITUH.
X1 = (pl(tl,,tk)
[lycte dyHKIN sanamsl Ha MEoxkectBe T < R, Torma

Xm = (pm(tl""’tk)
Kax10i Touke (ti,...,ty) € T cTaBUTCSA B COOTBETCTBUE YMCIIO U IO GopMyIam
u=f(Q(ty,....tx )serrs @y (t,...,ty ), T.€. Ha MHOXKECTBE T OmpeneneHa GyHK-
151, KOTOPYIO MBI HA30BEM CJIOKHOM (DYHKITHEH.

X+y’

Ilpumep 1. u =¢ ; y=t ; x=t+s, TOoraa cioxHas QyHKIUSI UMEET BUJ

t4t+s
u=c¢

Teopema. [lycts umeeT cMbicn cnoxkHas QyHkus (@1, ..., Om). Ecou dynkunn

¢1, ..., @x HETIPEPBHIBHHI B T. (t?,...,tﬂ)zt(o), a ¢yukmus f HenmpepbIBHA B

r. x© = ((pl(t(o)),...,(pm(t(o))), torga cioxHas Qynkuus (@i, ..., Q) Hempe-
pBIBHA B T. t©.

2
U+ genpepbiBHa mIpH Beex (t,8) R

ITo aToMi Teopeme PyHKIIUS €
3. YcToiYMBOCTh 3HaKa HEMIPEPHIBHOW (DYHKITHH.

Teopema. [Iycts ¢pynkuus u=f(M) menpepsiBHa B T.A u f(A)#0, Toraa cyuiect-
BYET Takas 0-OKpecTHOCTh T.A, B KoTopoi f(M) numeer ToT ke 3Hak, uto u f(A).

4. ITpoxoxxeHNEe HENPEPbIBHON (QYHKLUHU yepe3 Jr00e MPOoMexXyTOUHOE 3Haue-
HUE.
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Teopema. Ilycts Qynkius u=f(M) HenpepbiBHA Ha CBA3HOM MHOECTBE {M}
Torma maa mo0bIX TOuek A, B € {M} u s 1000t kpuBoH, L, coequnsroniei

AT TOYKH W JIEXKAIIEH B {M} , HAaJeTcd TOYKa Ha 3TOM KpHBOH, B KOTOPOH

GyHKIMS TPUHUMAET JIF000€ 3aIaHHOe TPOMEXKYTOYHOE 3HaUeHHE Mexay f(A) u
f(B).

AU
f(By r
44 f(A)<C<f(B)
flAy l¢
\ KeL, f(K)=C
— T T~ g y
Aﬂ'/‘l? B
X L

VYcnoBue CBA3HOCTH CYLIECTBEHHO YK€ B OTHOMEPHOM ClIydae:

u —s

C

5. Teopemsl BeliepmTpacca.

Teopema 1. ®yHK1MS, HENIPEPhIBHAS HA OTPAHUYEHHOM 3aMKHYTOM MHO>KECTBE,
OTpaHMUYEHa Ha 3TOM MHOXECTBE.

Teopema 2. @yHK1MSA, HENPEPBIBHAS HA OTPAHUYEHHOM 3aMKHYTOM MHOKECTBE,
JIOCTUIaeT Ha 3TOM MHOKECTBE CBOMX TOYHBIX BEPXHEH M HUXKHEH rpaHeu. Jlus
HEOTPAHWYEHHBIX WM HE 3aMKHYTBIX MHOXKECTB JTH YTBEPKICHUS HEBEPHBI
YK€ B OTHOMEPHOM CJIydae.

1.9.6. Indpepenuupyemoctsb PyHKINI HECKOJIBKHUX IepeMEHHbIX

1.9.6.1. Yacmmnwie npouseoonvie YynKyuu HecKOIbKUX NEPEMEHHBIX

[Tycts M(X1, X2, ..., Xm) BHYTPEHHSI TOYKa 00JACTH onpeaeneHus: QpyHk-

uu u=f(xy, ..., Xm). [IycTh AXy - pupamnienne k-oli KOOpIUHATHI B TaHHOW (UK-
CHUPOBaHHOM T.M, eMy COOTBETCTBYET YaCTHOE MpHUpaIieHUe QyHKIUNA
Axgu = (X1, ..., Xk-1, Xk tAXk, Xk+15 -oes Xm) = (X1, 2oey Xm)-
Axku

PaccmoTpuM oTHOIIEHHE , KOTOpOE 3aBUCUT OT AXy U ONIPEAEIECHO

AXk

IMpHU BCCX AOCTATOYHO MaJIbIX AXk, OTJIMYHBIX OT HYJIA.
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. Axku o
Omnpeneaenne 1. Eciu cymectByer lim , TO OH Ha3bIBAaCTCs 4YaCTHOM
Ax—0 AXk
npousBoAHOU GyHKIHH U=f(Xi, ..., Xn) B T. M(Xy, ..., X;m) 1O apTYMEHTY Xk U
of , ,
o0o3Hayaercs OJHMM M3 CHUMBOJIOB: —, —, u, , f; . Takum oOGpazom,
6Xk axk k k
ou . Axyu
— = lim —%—.

3ameuanue. Tak KaK U3MEHSETCS TONBKO Xk + AXg, T.€. k-1 KoopauHaTa apry-

MeHTa ¢yHKUMU f, TO yacTHas NMPOU3BOAHA —— SBJSIETCS OOBIKHOBEHHOM
k

npou3BoAHON GyHKIMHU f Kak PyHKIMU TobKO k-ii TepemenHo# (Tipu pUKCHpO-
BAaHHBIX OCTAJIbHBIX MEPEMEHHBIX). ITO MO3BOJISET BBIYUCIUTh YaCTHbIE MPOU3-
BOJIHBIC 110 OJIHOM M3 MEPEMEHHBIX 10 OOBIYHBIM (popmynaMm nuddepeHpoBa-
HUSI, €Cli 3a()MKCUPOBATh BCE OCTAIbHBIC IEPEMEHHEIE.

Ilpumep 1. u= X2+ 3xy -y

ou

= BBIUUCIISIEM TIPU YCIIOBUH, YTO y = const
ou
— =2x+3y
0x

ou

—  BBIYHUCIIAEM IIPH YCIOBUH, UTO X = const

ay

ou
— =3x-1
dy
2 2
IMpumep2. u=e* 7Y

au y?

. =e* Y (+2x) (upu (QUKCHPOBAHHOM Yy IIPUMEHHMMA OOBIYHASL
TeopeMa O MPOU3BOTHON CIIOKHOU (PYHKITHUN)
AHaNOrnyHO

6u 2_ (2
= (2)
oy

BolsicHum Temepp, HACKOJIBKO MOJHYIO WH(OPMAILMIO JAIOT YacTHBIC
MPOU3BOHBIC (PYHKIIMH B TAaHHOW TOYKE O MOBEACHUH (YHKIIUU B OKPECTHOCTH
9TOM TOYKH.

Cpasy oTMeTHM, YTO YacTHBIE MPOU3BOHBIC B T.M( MOTYT naTh UHGOP-
MAaIUIO O MOBEACHUU (PYHKUUHU TOJIBKO HA MPSIMBIX, MPOXOIALINX Yepe3 T.My u
MapajuIebHbIX KOOPIUHATHBIM OCSIM.
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Koneuno, 3Toii MH(pOpPMALIMK COBCEM HE JOCTATOYHO, YTOOBI CYIHTH O
NOBEJCHUN (PYHKLUHU B IIEJIOW OKPECTHOCTH T.My (M, B YaCTHOCTH, Ha APYTUX
Jqy4ax, IpoXoasaiux yepes T.My).

2.2
=7 npu x*+ y4 =0
Mpumep 3. Oynkuun u = x* +y* MIOKa3bIBAECT, YTO
0 npux=y=0.
YaCTHbIC IPOU3BOIHBIC €€
(x+ Ax)* -0 B x*-0°
. +Ax,0) — . ‘400 x'+0°
@  lim u(x + Ax,0) —u(x,0) _ lim (x+Ax)"+0" x"+0 _0
OX 0 A0 Ax Ax—0 AxX

(aHaJIOrMYHO @‘ 0y =0)
0y

CYIIECTBYIOT M OOpaIIaroTCs B HYJIb HE TOJIBKO B T. (0,0), HO ¥ BCIOy Ha KOOP-
JMHATHBIX OCsX, a cama GyHkuus He umeer B T. (0,0) npeaena (cm. temy 4). 3a-
METHM, YTO B OJJHOMEPHOM CJIy4ae U3 CyIIECTBOBAHMS IPOM3BOIHON Ciie0BaIa
HETIPEPHIBHOCTH (DYHKITUH.

Takum 00pa3oM, MbI PUXOIUM K HEOOXOIUMOCTH BBECTH 00JI€€ CHITb-
HOE YCIIOBHE, YEM CYLIECTBOBAHHE YACTHBIX MMPOM3BOHBIX, YTOOBI OHO OBLIO
aHanoroM auddepeHurpyeMocTd QyHKIUU OAHOMN epeMeHHON. DTO yCI0BUE
JIOJDKHO OBITH CBSI3aHO C MOJIHBIM IpUpalieHneM QyHKIIMU B TOUKE.

1.9.6.2. Tughghepenyupyemocms pynkyuu Heckon1bKux nepemeHHvIxX

Omnpenenaenne 2. dynkuus u=f(xy, ..., Xy) HazpiBaeTcs AU HepeHIupyemMoit B
Touke M(X, ..., Xm), €CJIH €€ MOJHOE MPHUPAIICHHE B 3TOM TOUKE MOXKET OBbITh
MPEJICTABICHO B BUIC

f(x1+AXy, ..., XmTAXp) - (X1, ..., Xm) =

=Au=AAX;+ AoAXp + ... F ApAXm T 0AX] + .+ OpAXm,

rae A, Ay, ..., Am - HEKOTOpOE, HE 3aBUCAIINE OT AXj, ..., AXy, YHCIIA,
a oy, oy, ..., Oy - 0eckoHeyHO Mainble pu Ax;—0, ..., Axp,—0 QyHKIUHN, paBHbIE
0 mpu Ax;=AXx,=...=Ax,=0.

Eciu monoxkuTh p = 4 Axl2 +.. .+Axfn , TO ycioBue nuddepeHupyemo-
CTH MOJKET OBITh 3aIIMCAaHO B BUJE:
Au = AjAX + AsAxo + ...+ AnAxm + 0(p) (D)
O6a mnpencraBiieHUs] SKBUBAJICHTHBI W O3HAYAIOT, YTO MPHUpAIICHUE
(GYHKIIUU TIpeICTaBUMO B BHJIE TUHEHHON yacTh (1Mo AXj, ..., AXp) U 4JIeHOB 00-
Jiee BBICOKOTO mopsiaka (1o Axj, ..., AXy, WIH p).

Teopema 1. Ecu dynkuus u=f(xy, ..., Xn) auddepernupyema B TOUKe
M(Xy, ..., Xm), TO B OTOH TOYKE CYIIECTBYIOT YaCTHBIC MPOU3BOIHBIC MO BCEM

ou
apryMeHTaM, npuueM — = A, T1e A; onpenenstorcst u3 ycioBus auddepen-
i
IIUPYEMOCTH.
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JlokazaTeabeTBo: I1on0kuM B ycnoBun aupepeHIUpyeMOCTH BCe MpUpaIie-
HUs1, KpOME AXy, PABHBIMHU HYJIIO, TOT/IA JUISl YaCTHOTO TIPUPAIICHHS CIIPABE -
BO IPCACTABJICHUC
AXu = AAXi + o -AXy
Ortcrona
Ax,u

A =Ay +oy uTK ox— 0 npu Axy — 0, TO
Xk

A
lim =A% _ 4,
Ax, —0 AXk an

CaencrBue. Ycnoue auddepeHnnpyeMocTr GyHKIIUN B TAHHON TOYKE MOYKHO
3anucarhb B BUJIE:
du Ou
Au = —AX +..+4 =——Ax,, +0(p)
axl axrn
3ameuanue 1. CylecTBOBaHME YaCTHBIX IPOU3BOIHBIX B TOUKE HE 10CTATOYHO
s nuddeperHnrpyeMocty GyHKIUU B 3TOM TOUKE.

IIpumep 4. u = Q/E
u(0+ Ax,0) —u(0,0)

| 30+ Ax,0)-0-3/0-0 0
m =
—0

u’ (0,0) = lim i
Ax—0 AX Ax AX

w! (00) = Tim u(00+Ay) -u(00) _ . 30-(0+Ay) —30-0 0
y Ay—0 Ay Ay—0 Ay

[Tokaxem, uro 3ta ¢yHkmus He mudpdepernupyema B T. (0,0). DToro
2
CIIEZlyeT OXHJaTh, T.K. TOPSIOK TNpUpalieHuss (YHKIHA B HyJE paBeH 5

(u=3/Ax-Ay), a B ycinoBuu qudPpepeHIpyeMoCcTd TpedyeTcst, YTO0bI OPSIIOK

npupalieHus ObUI HE HUXKE MEPBOTO.
[Ipennonoxum, 4To npupameHne QyHKIUH MPEICTaBISETCS B BUIC
Au = 0-Ax + 0-Ay + 0(p)

D10 03HAYaET, uTo 3 AX-Ay =0(p); p= \/(AX)Z + (Ay)2

T.€. IOJDKHO BBITTOJHSTHCS YCIOBUE
) JAX - Ay
lim =0

Ax—0,Ay—>0 ,(AX)z n (Ay)Z

[Tonoxus Ax = Ay, nomyyum
JYAx-A J(A 1
lim o = lim —— (a ) = lim —|AX| 5 =00

2;:))8 [( AX) + ( AY) Ax—0 | 2( AX) Ax—0 \/_

Ax=Ay

Orcrona cienyer, uto 3/Ax - Ay He sBisiercst 0(p), T.€. QYHKIHS HE SIBIISETCS
Qg depeHpyeMoii B HyJIe.
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3ameuanue 2. 13 muddepennupyemoct GyHKIIMH B TOUKE CIASAYET €€ Helpe-
PBIBHOCTH B 3T0i1 Touke. [leiicTBuTensHO, U3 npeacrasneHus (1) cneayer,
gro lim Ax=0.

Ax,—0

AxE—)O
OO6paTHOE HEBEPHO JaK€ B OJHOMEPHOM CITydae.

B npenpinymem npumepe GyHKIUsS He SBisieTcs: Au¢depeHIupyeMon,

HO SIBIISIETCSl HEMPEPBIBHOM. JIefiCTBUTENBHO

2 2 % 2 %
‘5/AX-Ay‘=(|AX|-|Ay|)%S M 1P o

2 2
npu p— 0.
a’ +b?
311ech UCIOIB30BAaHO HEPABEHCTBO ab < — KOTOpOE, OUEBU]IHO, CIENYET

13 HepaBeHCTBa (a-b)” > 0.
1.9.6.3. /locmamounoe ycnosue ougpghepenyupyemocmu

[lycts pynkuusa u = f(xy, ..., Xm) UMEET YACTHBIE NPOU3BOJIHBIE IO BCEM
apryMeHTaM B HEKOTOPOH OKpECTHOCTU TOUYKHU MO(X?,...,x?n) , U 9TH 4YacTHbIE
IPOM3BOJIHbIE HEMPEPHIBHBI B caMOil Touke My, Torna 3ta pyHkuus auddepen-

mupyema B T. M. [IpuHumas yTBepkaeHue 0e3 J0Ka3aTelbCTBA, MBI TOJBKO
OTMETHUM, YTO 3/I€Ch YAaCTHbIEC MPOU3BOIHbBIE PACCMATPUBAIOTCS KaK (QYHKIUU m

of
HepEMEHHBIX g(xl, ..s Xm) B OKPECTHOCTH TOYKH My, mprueM 3Tu (QyHKIUU
i

HENPEPBIBHBI 110 COBOKYMHOCTH MEPEMEHHBIX B T. My (M MpoTHBOpEUus ¢ mpu-
MEpOM 3 3TOI TeMBbI HET).

1.9.6.4. I'eomempuueckuii cmuict ycnosus ouggepenyupyemocmu GynKyuu
08yx nepemenHvlx u=f(x,y)

Onpenenenne 1. KacarenpHO# TuIocKOCThIO K Tpaduky (ynkumu u=f(X,y) B
TouKe (Xo, Yo, f(X0,Y0)) Ha3bIBA€TCs TaKasi MJIOCKOCTh, YTO PA3HOCTH €€ aIlJTUKaThI
u 3HaueHus GyHKuH f(X,y) ABIASETCS BETUYMHON, OECKOHEUYHO Majol MO CpaB-
HEeHUIo ¢ p npu p—0, T1e

p=(x=x0)? +(y - ¥o)

[Tyctb ug = f(X0,y0), u=1(X,y), Torna yciorue nuddepeHInpyeMocTy B
T. (X0,y0) 9TO! (P)YHKIIMHU 3aIIMCHIBACTCS B BUJIE

u - up = A(x-x0)tB(y-yo)+0(p),
WIn
u = uo + A(X-X0)*B(y-y0)+0(p).
PaccMoTpuM crie iy onIyro miocKoCTh
U-up = A(x-X¢) + B(y-y0)
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(U - otknagsiBaeTcs Ha ToH ke ocu Oz, 4To U u), Toraa ee arwnkata U onpene-
JSI€TCSL PAaBEHCTBOM

U =uo + A(x-X0) + B(y-yo),
Y pa3HOCTh
U-u=1uo + A(x-Xo) + B(y-yo) - (Wo+A(x-x0) + B(y-yo) + 0(p)) = O(p).

Taxum oOpaszom, ecnu pynkius u=f(x,y) nuddepenupyema B T. (Xo,Yo),
TO Tpaduk 3ToN (HYHKIIMH B COOTBETCTBYIONICH TOUKe (Xo,Y0, f(X0,y0)) HMeeT
KacaTeJIbHYIO TUIOCKOCTh, 32/IaBAEMYI0 ypaBHEHHEM

of of
z - f(Xo,y0) = &(Xo,}’o) (X —Xy) +&(Xo,}’0)'(y ~Yo)

W3 ananuTHYeCKOW reOMETPUH U3BECTHO, YTO HOPMAJIbHBIN BEKTOP K
9TOW KacaTeabHOU INIOCKOCTH UMEET KOOPANHATHI

of of
— 5 T D 3_1
aX(Xo ¥o) 6y(X0 Yo)

YpaBHEHUs] HOpMaJIM K KacaTelbHOU INIOCKOCTH B T. (Xo,Yo, f(X0,Y0)) ©IMEIOT BUA:

X=Xo __ Y=Y _z=1(X¢:¥p)
of of -1
—(xq, —(xq,
8x( 0-Y0) 8y( 0Y0)

3ameuanne. KacatenbHas mI0CKOCTh MOXET OBITh OIPECIICHA TAaKXKe CIICIYI0-
MM DKBUBAJICHTHBIM 00pa3oM.

Omnpeneaenne 2. [lnockocts I, mpoxoasmas uyepe3 Touky Ny NOBEPXHOCTH,
HAa3bIBACTCSI KACATEIBHOM IUIOCKOCTBIO B ATOM TOYKE, €CIIA YIOJI MEXIY ITOU
TUTOCKOCTBIO M CEKYIIICH, TPOXO I depe3 Touky Ny u 1o0yro Touky N 1mo-
BEPXHOCTH, CTPEMUTCS K HYJIIO, Koraa Touka N; ctpemurcs K No.

A

< n

IIpumep 1. Jlana pyHkius z = 2x7 - 3xy + 4y2 -2x+y
u Touka (1,1). Hanmcats ypaBHeHHE KacaTeIbHOMN TNIOCKOCTH B COOTBETCTBYIO-
el Touke rpaduka 3Toil PyHKIUH, a TAK)KE YPaBHEHUST HOPMAJIH.
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% _gx-3y-2 Zan=4-3-2-11
Ox Ox

; z(L1) =2.
%=—3x+8y+1 %(l,l):—3+8+1=6
ay ay
YpaBHEHME KacaTeIbHON MJIOCKOCTH
z-2=-1(x-1)+ 6:(y-1)
YpaBHeHHE HOpMaNU K Tpa@uKy QyHKIUH B TOH K€ TOUKE UMEIOT BUJL:

x-1 y-1 z-2
-1 6 -1

1.9.6.5. Tughghepenyuposanue cnorxicnoit pynkyuu

[Tycts pynkmms u = f(xy, ..., Xy,) U cUCTeMa QyHKIHIA
X =@ (ty,..., ty)

Xm = Qm(tr-oty)

OIPENIENIAIOT CIOKHYI0 (DYHKIHUIO, TOTJa CIIPABEUINBA CIIEAYOLIast
Teopema. Ilycts pynkmuu @i(ty, ..., ty) (1 = 1, ..., m) quddepeHEpyemMsl B
TOUKE AO(t? ,...,tﬁ) , a pyskums u = f(xy, ..., Xm) IuddepeHupyema B COOTBET-
CTBYIOLIEH TOYKE Mo(x?,xg,...,x?n), rae x? :(pi(t?,...,tﬁ). Torma cnoxnas
dynkmus u = f(o,(t,,...,t,),...,0, (t,,....t,)) aupdepenuupyema B Touke A,.
JJ1 4acTHBIX IPOU3BOJIHBIX B T. A( CIpaBeAIUBHI ClIeAyIoUIe (POpMYJIbL:

ou_Ou 06, O 06y, | Ou 0oy

oty 0x; oty 0x, Ot 0X, Ot

u_u 00 u 00y, , O Fom

ot, 0x; Ot, O0Xx, Oty 0X,, Ot

au_au'8(p1+8u'8(p2+ +6u 0Py
o Ox Ot Oxp Oty Oxy Oty

ou .
B KOTOPBIX YacTHbIE Mpou3BoaHble — (i =1,...,m) OepyTtcs B Touke My, a ya-
i

op; .
CTHBIE IIPOU3BOJAHBIE &(1 =1...,m;s=1,...,k) O6epyTcs B Touke Ay.

S
Wnes nokaszarenbcTBa Takast e, Kak 1 B OJJHOMEPHOM CiIydae.
B ycnosue auddepennupyemMocTr BHEITHEH (yHKIIUNA
ou

ou ou
Au = glAX1 +§2AX2 +...+§Axm +0(p),

rae szZ(Axi)z,
i=1

m
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MOJICTABJISIFOTCS. HE TPOW3BOJIBHBIE MPUPAIICHUS MEePEeMEHHBIX AX, ..., AXpy, a
npupamenus GpyHkouu @;(ty,...,t,) (1=1...,m), COOTBETCTBYyIOIUE MPUPA-
HICHUSIM apTyMEHTOB Atj, ..., Aty. DTH mpupaiieHus IpecTaBUMBbI B BUE (Clie-
nyeT u3 ycnoBus nuddepeHuupyeMoctd GyHKuui ¢;(ty,...,t )(1=1,...,m))
09, 0Q;
AX. = Ao, _8_t1At +.. +aAt « +0(3),

k

rme 8= Z(Ats)z.

s=1
Brigenss 3arem nuHEHHYI0 4acTh Au OTHOCHUTENIBHO Aty, ..., Aty, MBI 11O-
Jy4aeM BBIPAKECHUS ISl YACTHBIX MPOU3BOIHBIX CIOKHON (QYHKIUH.
3ameTuM, 4To B Cydae, KOraa Xi, ..., Xm 3aBHCST TOJIBKO OT OJHOM 1e-
peMeHHOM t, IPOM3BOAHAS 10 t CIIOKHOM QYHKIMH (OOBIKHOBEHHASI) BBIYUCIIS-
eTcs 1o popmyJie
du ou _d(pl N ou .d(p2+ N ou .d(pm

dt  ox, dt  ox, dt T ox,  dt
U €CJTH, KpOME TOTO, f 3aBUCUT OT OJJHOM MEPEeMEHHOM X, TO (hopMyJia TpUHUMA-
du _du d¢
€T BUI: E = d dt , T.. COBIaJaeT ¢ GopMyJIoii JUIst OTHOMEPHOT'O CITyyasi.
X

Ipumep 1. z=¢*"Y, rie x=cost, y=sint.
dz_ 0z dx 02 dY _ Xy oy (Csint)+ e - (<1)-cost =
dt ox dt oy dt

31€Ch BMCCTO X U Y HAJO IMMOCTaBUTh UX BBIpa}KeHI/ISI qepes t

coszt—sint[ cos t—sint

=e 2cost(—sint) — cost] cost[Zsint+1].

Ipumep 2. z= ln(t2 + x3), rjae x=sint. Beraucauts %

o 1

PRICENE -2t (3mech t ¥ X CUUTAIOTCS] HE3aBUCUMBIMU MIEPEMEHHBIMH )
t" +x

dz o0z o0z dx 2t 3x?
—=—+——= + -cost =
dt ot ox dt 2 4x7 2 4x]

(3mech BMeCTO X HEOOXOIMMO TTOACTABUTH €TI0 BBIpa)KeHI/Ie yepes t)

2t Jr33in2t~cost 2t + 3sin> tcost

t2 +sin> t t2 +sin> t t2 +sin> t
_ 2 .2 _ _ 2
Hpumep 3. z=x"-y", rae x=ti-ty, y=t; -t5.
0z 0z
Beaucnutp —,——
oty

@—@@ cZY o, s (2y) 1= 20t 2t —2) =
ot ox ot oy o, % YT R

=2t,t5 +2t3 —2t,
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0z 0z Ox 0z Oy

—_—— — 4 — . —— =2x -t 2v) - (=2t.) =2t .t. -t 4t t_tz _
ot, 0x at2+6y ot, x-t; +(-2y)-(-2t,) (bt H4L (t - t5)

2 3
=2t7t, +4t,t, —4t].

1.9.6.6. /Tlugpgpepenyuan pynkyuu nHecko1bKux nepemeHHvIX

Huddepennman GyHKIUH HECKOJIBKUX TEPEMEHHBIX OINPEACIIICTCS Kak
JAvHEeWHas (OTHOCHTEIbHO NMPUPALICHUN apryMEHTOB) YacTh MpUpALICHHS TUd-
dbepeHuupyeMoit GyHKIUN

du = idxl +...+ﬂdx
0x,
rae dx; = Ax; (i=1, ..., m), ecii Xy, ..., Xy, - HE3aBHCHMEBIE TICpEMEHHBIC.

Kak u B ciyudae omHo# mepeMeHHOW mepBbiid AuddepeHnnan obnamaer
CBOMCTBOM MHBapUAaHTHOCTU €T0 (POPMBI, T.€. BhIpakeHUE NS nepBoro audde-
peHIMalia UMeeT TOT K€ BHUJI U B cllydae, KOTrJa Xj, ..., Xy ABISIOTCSA QYHKIUIMHU
HEKOTOPBIX MEPEMEHHBIX tf, ..., ty. CBOWCTBO MHBAPUAHTHOCTH (DOPMBI TIEPBOTO
nuddepennraa mo3BosseT yCTaHOBUTH Clienytomue (hopmyibl

d(c-u)=c-du (c=const)
dutv)=duzxdv

du-v)=u-dv+v-du

d(gj _ v-du—-u-dv

\% V2
Hanpumep, mis nmuddepennmana npous3BeAeHUsT pacCykaaeM CIeayro-

muM obpazom. PaccmoTpuM QyHKIHIO ® = U-V IByX NMEepeMeHHbIX U, V. ludde-
peHIuan 3Toi QYHKINU paBeH

m>
m

do =a—m-du +8—m-dv,
ou ov
o o
HO — = V- — =1, CJIEJOBaTeIbHO,
ou ov

do = v-du + u-dv.

2
Ipumep 1. u = x¥ ~*. Haiitu monueni quddepennuan GyHKIIn

o

u= @dx+@dy+@dz
Ox oy /4

B (Xyz_z) —(y -
X

- (XYZ_Z) - XY % ‘Inx-2y
y

SN2k

_ (Xyz—Z) —x¥"% Inx-(=1)
z
Takum oOpaszom,

du=(y? -2)- XY 7 ldx +xV 7 ‘Inx-2ydy — xY % . Inx-dz
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2
Mpumep 2. z=¢* Y, rae x=cost, y=t*. Beruncinrs xudpepeHmpan CIoxKHoi

byHKIUH.
Bocnonb3yeMcst HHBapHaHTHOCTBIO ()OpMBI TIepBOTO JuddepeHimana
0z 0z
dz=—dx+—dy
ox 0y
31ech
%: YL 0x = e M D cost dx =—sint-dt
ox
@zexz*yd: st dy = 2t-dt
ay

dz=e*" " 2 cost(—sint)dt+ e " 2tdt=e" " (2t—sin2t)dt.

1.9.6.7. IIpouseoonasn no nanpaenenuro. I’ paouenm
[Tycts 3amana GyHKus AByX nepeMeHHbIX u=f(X,y) (a1 Gonbiiero guc-
J1a IEPEMEHHBIX BCE aHAJIOTUYHO), KOTOPasi ONpeieieHa B OKPECTHOCTH T. (Xo,Y0)
u nuddepenuupyema B 370l Touke. Mbl OyJieM paccMaTpuBaTh Hally (YHKIHIO
Ha JIy4ax, OpOXOIAIIMX 4depe3 T. (Xo,yo). Jlyd 3amaercs HadaiabHOW TOYKOW U

HAINpPAaBJSIFOIIUM AMHIYHBIM BEKTOPOM € = {co SO, COS B} ,

€ro napamMeTpUyYCCKUe ypaBHCHUS UMCIOT BUI:
X =X +t-cosa

e[0,+0) (cosP = sin o)
y=yo +t-cosp
[ToxcraBmsisi 5TH BbIpaXEHHsI BMECTO apryMeHTOB (GyHKUIUHU U=f(X,y), MBI
nosyanM (pyHKIHIO ofgHOW TmepeMeHHoH u(t): u = f(xo + t-cosa, yo + t-cosp).
' du
Ecmu u, |t:0 CYIIECTBYET, TO 3Ty HPOU3BOJIHYIO d_|t:0 MBI Ha30BEM IIPOU3-
t
BoHOHN (yHKmu u=f(X,y) B Touke (Xo,Yo) B HampaBJIeHUH BekTOopa € (0003Ha-
ou o
YeHHe ?). Hcnonb3ys GpopMyIibl 1i1si TPOU3BOAHBIX CIOKHON (YHKINH, TTOTY-
e

yaeMm (1t Touku t=0)
ou _ df(xg +t-cosoyyg +t-cosB)  of

aé - dt “a °’y°) at
d of 8f
+g( 0-Y0)" y ( X05Y0) " COSOL"*_&(XO’YO) cosp.

oy (Xo’ Yo)} (060-

3HaYaeMblii gradu), TO BBIpaXKEHHE JJIsl MPOM3BOIHON B HANpPaBICHUH BEKTOPA
€, MOYKHO 3aIliCcaTh B BUJE

Ecau BBecTH B paccMOTpeHHE BEKTOP { (xo,yo)

% = (¢, gradu) 150305 % = |gradu| . cos(é, gradu)
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MeHsisi HampaBJIeHHE BEKTOpa €, Mbl Oy/eM MOJy4YaTh Pa3IHYHbIC 3HA-

ou
qeHUusa E . B yactHocTu:

e
ou - -
1) = =0, ecmu ¢ Lgradu ((e,gradu) = 0).
e
ou . gradu
2) —= | gradu|, ecnu € = =——, U 3TO 3HAUCHHUE SBISACTCS HAHMOOJIBIIUM U3
oe |gradu

BO3MOXHBIX (( € ,gradu) mpuHUMaeT HanOOJIbIIICe 3HAYCHHE).
gradu

, €CIIA € = — ((e,gradu) mpuHUMAET HAUMEHBIIICE

ou
3) % —|gradu —|gradu|

3HAYCHHE).

Taxum o0Opaszom, gradu omnpesessieT HanpaBIeHUE, B KOTOPOM CKOPOCTb
BO3pacTaHus (PYHKIUHU SBIISETCS HAMOOIIBIIICH.
u/\

u=f(x,y)

— 4

<V

S| gradu

IIpumep 1. Haiitu npousBoanyto GyHKIUU Z = X2y3 B Touke (1,2) B Hampasie-

HUU BEKTOPA, COCTABIISIFOIIETO € MOJIOKUTENbHBIM HampasieHueM ocu OX yroin
0

45",

oz 3 0z 2 2
—(1,2) =2x =2-8=16, —(12)=x"-3 =3-4=12
8x( ) = 2xy ‘(1,2) 8y( ) y ‘(1,2)

KoopauHaTel BEKTOpa € UMCIOT BUJ € = {cos oL sin oc} = {

é:é-cosoz+é-sin05 =16-L+12-L=§:14\/§

& & V2o V2 2

Ipumep 2. Haiitu grad(x” - y) B Touxe (1,1) 1 BBIYHCINTE IPOH3BOIHYIO
(GYHKIMHU B HaIIpaBJIECHUH IPAJUEHTA B 3TON TOUKE

0z

16
gradz = {&,é}, grad(x2 - y)‘ an = {2x;—1}‘(1’1) = {2;—1} .

[TpousBogHas GyHKIMM B HANIPaBJICHUU IPaJUEHTa paBHA MOYJIIO FPaIUeHTA.

% =|gradz| = m: 5: rme &= gradu
¢

e=—"-.
|gradu|
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B TpexmepHoM ciryyae

of of of of
— =—-cosa+—-cos+—-cosy,
oe oOx oy 0z
rJIe COSaL, COS[, COSY - HAMPABJISIOIINE KOCHHYChI BEKTOPA € .
COOTBETCTBEHHO,
of of of
gradu =4 —;—;—.
ox 0y 0z

1.9.7. YacTHble npou3BOAHBbIE U TP (PepeHINATBI BLICHINX MOPSIIKOB
(pyHKIUI HECKOJIBKHUX NIEPEMEHHBIX.

1.9.7.1. Yacmnuie npouseoonbvle eblcuiux NOPAOK0Os

ou
[lycTe vacTHast mpou3BOJHAA g(xl,...,xm) ¢bynkuun  u=f(x,...,Xm)
i

CYIIIECTBYET B KaXJOH TOYKE HEKOTOPOTO MHOXECTBA {M}, T.€. MPEACTABIISACT
€000 PYHKIIHIO TEPEMEHHBIX X, ..., Xp.

Ecnu sta QyHKIMA UMEET 4acTHYIO NMPOU3BOAHYIO 1O TIEPEMEHHOM Xk B
HEKOTOPOH Touke My, TO OHa Ha3bIBAETCSI BTOPOW YaCTHOW NMPOU3BOAHON (yHK-

uu (X, ..., Xym) IO IEPEMEHHBIM Xj M Xx M1 0003HAYaETCs
2
o“u "
’ XXy "
0X 0X;

CoBepllIeHHO aHaJIOTMYHO OMPEAEISAIOTCS U MOCIEIYIOIINE YaCTHbIE
npou3BoJHbIe QyHKUUU f.
Taxum o6pazom,

o"u d 0" u
aXi Gxi 6X1 aXi aXi aXi aXl aXi
n n-1 2 1 n n-1 2 1
Ecnn He Bce NHIOCKCHI i], . in COBIIaIal0OT MEXKIY CO6OI>1, TO 4YaCTHas

Mponu3BOaAHAsA HA3bIBACTCA CMEIIIaHHOIA.

Berumcisirorcss 4acTHbIE NPOM3BOJHBIE IO TEM JKE€ INpaBHIaM, 4TO H
OOBIKHOBEHHBIE TMPOU3BOJHBIE. HEoOX0aMMO TONBKO CIEOUTh NpPU KaXKIOM
nuQQepeHIIMPOBaHNH, YTOObI BCE MEPEMEHHBIE, KPOME OJHOW, CYMTAIHUCH IO-
CTOSIHHBIMH.

X

Ipumep 1. u =¢” BBMUCINTE BCe YACTHBIE MPOU3BOIHBIE BTOPOTO MOPSAIKA.

X X
@_ ou —X
Oox

LS

|
eV . —; >
y oy y
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B X X X
ou 0 ou ol y |—x y x 1
=— —|=—|¢C . —2 =c -—3—@ -—2
Ox0y Ox\oy/ ox y y y
(3meck y = const)
J’u a(o’uj ol 5 1] 5 (-x) 5 (-1
=—|—|=—F|¢e¢  —|=e | |te | —
dyk  y\&) & y y y
(3mech x = const)
o’u  Ju 6(%) 0 3 1 3 1
== —|=—|(¢ - —| = -—
Ox0x 0x° 0x\0 ox y y’

(3mech y = const)

o’u _0du ﬁ(ﬁuj 0 §(—xj P x0T 2x
= — | =—]e’ | — =e¢’ - —+e’ - —

ovoy oy oylay) oy y? vy
(3mech x = const)
o’u 0%
3ameuanue. B sToM mpumepe = . PaBeHCTBO CMEIIaHHBIX MPOU3-
O0x0y  0yox

BOJHBIX 6y;[eT HMCTb MCCTO HC BCCrjad, a INpH BLIINOJHCHHWU HCKOTOPBIX YCJIO-
BI/IfI, a UMCHHO, CIIpaBCAJIMBa CJIICAYIOLIasa TCopeMa.

Teopema. [lycts dynkums u=f(xy, ..., X,) onpeneaecHa B OTKPHITOH M - MEPHOM
obnactu D 1 umeeT B 3TO# 001aCTH BCEBO3MOKHbBIE YACTHBIE MMPOU3BOIHBIE N-TO
HOpsi/iKa, MPUYEM BCE 3TU MPOU3BOJHBIE HempepbiBHBI B D. Torma 3HaueHue
T000M K-0M CMEIIaHHOM NPOU3BOJHON HE 3aBUCHUT OT TOTO MOPsiIKa, B KOTOPOM
IIPOU3BOJATCS MOCe10BaTeNbHble MU epeHIupoBaHusl.

B nonanstonieM GONBIIMHCTBE KOHKPETHBIX 3374 YCIOBHUS TEOPEMBI BBIMOJ-
HSIOTCSI, U CMEIIAHHYI0 NMPOM3BOIHYI0 MOKHO BBIYMCIIATH, HE oOpalias BHUMA-
HUSI Ha TIOPSIJIOK TTOCIIEA0BATENbHBIX TU(GEepEeHIIMPOBAHUI.

1.9.7.2. Tlughghepenyuanwt evicuiux nopaoxkos

[Tycth B HeKoTOpOit obnacTu 3aaana quddepeHnupyemas GyHKIHISL

u=f(xy, ..., Xm), TOTJIa B KOKION TOUKE ITOU obOiacTu omnpeseneH auddepeHinan
du = ﬂdxl+...+ﬂdxm
aX1 6Xm
31ech 4acTHbIC IPOU3BOAHBIC SIBISIFOTCS (DYHKIMSIMH OT X|, ..., Xm. ECIH
CYIIECTBYIOT HENPEPHIBHBIC YaCTHBIC MTPOU3BOHBIC BTOPOTO MOPSIKA JJIS U, TO
du OyaeT UMeTh HEeMPEPHIBHBIE YACTHBIC MMPOU3BOIHBIC 110 X|, ..., Xy. DYJEM CcUH-
TaTh, 4TO dXi, ..., dX;y TOCTOSHHBI, TOTJa MOXKHO OINpeneauTh AuddepeHiuan ot

nepBoro auddepeHuana:
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d(du) = ol(@dx1 +...+ﬂdxmj - d[ﬂ]dxl +...+d[ﬂ]dxm
ox, Oxom ox, %

[Tpu Beruucnennu audQepeHnnanoB oT YaCTHBIX IPOU3BOIHBIX OyieM
CUUTATh, 4TO dXj, ..., dXy UMEIOT TE JK€ CaMble 3HAYCHHUS, YTO U B HCXOJHOM
nuddepenmuane du.

d(du) (62‘101 ouy ou_ jd
u) = X, + T dx,+..+———dx_ |dx, +...
ox; 0x,0x, ox,ox, ") !

o*u o*u o*u j
d dx, +. A dx_ |d
+(6Xm6x1 X1 T ok ox, T g P |

m

[TonmyueHHoe TakuM 00pa3oM BbIpaXEHHWE MbI Ha3oBeM IudepeHra-
JIOM BTOPOTO TMOPsAIKa GYHKIHUU U

0*u o*u 0*u
d’u "o —(dx,)*+.. +3 < —(dx,,)’ +28X18x2 dx,dx, +
0*u 62u o*u
26X ox. dx,dx +26X ox, dxzdx3+...+2mdxmfldxm

TouHo Tak ke MbI ONpenenuM U nocienyromue quddepeHnmansl GyHk-
IIUH U C TOMOIIBIO PABEHCTBA

d¥u =dd* v
Mpumep 1. z=x7y’ Haiitu d’z
2 2 2
Z oy Zoy oz, ﬁf=2y3; 72 _ by azz=6x2y
& & & &y a
22— 077 (qoy 4207 2 _ 233 (dx)? +2-6xy dxdy + V + 6x2p(dy)?
—@Cz()+éx =2y (dx)” +2-6xy dxdy +V + 6x"y(dy)”.

PazBepHyTbIe BeIpaskeHUs U1 AU(PepeHInanoB BEICIIMX MOPSIKOB J10-
BOJIbHO 'POMO3IKHC. O,[[HaKO, CHUMBOJIMYECCKHU OHH 3aIIMCBhIBAIOTCA OYCHb KOM-
NaKTHO. 3anumemM TudepeHIpai B CHMBOJIIMYECKOH Gopme.

du = (idx1+...+idxmju
ox ox

1 m

(u BHOCHM B CKOOKH U CUUTAaEM —— -U = —— | [10JIy4aeM OOBIYHOE BBIPAXKECHUE

OX; OX;
st du). Torma

2
d%u = [i-dx1+...+id~xmj ‘u.
6X1 8Xm

3aech BBIPAXXCHUC B CKOOKax BO3BOJUTCA 1O OOBIYHBIM IpaBujiaM B
KBaaparT U 3aTE€M CUUTACM, UTO
o 8 _ du
ox; ox; | oxox,

Beipaxkenue s nuddepenmana nopsaka K IpuHUMAaeT BUL:
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k
d*u = (i~dx1+...+i-dxmj u.
8X1 aXm

Ipumep 2. z= X2y3 Bbranciuts d°z

vo=[Zod ) o=l (2 0o A L) (Zova

LA o]
ax/\oy) Y Toy) 2T

0’z 0’z 0’z 0’z
=——(dx)’ +3 dx)*dy +3 dx(dy)* + —(dy)’
Ha ocHoBe npumepa 1 monyyaem
T2y =0 T o), =6y
8X3 - y x 6X26y - Xy x Yy
asz 2 ! . 63Z 2 ! 2
ox0y? = (6xy”), =I12xy; _8y3 =(6x y), =06x".

Orcrona
d3z =36y (dx)*dy + 3 -12xydx(dy)? + 6x>(dy)°>.

3ameuanue. J[uddepeHiuanpl BRICIIMX MOPSAKOB, BOOOIIE TOBOPs, HE 001ana-
IOT CBOMCTBOM HMHBAPUAHTHOCTH UX (POpPMBI. ITO MMEET MeCTO yxe Jisi (hyHK-
M oxHOM mepeMeHHOW. OmHAKO, €CHu Xj, ..., Xy SBISIOTCS JIMHEHHBIMH
GyHKIHMSIMU TTIEPEMEHHBIX ti, ..., ty, TO BeICIINE nuddepeHIuanbsl MOKHO BBIYHC-
JSTH TI0 TE€M ke caMmbIM (hopMysiaMm, KOTOpbIE MbI TOJIBKO YTO paccMoTpenu. [lpu
ITOM, €CIIn

X; = ocgl)t1+...+ocgk)tk +B; (agl),...,agk),ﬁi - KOHCTaHThI),
To dXx; = (xgl)dt1+...+(xgk)dtk (i=1,...,m).

B wacTtHOCTH, ecnu Bce X; 3aBUCAT OT OJHOM IMEPEMEHHOM t, TO B (hopMy-
76l 1711 uddepeHanos Haao NoAcTaBATh dx; = o;dt .

OT0 00CTOSTENBCTBO HCHOJB3YETCS MpPHU J0Ka3aTeNbCTBE (HOPMYIIbI
Tewnopa.

1.9.8. ®opmy.a Teitaopa.

[Mycts dpynkuums f(xy, ..., Xm) 3a1aH ¥ n+1 pa3 nuddepeHupyema B He-
KOTOPOI OKPECTHOCTH TOUKH Mo( xlo,...,x?n ), TOorAa s Beex Touek M(X,...,Xm)
U3 3TOW OKPECTHOCTH CITpaBeiinBa opmMyIia
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LI | 0 0
~ o 0 1 L0y 9 0y
f(x,,....x,,) = f(x, ,...,Xm)+k2=;k!((xl Xl)axl +(x, Xz)@x +...

2

K
0 a f 0 0
+(xm—xm)—aX (X5 X))+ R (X)500X ),

m

rIe

N or O
Ry (X)se0X,,) (=X 5+ 5y =X e

T (n+1)!

n+1
0
+(x,, — X?“)GT] A H0(x, X)), X +0(x, —Xx0)), 0<0<1,

m

rze 6 3aBuCUT, BOOOIIE TOBOPS, OT M(X1,...,Xm)-
3aMeTHM, YTO B IPUHATHIX HAMH CUMBOJINYECKUX 0003HAUCHHSIX

k
0 0o, O 0 0 ke 0 0
(x; —x)——+.. +(X,; — X )—] f(x?,...,x20 ) =d*f(x?,...,x%),

Ipu4eM dx; =x4 —x?, dx, =x, —Xg,...,dxm =(Xp —X?n).

Takum obpazom, popmyna Teinopa MoxeT ObITH 3amucaHa 0ojiee KOM-
MaKTHO:

n dre(x?,...,x°
f(X15er X)) = f(X?,...,X?n)+ Z ( 1k' m)
k=1 !

+RH+I(X1""’X1’1’1)’

rae
R, (X Xy) =d™ Y +0(x; —xD),....x%0 +0(x,, —x2)).

3ameuanue 1. [Ipu 6omnee cnabbIx MpeaIONOKEHUAX, a UMEHHO, eciu f(X,...,Xm)
muddepennmpyema (n-1) paz B okpecTHOCTH T.M( 1 n pa3 B caMoil Touke My,
JUIs OcTaTouHoro 4ieHa B opmyie Teitopa Ryti(X1,...,Xm) CIIPaBEUIMBO MIPE/I-
crasieHue Ry 1(X1,....xm) = 0(p") (bopma Ieano), rae

p =051 —x9)% + (x5 ~x9) 2ty —x5)?

3ameuanue 2. B ciryuae nByx nepemenHbix (u=f(x,y)) popmymna Teiinopa BTo-
pOro NopsiiKa B pa3BEpHYTOM BHUJIE 3alIUCHIBAETCS CIEAYIOIINUM 00pa3oM:

1 ' ’
%) = £0x0,0) + 11 . (xou¥0) (= x0) £, (xgo30) (v =30) +

1 " "
+5(fxx (XOeYO)'(X_Xo)Z"'foy (X, ¥0) (X=%X) (Y =¥o) +

8, 0030) (=) 1 00°), e p=yx ) )

IIpumep 1. Paznoxuts no ¢popmye Teitnopa BTOporo mopsigka B OKPECTHOCTH
1. (1,1) pynxumio f(x,y) =x" - 3xy’ + Xy -y* + 6x -y + 1
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of ., of
S Y6 (L) =3-3+146=T;

ox
§—92 2 1'§11—9121—11'
ay——xy +x-2y-1 ay(’)__ +1-2-1=-11
O ox: 82f(11)—6- O _ gyyy OF (1L1)=-9+1=-8;
ox* 7 ox? T oxdy yorh oxoy -
Of _ gxy—2: 62f(11)——18—2——20-
ayZ_ y > 6y2 b - - >

f(L)=1-3+1-1+6-1+1=4;
f(x,y):4+7-(x—1)—11-(y—1)+%(6-(x—l)2 —2.8-(x=1)-(y-1)-

~20-(y=1? +0-((x=1* +(y-1?)) =
=4+7x-1)-11(y=D+3(x-1)>=-8(x=1)(y-1)—-10(y = 1)* +
+0o((x=1? +(y-1)?)
IIpumep 2. Paznoxuts o popmyne MakiopeHa 10 4ICHOB TPETHEro MOpsaKa

byHKIIHMIO U =\/l—x2 —y2 (mo ¢opmyne Teiinopa ¢ nentpom B T1.My(0,0)).
[MocnenoBarenbHOo HaxoauM audepeHIuabl GYHKIMU U 0 TPEThEro MopsaKa
BKJIIOUUTEINIHLHO.

1 1

uey) = (1 -y3)25 du = (1-x*-y?) 2(-2xdx - 2ydy)
1 L
d’u=d(du) = d(z(l —x’—y?) 2(—2xdx — 2ydy)j =

1

1 L 1 1
= d(z(l —x>—y?) Zj <(—2xdx - 2ydy) + 5(1 —x>—y?) 2d(-2xdx — 2ydy) =

1 2 2 ‘% . 2 2 ‘% 2 2
:_Z(l —X"=y~) 2(-2xdx —2ydy) +5(1—x -y7) 2(-2(dx)” = 2(dy)").

3 2 1 2 2 ‘% 2
d’u=d(d"u)=d| —Z(l—x -y°) 2(2xdx—2ydy)” |+

1 1
+d(5(1—xz—y2) 2 (2(dx)* —2(dy)2)j =

5 3

= g(l —x2—y?) 2 (2xdx —2ydy)’ — % (1-x>—y?) 2 -2(-2xdx —2ydy)-
1 1 23
-(— 2(dx)’* - 2(dy)2) 5 (— 5) ((1-x*—y?) 2(2xdx — 2ydy)(— 2(dx)? - 2(dy)2) =

5 3

= 3(1-x"—y?) 2 (xdx+ydy)* —3(1-x*~y*) * (xdx+ydy)((dx)* +(dy)*)

[Tonaras 3aech x=y=0, dx=x, dy=y,nonydaem
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u(0,0)=1; du(0,0=0;  d*u(0,0)=-(x*+y?); d*u=0

3

u(x,y)= Vl—x2 —y2 :1—%()(2 +y2)+0 (x2 +y2)5

1.9.9. HesiBHBIE PYyHKUMH.

[Tycte 3agano ypaBHenue f(x,y)=0, rne f - nudbdepenuupyemas GpyHk-
U] IEPEMEHHBIX X U Y. Bo3HHMKaeT BOIpoc O TOM, IPU KaKUX YCIOBHUAX 3TO
(GyHKIMOHATIBHOE YpPaBHEHHE OJHO3HAYHO Pa3peIINMO OTHOCHUTENBHO Y, T.C.
OJTHO3HAYHO OIpEIeNseT SBHYIO (QYHKIHIO Y=((X), U CIEAYIOMIHUH BOIPOC O
TOM, TPU KaKUX YCIOBHUSX 3Ta siBHas (QyHKUHMS HENpepbiBHA U TuddepeHIu-

pyema.

TpyAHOCTH ATHX BOMPOCOB BUIHA YK€ Ha MPOCTEUIIEeM MpUMEpe ypaB-
HEHUS y2 - x = 0. 910 ypaBHEHHE

yA

ornpenenser npu x>0 6€CKOHEYHO MHOTO SBHBIX (DYHKIIHH.
Hampumep, y = +x, y = —Jx u mobas byHKIMS, paBHAs +a/x s

OJTHUX 3HAYCHUH X, U -/ X JUISI IPYTUX 3HAYCHHIA.

y y

y=+/x

Bonpoc 1. [Ipy kakux yclOBHSX CYIIECTBYET €IWHCTBEHHAs SIBHAs ()yHKIIHS
YAOBIETBOPSIONIAS YPaBHEHUIO y2 = X. @ukcupyeM TouKy No(X0,y0) Ha KpUBOil
y*-x=0, OT/IMYHYIO OT HAYAIa KOOPMUHAT.

O4eBUIHO, UTO YACTh KPUBOM, JIeXkaIlasi B JOCTATOUHO MaJIOM OKPECTHO-
CTH TOYKH Ny, OTHO3HAYHO IPOEKTUpyeTcs Ha och OX.
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W y
y=+x y=+x
No(X0,¥0)
la
A X N1(0,0) X
y=—x y=—x

AHaIUTHYECKH 3TO 03HAYaeT, 4YTO €CIU paccMaTpuBaTh (PYHKIHIO
f(X,y)=y* - X TONTBKO B 3TOH JOCTATOYHO MAamoif OKPECTHOCTH Toukd N, TO
ypaBHenue f(x,y)=0 0aHO3HAUHO pa3peIUMO OTHOCUTENBHO Y M OMNpEeIesseT

€IMHCTBEHHYIO ABHYIO QYHKUMIO y = +v/X 111 yo>0 (oM. puc.) u y = —/x s
y0<0.

Ecnu mbI Teneps paccmotpum Touky Ni(0,0), To yacTe KpuBOi
y*-x=0 He OJHO3HAYHO MpOEKTHpyeTcs Ha och OX (CM. pHC.). AHATUTHYECKH
3TO O3HAYAET, YTO €CJIA PACCMATPUBATh (PYHKITHIO f(x,y)zyz-x B JIK000M OKpeECT-
roctr T. Nj(0,0), To ypaBHeHue f(X,y)=y>-x=0 He SBISIETCS OJHO3HAYHO paspe-
IIMMBIM OTHOCHUTENBHO Y. 3aMeTuM, 4To B 3Toi Touke N;(0,0) yactHas npous-

of
BOJHAS 5 =2y byskuun f(x,y)=y>-x oGpamaercs B Hylb. B obmem ciydae

3TO 00CTOSITENBCTBO UMEET NPUHIUIHAIBHOE 3HaYCHUE: JUIsl OTHO3HAYHOM pas3-
pemmmoct ypaBHeHus f(x,y)=0 B okpecTHOCTH T. (Xo,y0) OTHOCUTEIBHO y Tpe-

Oyercsi, 4TOOBI %(xo,yo) #0.

B cnyuae, xorga paccmarpuBaercsi ypaBHeHue Buaa F(u, Xi, ..., Xm)=0,
MMEIOT MECTO T€ K€ TPYAHOCTHU, YTO U B CIIy4ae OJAHOU MEPEMEHHON: I OJIHO-
3HAYHOM pa3pelIMMOCTH 3TOT0 YPABHEHUS OTHOCUTEIBHO U HYXKHO paccMaTpH-

BaTh QyHKIHIO F(u, X, ..., Xm) B OKPECTHOCTH TOYKH No(uo,x?,...,xgl) (st

kotopoit F(u,,X;,...,x") =0, u Tpe60BaTh, 4TOOHI % #0 BT. No.

®opMyIHpOBKa TEOPEMBI O HESIBHOM (DYHKITUM UMEET BH/I.
Teopema. [lycts ¢pynkuus F(u, xi, ..., Xn) auddepennupyema B HEKOTOPOH OK-

R m+1

f
PECTHOCTU  TOYKH NO(uO,X?,...,xgl)e , IIpu4emM %(NO);&O u

F(u,,x},...,x0)=0. Torma ans mo6oro J0CTaTO4HO Manoro £>0 cyuecTByer

Takasi OKPECTHOCTh TOUKH M O(X?,...,xgl) eR ™ B koTOpOIi Onpenenena (eauu-

cTBeHHas) GyHKIHS U=u(Xi, ..., Xym) YJOBJICTBOPSIOINIAS YyCIOBUIO lu-uel<¢ u
ABIISIONIASACS pelieHueM ypaBuenus F(u, xy, ..., Xp)=0.

Ota QyHkus u=u(Xj, ..., Xm) HEMpepbriBHA U quddepeHIrpyemMa B OKPeCTHOCTH
T. M()
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3ameuanue 1. YacTHbIC MPOU3BOIHBIE —— BBIYUCIIAIOTCS MO PopMyiaM
i
OF
ou OX .
— = (i=1,..,m).
Ox; oF
ou
3T (POpMYIIBI OTyYAIOTCS CISAYIOMNUM 00pa3oM: MOACTaBUM HESBHYIO
byHKIHIO U=U(Xy, ..., Xym) B ypaBHeHue F(u, x, ..., Xy,)=0
MOy YUM

F(u(xi, ..., Xm), X1, «+vs Xm)=0.
3TO PaBEHCTBO SBJSETCS TOXKAESCTBOM IO X, ..., Xm. BBIYUCINM YacTHBIC

IPOM3BOJIHBIE OT 00EUX YacTel ATOr0 paBEHCTBA IO X, UCIONIb3Ysl TEOPEMY O
MIPOU3BOTHOMN CIOKHON (DYyHKIIUH,

OF ou OF ou oF /oF

——t—=0 > —=-—/—

ou 0x; Ox; 0X; 0x;/ ou
AHaJIOTMYHO MOXKHO HAalTH U BBICHINE K-€ MPOU3BOAHbBIE HEBHOW (DYHKIIMH,
eciu pyukuus F(u, Xy, ..., Xm) Auddepennupyema k pas.

IIpumep 1. Haiitu yacTHbIe MPON3BOAHBIE (HYHKINH Z, 3aJaHHON HESBHO:
FEZ3+X5+y5—2xyz+2x—4=O.

OF )
YpaBHeHHE pa3peniuMo OTHOCUTENBHO Z, ecmu — # 0, T.e. 32" - 2xy # 0.

0z
F
& & Sxt=2yz+2
& F 322 -2xy
x
F
& S5yt —2xz
& F 322y
x

Teopema o HesIBHON (DyHKIIMH UMEET CIEIyIOINe TeOMETPHIECKUE MTPH-
JIOKEHHUSA:

[TycTh 3amana noBepxHOCTh ypaBHeHUEM F(X,y,z)=0.

Tpebyercs HammcaTh ypaBHEHHE KacaTeNbHOW IUIOCKOCTH K 3TOM mO-
BEPXHOCTH ¥ BBIYHMCIUTH KOOPJAUHATHI HOPMAJILHOTO BEKTOPA K 3TOM NMOBEPXHO-
CTH B HEKOTOPOM TOUKeE (X,Y0,Z0). IIpeamnonoxum, 4ro ogHa U3 4aCTHBIX MPOU3-

oF OF OF .
BOJHBIX g,g,a— OTJIMYHA OT HYJIA B 3TOU TOYKCE. 910 3Ha4uT, 4YTO OJHA U3
Z

IIEPEMEHHBIX MOXKET OBITh BBIPAXKEHA KaK (DyHKIUS IBYyX APYTHUX.
oF .
Ilycte, Hampumep, &7&0, toraa X = ¢(y,z), a Uil Takol (DyHKIHH,

ypaBHEHHUE KacaTelIbHOU INIOCKOCTU UMEET BUJL
0 O
X—Xg=—"(Yy=Yyo)+—(z— 7).
0 oy o) o 0
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HOpMaHLHBIﬁ BCKTOP UMECT KOOPAUHATHI:

n= —l;a—q);a—(P
oy oz

[MoncTaBisist croa BeIpaKEHUS TSI a—(P, % , TIOJTyYUM
Z
oF OF
Oy oz
X=Xo=|~2p |'(y=Yo) + _8_1? (2= 2p),
0x 0x
OF oF oF
wim —-(X—X,)+—(y—y,)+—(z—2,) =0, a B KauecTBe HOPMAJILHOTO
ox oy 0z

BCKTOpA K ITOBEPXHOCTU MOKEM B34ATb CJIC,I[YIOHIHﬁl

= _)OF OF oF
" lex oy oz

3ameuanue: Ecim paccmarpuBath moBepxHOCTh YpoBHS F(X,y,z)=C dyHKIIMN

oF OF OF
u=F(x,y,z), To MBI IOJTy4uM, 9T0 gradu =<{—;—;—— ¢ OPTOTOHAJICH MTOBEPX-

ox’ dy’ oz

HOCTHU ypOBHS.

Mpumep 2. Jlana noBepxHocTh X* +4y” +27° = 7. Hanmcarh ypaBHEHHS Kaca-
TEJIBHBIX IUIOCKOCTEH K TON MOBEPXHOCTH, KOTOPbIE MapauleIbHbI INIOCKOCTH
xty+z=1
3necs F(x,y,z) = x> +4y* +22% - 7,
F . O F
0x oy 0z

HopMmanbHbIi BEKTOp K IIOBEPXHOCTH UMEET KOOPAUHATHI N = {2x,8y,4z}

4z .

OH JIOJDKEH OBITh KOJUTMHEApEeH HOPMaJIbHOMY BEKTOPY K 3aJJaHHOM IIOCKOCTH,

T.€. BEKTOPY {1,1,1} .
2 4
Orcrona L= 8y =2
1 1
'S +4y2 +272 =7
PemmB cuctemy ypaBHEHUI , HAX0/IUM KOOPJIMHATHI TOUEK
2x =8y =4z

KacaHMs (2;l;lj u (—2;—1;—1).
2 2

KacarenpHBIE IIOCKOCTH HMEIOT YPaBHCHUA:

4(x—2)+4(y—%)+4(z—1)=0; X+y+z-35=0

—4(x+2)—4(y+%)—4(z+1)20; X+y+z+35=0.
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1.9.10. DxcTpeMyM (PYHKIIUM HECKOJIbKHX MePeMeHHbIX.

Omnpeneaenune 1. [Tycts dynknus f(x, ..., X;,) ONMpeAeieHa HA MHOXECTBE
{M} c R™ . Bayrpennss Touka M O(X?,...,xgl) € {M} Ha3bIBACTCS] TOUYKOU
JIOKQJIbHOTO MakcuMyMma (MUHUMYMa), €CJIH CyIIECTBYET TaKasi OKPECTHOCTh

U(My) Touku My, uto i Bcex M(Xy, ..., Xm) € U(My) BBIIOTHSETCS HEPABEHCT-
Bo f(M) < f(Mp) [f(M) > f(M))].

Onpenenenne 2. Touka My JTOKaIpHOIO MaKCUMyMa WIIH JIOKAIBHOTO MUHUMY-
Ma Ha3bIBaeTCS TOUKOMN JIOKAJTLHOTO SKCTPEMYMA.

Teopema (Heob6xoanmoe ycnoBue JTOKaIbHOTO 3KcTpeMyMa). [IycTh QyHKIms
f(x1, ..., Xm) OTpeereHa B HEKOTOPOH OKpecTHOCTH T. M O(X?,...,xgl) , tadde-

peHIpyema B ToUKe My, 1 UMEET B 3TOM TOUYKE JIOKAJIBHBIN 3KCTPEMYM, TOT1a
BCE YaCTHBIE MPOU3BOJIHBIE MTepBOro nopsijika Gpynkuuu f B T. My paBHBI HYJIIO:

of of
E(MO) =..= aX—(Mo) =0 (mm df(My) =0).

m

of
Joka3areabcTBo: J[okaxkeM, 4TO 6_(M°) =0. Ecau Touka MO(X?,...,X?n)
X

1
SIBIISIETCS JIOKATBHBIM dKCTpeMyMoM QyHKIUH f(X, ..., Xp), TO, OYCBUIHO, TOUKA
x? SIBJISIETCSL TOUKOU JIOKAJILHOTO dKCTpeMyMa GyHKIuu f (xl,xg, v x?n) OJIHOM

nepemeHHoil x;. [To Teopeme @epma nonydaem (cM. puc. 1)

f df(x;,x9,...,x"
a_(N[O): (XI’XZ’ ’Xm)x=x°:0'
axl Xm b

uh
\I
X3
V4 X2
} P
0 0
X1 Mo(Xl,Xz)

Puc.1

IIpumep 1. Haiinem Touku skcTpemyma GpyHKIUH Z = x>+ yz. Touku skcTpe-

0z 0z
MyMa B CHJIy JOKa3aHHOTO HaXOIATCS CPEIH TeX, I KOTOPHIX w0
X y
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T.C. X = 0. Cucrema umeer enunctBerHoe pemienue (0,0). Yoeaumcs, uto B
2y =0

ITON TOYKE NEUCTBUTENHHO (PYHKIUS MMEET IKCTpeMyM. [[ist 3Toro 3amerum,

aro B 1. (0,0) z=0, BO Bcex Apyrux Toukax z=x-+y>>0. [Tosromy Touka (0,0)

SBJISICTCSI HE TOJIBKO TOYKOM JIOKAJIBHOTO MHUHUMYyMa (HO U “TI00aIbHOTO” MU-

HUMyMa) (CM. puc.2).

Mpumep 2. Vccrenyem TOUKH dKCTpeMyMa (yHKIHH Z=X -y .
[TocTynas aHaJIOrMYHO NMpEABIAYLIEMY CIy4aro, HaXOAUM

%=2x=0; %=—2y=0.
ox oy

Pemenne (0,0), T.e. ecin (GyHKIUS Z=X"-y° HMEET IKCTPEMyYM, TO OH MO-
KeT OBITh TOJIBKO B 9TOM TOYKE.

Uccnenyem, umeer nu GyHKUIUS ZZXZ—y2 B Touke (0,0) JOKambHBINA KC-
tpemym. B 1. (0,0) z=0. Omnaxo 3mech npu y=0 n moObix x#0 z=x>>0, a npu
x=0 u mobom y=0 z=—y2<0. [Toaromy Touka (0,0) He sIBISIETCA TOYKOHN JTOKAJb-
HOrO SKCTpeMyMa (YHKIMH z=X’-y’ BOOOINE HE HMEET TOUEeK SKCTPEMyMa.
(cm. puc.3).

Z VA
N
X
0 y
X y
Puc.2 Puc.3

Touku, B KOTOPBIX 00pamarTcsl B HYJIb BCE YaCTHBIE TIPONU3BOIHBIE TIEP-
Boro nopsaaka ¢yHkouu f(Xi, ..., Xm), Ha3bIBAIOTCSA CTAIMOHAPHBIMH TOUYKAMHU
9TOH (PyHKITUH.

[Ipumeps! 1 1 2 MOKa3bIBAIOT, UTO B KaXKIOM CTAllMOHAPHOW TOYKE Tpe-
OyeTcsl JOMOJIHUTENIBHOE HCCIIeI0OBAaHUE HAa SKCTPEMYM, T.€. HYXKHBI JI0OCTAaTOY-
HBIE YCIIOBUS IKCTPEMYyMa.

[Ipexne, ueM ux cHopMyIHpOBaTh, HATOMHUM HEKOTOPBIE CBEICHMS U3
TEOPHH KBaJPATUUHBIX HOPM:

m
Onpenenenune 3. Oynkimsa Achy,...,h, )= Yazhhy  (ax=aq) (1)
i,k=1
NEepPEeMEeHHBIX hy, ..., hy, Ha3bIBaeTcs KBagpaTHUHOU (POPMOH.

Yucna aj Ha3piBaroTCs K03 puumenTamMu KkBaapaTHIHON (HOPMBI.

Onpenenenue 4. Kpanparnunas gopma (1) Ha3pIBaeTCsS MOJIOKHUTEIBHO OIIpe-
JIeJICHHOW (OTPHUIATEIHHO OMPEEICHHOM), €ClU ISl JII0ObIX 3HAYEHUH Iepe-

MEHHBIX hj, ..., hy, , I KOTOPBIX BBITIONHSETCS YCIOBUE h12+...+hﬁ1 >0, oTa
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dopma uMeeT NOJOXKHUTENbHbIE (OTpULATeNbHbIE) 3HadYeHUs. [loyoKuTENbHO
OTIpeieIeHHbIe M OTPHUIATEIbHO OonpezeseHHble (GopMbl 00BETUHAIOTCS OOLIM
Ha3BaHHEM - 3HAKOOTIpeIeTICHHbIE (DOPMBI.

Coopmynupyem KpuTepuUil 3HAKOOIPEIENIEHHOCTH KBaJpaTHUHOU (op-
MBI - KpuTepuiit CuibBecTpa.

Jnst Toro, uroObl kBagpatuyHas Gopma (1) ObuIa MOJOKUTETHHO OTIpe-
JIeTICHHOW, HE00XOIMMO M JOCTATOYHO, YTOOBI BHITIOHSIINCH HEPABEHCTBA!

a, a;,;, apy a,;  Ap.e. A,
0, ' %29 0 0
a,, >0, >0, [a,, a, a,/>0, .., |a,, a,.. a, [>0.
a; Ay
a3 a3 Adg An Qe Apy

Jyis Toro, 9To0b! KkBaapaTudHas ¢opma (1) OblIa OTPUIIATEIIEHO ONpec-
JICHHOM, HEOOXOIMMO U JIOCTaTOYHO, YTOOBI MIMEITH MECTO HEPAaBEHCTBA:

a;; a4 A ay Apee Ay
0 a; ap 0 0 )" 0
a,;; <0, >0, |a,, a, ay[<0,.., (-1)"a, ay.. a,, [>0.
a4y ayp
a3 a3 Ag
aml am2 a'mm

Mpumep 3. A(h;,hy) = hlz +h% - TIOJIOXKUTENIbHO ONpeIeTICHHAsl KBapaTHUHas
dopma, T.K.

1 0 aj; ap| |1 0
A= ; ap =1>0; = =1>0.
0 1 ay ap| [0 1

Ipumep 4. A(h;,hy) = hlz — h% HE SIBJIIETCS 3HAKOOIPEIeIEHHOM, T.K.

1 0 a1 an 1 0
A= ; ap =1>0; = =-1<0.
0 -1 d,1 adny 0 -1

Bepnemcs teneppr k paccmorpenuto pyHkuuu f(Xi, ..., Xm) ¥ 3aMETUM,
YTO BTOpO nuddepenman GyHKIUHN B T. MO(X?,...,X(r)n) IpeJCTaBIseT co00i
KBaJPaTUUHYIO (OPMY OTHOCUTENBHO NEPEeMEHHBIX dXi, ..., dXm:
2
o of
d*f(M) = ¥ ——
Lj=1 Y2

(M O)dXide

3ameuanme. Eciu pyHnkius f uMeeT HenpepbIBHbIE BTOPbIE YAaCTHbIE POU3BO/-
HbIE, TO BTOpOM auddepeHnnan spiuseTcs KBaApaTUIHOH (GOpMOI C cUMMeT-
PUYHON MaTpHLIEH, T.K.

ot ot

ai‘ = T = - = aAi
boox0xj ox0x)

JlocTaTouHOe yci10BHE IKCTPeMyMa (yHKIMHM HECKOJbKHX NepeMeHHbIX.
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Teopema. IlycTb B  HEKOTOPOH OKPECTHOCTH  CTallUOHAPHOW  TOYKH

Mo(x?,...,x?n) oTpesieNieHbl YaCTHBIC TPOU3BOIHBIC BTOPOTO TOpPsAKa (yHK-
uu f(xy, ..., Xm), KOTOPBIE SBISIOTCSA HETIPEPBIBHBIMA B T. M. Eciu B 3TO# TOU-
ke BTOpoi mupdepenmman d*f(My) SBIsETCS 3HAKOONPEICTCHHON KBAAPATHY-
HO# (hopmoii ot dxy, ..., dXmy, TO B T. My QYHKITUSA UMEET JTOKAIBHBIA SKCTPEMYM
(JIoKaIbHBIA MAKCUMYM, €CIIU dzf(Mo) OTPUIIATENLHO OIpe/ieieHa, U JOKAIbHBIH
MUHUMYM, €CIU dzf(MO) MOJIOKUTEIBHO OIpPEACIICHA), €CIU KE d*f(Mo) 3Hako-
MEPEeMEHHa, TO B T. M 3KCTpeMyMa HeT.

IIpumep 5. MccnenoBars Ha SKCTpeMyM (PYHKITHIO
u=x2+y2+zz+2x+2y+4z.
Haxoaum cranrioHapHbie TOYKH

@=2X+2; @=2y+2; @=22+4,
ox oy 0z

2x+2=0 x=-1
2y+2=0 y=-1 Cranumonaphas Touka My(-1, -1, -2).
2z+4=0 z=-2
Brraucisiem Bropoit iuddepennnan GyHKIHH B 3TOI TOUKe
62_u:2; o*u 0 o*u 0 o*u 0 62u:2; 82_u:2
ox2 Ox0y Ox0z oyoz 072 oy>

d*u = 2(dx)* + 2(dy)* + 2(dz)*,
MaTpHIla KBaJIpaTUIHON (POPMBI UMEET BU/I:

2 00
a;; ap| 2 0
A=|0 2 0} a;;=2>0; :0 2:4>0;
a a
00 2 21 422

aj; ap ap| 2
ay az ap|=0
0

S NN O

d3; a3y asj

KBanpatuunas (hopma sSIBIISIETCS TIOJIOKUTEIBHO OIPEACICHHON, TT0ITO-
My B T. (-1, -1, -2) ¢pyHKIHS UMEET JOKaIbHBI MUHUMYM (HE TPYIHO IpOBE-
PHTB, YTO OH SIBIISICTCS U TII00AJTBHBIM).

3ameuanue. Ecnu Bropoit muddepennman yukuuu (X, ..., Xm) B T. Mo HE 5B-
JISIeTCS. HU 3HAKOOMPEIEICHHOM, HU 3HAKOMEPEMEHHOM KBaJapaTuuHON (PopmMoit
(d*f(M)=0 Bcrogy mmu d*f(M)<0 BCiomy, IpHYEM €CTh HEHyICBBIE HAOOPEI
dxi, ..., dXm, B KOTOPBIX dzf(M0)=O), T.€. SIBIIAETCS KBa3W3HAKOONPEIEICHHOM
KBaJIpaTHYHOW (POPMOM, TO HUYETO HEJb3s CKa3aTh O HAJIMYUU MU OTCYTCTBUHU
B 3TOM TOYKE JIOKAIBHOI'O SKCTPEMYyMa, U TpeOyeTcsl TOMOIHUTEILHOE UCCIea0-
BaHUe. DTO MOKA3aHO Ha CIEAYIOUINX ABYX MEPEMEHHBIX.

Ipumep 6. f(x,y) = x>+ y3 .
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% =3x% =0
Cranuonapnas Touka (0,0)
of 2
—=3y" =0
oy
o’ f o’ f o°f

—(0,0) = 6x =0, —(0,0)=6 =0, ——(0,0)=0.
- 200 |00 o7 00 Y] 00 5y 00

d’f (0,00=0- (dx)2 +2-0-dx-dy+0- (dy)2 = () - sBNsIETCS KBa3M3HAKOOIIPEIe-
JICHHO# KBaApaTHYHOH dopMoit. IxcTpemyma B T. (0,0) Her, T.K. f(x,Xx)=2x Me-
HSIET 3HAK BJOJIb MPSIMOM y=X mpu nepexoje uepes T. (0,0).

Mpumep 7. f(x,y) =x>+2xy + y°

% =2x+2y=0
of CrarnoHapHBIX TOYEK - IeJast MpsiMast y=-X
—=2x+2y=0
ay
Paccmotrpum T. (0,0):
2 2 2
Tren 2oy T
ox O0x0y oy

d*f =2(dx)* +2-2dxdy + 2(dy)? = 2(dx +dy)* > 0.

d*f smnsercs KBa3M3HAKOOTIPEICICHHOW KBaJpaTHIHOU (OpMOI (dzf =0 npu
dx=-dy). 3ameTus, uTo f(x,y)Z(ery)2 > 0, mb1 monryuaem, uto T. (0,0) (He cTpo-
T'Uil) MUHUMYM.

B dacTHOM ciyyae ABYX NMEpeMEHHBIX MOXHO c(pOpMHPOBAThH CIEIYIO-
11ee JOCTaTOYHOE YCIOBHE IKCTPEMYMa.

Teopema. Ilycts dynkuusa f(X,y) onpeneneHa u uMeeT HENPEPLIBHBIC YaCTHbBIE
IPOM3BOJIHBIC BTOPOTO MOPSI/IKA B OKPECTHOCTH TOUKH (X0,Yo), KOTOpas SBISETCA

. . of of
cTarpioHapHo# ans f(x,y), 7.e. BHe — =—=0
0x

Torpa ecnu B 3TON TOUKE

n n " "
D £ -ty —(fy )2 >0, f,, >0, TO (X0,y0) - TOUKA JIOKaJIbHOT'O MHU-
HUMYyMa,

n n ” 2 "
2) fix -y, —(fy )" >0, £, <O, TO (X0,y0) - TOUKA JIOKAJTHHOI'O MaK-
CUMYyMa,

n ” " 2
3) fix -fyy —(fyy )7 <0, TO B T. (X0,Y0) HET IKCTPEMyMa,

n ” "
4) fi -ty —(fy )2 =0, TO TpeOyeTCsl TOTOJIHUTEIBHOE HC-
CJIeZIOBaHUE.

Mpumep 8. Haitti sxctpemy™ GyHKImK z = X° + 2X + y* +4y + 1.
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£ Zox+2=0 x=-1

* Cranuonaphas Touka (-1, -2)

fy =2y+4=0 y=-2

" " 5 "
f. -f, —(f, )?=22-0=4>0, f'=2>0.

CrnenoBaTenbHO, B T. (-1, -2) JTIOKaJIIbHBIA MUHUMYM.
1.9.11. YcaoBHBIH IKCTPeMyM (PpyHKIHMH HECKOJbKHX IePeMEHHbIX.

Onpenenenune 1. @ynkuus uv=f(xj, ..., Xm) UIMEET yCIOBHbII MaKCUMyM (yCIIOB-

HBII MUHUMYM) B TOYKE MO(X?,...,X?H), €CJIM CYIIECTBYET TaKasi OKPECTHOCTh
U(My) Touxku My, uro ans Bcex Touek M(Xi, ..., Xm) 3TOM OKPECTHOCTH, yIOBJIE-
TBOPSIIOIINUX YPAaBHEHUSIM CBS3U

Fl(Xl,...,Xm) =0

Fo(xg5...,Xp) =0,

BbINoIHseTCs HepaBeHCTBO (M) > f(M) (f(My) < f(M)).
To, 4TO yCIOBHBINH 3KCTPEMYM HE COBIAJAET, BOOOIE IrOBOPs, C OOBIY-
HBIM 3KCTpEeMyMOM (DYHKIIMM BUIHO HA CIEIYIOLIEM IIPUMEpE.

Mpumep 1.u=x>+y* npu ycnosuu x+y-1=0

besycnoBHbIH 3kcTpeMyM 3Toi (yHKIHH Aocturaetcs B Touke (0,0) u paseH 0.

Y CIOBHBIN 3KCTPEMYM HINEM NPHU yciioBur X+y-1=0, T.e. 1 GyHKIun
u=x2+y2=xz+(l—x)2=2x2—2x+ 1

1 1 1
u'(x)=4x-2=0=>x=—unuy=1-—=—,
) 2 "7 T2
1 1 .
u” 5 =4>0, MO3TOMY B T. 5 JIOKaJIbHBI MUHUMYM.

CrnenoBarenbHO (YyHKIHMS U = x> + y2 MMeEET YCIIOBHBII MUHUMYM B
(1 1) OTOPBINA paBe !
T. (= ;—), KOTOPBIIA paBeH —.
2727 2

AU

u= X2+y2

il
I (Lg
X 272

3ajada HaxOXKJICHUS YCIOBHOTO KCTPEMyMa CBOJUTCS K UCCIICIOBAHUIO
Ha OOBIYHBIN SKCTpeMyM (yHKuMHU Jlarpanika

7y
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S
L(Xl""ﬂxmﬂ}\‘b""}\‘s) = f(Xl,...,Xm)+ zxka(Xl,...,Xm).
k=1

[TapameTpsl Aj,..., A - Ha3BIBAIOTCA MHOKUTEIAMH Jlarpanxa.
HeoOxomumbie yCIIOBUS yCIIOBHOTO SKCTPEMYMa 3aIHCHIBAIOTCS B BUTIC
CHUCTEMBI

SX_I:(M):o (i=1....m)
oL _ _ _
a(M):Fk(M)_O (k=1,...,s),

U3 KOTOpPOMl HaXOIsATCA x?,...,xom,xo,...,x‘;, rIe (x?,...,x?n) - KOOPJUHATHI

TOYKH, B KOTOPOI BO3MOKEH YCIOBHBIH IKCTpEMYM (AJI KaKIOW TaKON TOYKHU
nonyyaercs cBoi (1) Habop mapameTpoB Aq,..., A ).

JIOCTaTOYHBIM YCJIIOBHEM YCIOBHOTO JKCTPEMyMa SIBISETCS 3HAKOOIIpe-
JIeIEHHOCTh BTOporo aupdepenunana ¢ynkuun L mpu A, =>\.01,...,>\.S =K2,

BBIYMCIIEHHOTO B TOYKE (x?,...,x?n). [Ipu »TOM TpebyeTcs 3HAKOOIpEeIeIcH-
HOCTb BTOoporo muddepeHnuana He i1 TPOU3BOIbHBIX HA00pOB dXi,...,dXm, a
JU1s HaOOPOB, CBA3aHHBIX COOTHOLICHUSAMMU:

0 0
M OF (X{5--+5Xpy)
Z de
j=1 X
(OTH COOTHOIIIECHUS MOMYYaIOTCs, €CIIH B3sATh AU PepeHuansl oT ypaBHEHUH
CBSI3M).

=0 k=12, ..., 53).

IIpumep 2. MccnenoBars Ha yCIOBHBIN 3KCTpeMyM QYHKIHUIO f(X,y)=Xy npu
HaJIMYWHU CBS3U Xery2 =].
OyHkuus Jlarpanxka nuMeeT BUI:

L=xy+Ax>+y*-1)

a—L=y+27nx=0
O0x
—L=X+27»y:0

X2+y2—1=0

Pemras oty cuctemy, OJay4uM 4EThIPE PELLICHUS:

X=t—

>
Il
I+
N | —

- 851 -

(+, ecnu X,y pa3HbIX 3HAKOB)
(-, ecu X,y OJTHOTO 3HAKa).

1
PaccmoTpumM, Hanmpumep, TOUKY X; =y = 5; A= )
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1.9. (DyHKIII/II/I HECKOJBKHUX MMEPEMECHHBIX

Jlnst 3amMevuannii

1
Jdna A = 5 ¢ynkuus Jlarpanxa npuHUMAeT BUA:

L(x,y) = xy - %(xz Fy2-1).

FL_ &L _ . &L__
8X2 9 axay 9 ayz 9
d2L(% ;%) = -(dx)* + 2-1-dxdy - (dy)* = ~(dx - dy)*.

Oror muddepeHuan SBISICTCS KBa3H3HAKOONPEACICHHBIM TSI TIPOU3-
BobHBIX dx u dy. OmHako, dx u dy He ABIAIOTCS HE3aBUCUMBIMU, M U3 ypaBHE-
HUSI CBSI3H CIICyET

X’ +y*-1=0=2xdx +2ydy=0, uBT. (%;%) nonydaem dx + dy = 0, nim
dy = -dx.

[ToacTaBuM 3TO COOTHOIIECHHUE B dzL(% ; % ), TOIy4YUM
11 2 2 2
a1 ) = (ax - (-00)) = (205 = 4(ax)

1
Ota kBagpaTUyHas (GopMa OTpuLaTeIbHO ONpEAEIeHa, U B T. (5 ;5) uc-

xoaHas GyHKIMs f=Xy MMeeT yCIOBHBI MaKCUMYM.

3ameuanue. /151 paspickaHus HAaHOOJNBIIETO (HAUMEHBINET0) 3HadeHus qudde-
pernupyemoii pyHkuu u = (X, ..., Xm) B 3aMKHYTO# obnactu D, orpaHnveH-
HOM TJIaJKON KPUBOH, TIOCTYIIaeM CIEAYIOIIMM 00pa3oM:

1) HaxoauM cTanMoHapHbIe TOUKU BHYTpU D, pemas cucremy
of

=0

0,

2) HaX0JlUM CTallMOHApHbIe TOUKK (PyHKIMM Jlarpanxka uis ciaydasi, Korjaa ypas-
HEHHMEM CBSI3U SIBJIETCS ypaBHEHUE IpaHullbl oonactu D;

3) cpaBHHMBaeM 3HaueHUs QYHKUUHU f B MONyYEHHBIX TOUKAxX: HauOoOJbIIee U3
HUX OyneT HawmOoNbIIMM 3HaueHHEeM (QYHKIWU B oOsactu D; HamMmeHbliee -
HAaWMEHBIIIUM 3Ha4eHUEM (QYHKIMH B o0aacTu D.

B npenbinymem nmpumepe BHYTpU Kpyra x>+ y2 < 1 ¢ynkuus f(x,y)=xy umeer
YeThIpe CTAlMOHAPHBIX TOUYKH
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1.9. ®yHKIHMHU HECKOJIbKHUX MepeMeHHbIX s 3ameyanuid

BeruucnuB 3HaueHus (bYHKHHH B 3THUX TOYKaAX, IMOJYYHUM, YTO HanOOJIb-

RIS
NN

1
niee 3HaueHue (QyHKLIUU B KpyTre paBHO 5 U JIOCTUTAeTCs B TOUKaX (-

1

1
(E:E):

d HAMMCHbBIICC 3HAYCHHUEC PABHO - 5 .
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1.10. /IBoiiHbIC HHTErPAJIbI

st 3amevyanui

1.10. /IBoiiHbIe HHTErpaJbI

JIBOiiHBIE HMHTErpaibl MPEACTaBIAIOT CO00M OAHO M3 BO3MOXKHBIX
00001IeHNI TIOHSATHS ONMpPENEIIEHHOr0 WHTErpaja Ha ciay4aid (QyHKIUH JBYX
nepeMeHHbIX. K BBEJIEHHIO 3TOr0 MOHSATHS €CTECTBEHHBIM 00pa3oM NMPHBOIUT
pelieHue 3agaun 006 0obeMe WINHAPUYECKOTO Tea.

Paccmotpum Tenmo V, KOTOpoe CBepXy OIpPaHHUYEHHO MHMOBEPXHOCTBIO
z=f(x,y), rne f(x,y) — HempepbiBHasi (pyHKIHSA, ¢ OOKOB — LMJIMHIPUYECKOMN
HOBEPXHOCTBIO € OOpa3yIOUIMMHM, MapajjIeIbHBIMU OCHU Z, HAKOHEI CHU3Y —
obmacteio ¢ miaockocth XOY (O - mpoekuus MOBEPXHOCTH S 3aJaHHOU
ympasieHuem z=f(x,y) Ha miockocth XOY). Takoe Teno V Oyaem Has3bIBaTh
LWJIMHIPUYECKUM TEJIOM C OCHOBaHUEM C (puc. 1). B yacTHbIX ciydasx OokoBas

TIOBEPXHOCTh MOKET OTCYTCTBOBaTh, HampuMep: z=+/R* —x* —y? .

7 A
z=f(x.y)

>
///’/ - T N Y
Aci
X
Puec. 1

TpebyeTcs HaiiTH 00BEM ATOTO MUIMHIPUIECKOTO TeIa.

JUia pemieHuss 3TOM 3a7ayd NMPUMEHUM OOBIYHBIA B MHTErpajibHOM
WCUYMCICHUM METOJ,, COCTOSIIIUNA B pa3JI0KEHUU HCKOMOW BEJIMYMHBI Ha
JJIIEMEHTapHblE  4YacTW, MNPUOIMKEHHOMY  MOACYETY  KaXJoil  dactw,
CYMMMPOBAHHMIO U MOCIEAYIOIIEMY MpenenabHoMy mnepexony. C 3Toll nenbro
pa3zo0beM o0sacTh G Ha n uacteil: Acy, AGz, ..., AG, U pacCMOTPUM pALI
LWINHAPUYECKUX CTOJIOUKOB, KOTOpbIE€ HMEIOT CBOMMU OCHOBAHMSAMHU ITHU
YaCTUYHBIE 00JIACTH M B COBOKYIHOCTH COCTABIIIIOT JaHHOE Teno. Hamomuum
JIBa MPUHLIMIIA U3 KOTOPBIX MBI HCXOAMUM TP OINPEesIeHUH 00beMa Tea:

1. Ecnm pa30ouTh Teno Ha 4acTH, TO ero o0beM OyIeT paBeH CyMMe 0O0BbEeMOB
BCEX 4YacTeil.

2. O0beM mpsSMOro HWIWHIpPA, T.€. MIJIMHIPUYECKOTO TeJla, OTPaHUuYCHHOTO
MJIOCKOCTHIO, NapaienbHoil miockoctd XOY, paBeH IIIOMAAU OCHOBAaHUS,
YMHO>XCHHOU Ha BBICOTY TeJa.
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1.10. /IBoiiHbIe HHTErPAJIbI

st 3ameyanui

s onpenenenuss oobema AV, crondua ¢ OCHOBaHHEM AG; BO3bMEM B
o0nactu Ac; IpOU3BOJIBHYIO TOUKY Pi(X;i;yi) U TOCTPOUM LIMJIUHAP C OCHOBAHUEM
Ac; u BeicoTO# hi=f(Xi;yi) Ha AG; MOXKHO TIPUHSATH 3a MPUOTMKECHHOE 3HAUCHHE
o0nemMa AV;:

AVizf(Xi;yi) - Ao i

n
Paccmotpum V=f(x;;y1)Ac+ f(X2;¥2)Acyt. ..+ f(Xn;yn)AC,= Zf (X;5¥,)Ac; .
i=1

[MpuanMast o0beM V HaHHOTO IWIMHIPHUYECKOTO Tela MPUOIMKEHHO
paBHOMY V,,, OyieM cUHMTaTh, 4TO V, TEM TOYHEE BbIpaxkaeT V, 4yeM OoJibllie n U
YeM MCHBIIIE KaX/1ast U3 YACTUIHBIX 00JIaCTCH.

[Tepexons k mpeaeny Ipu n—»o0, Mbl Oy1eM TpeOOBaTh, YTOOBI HE TOJIBKO
IUIOMIA/lb KKAOW YAaCTUYHOW oOO0JacTH CTpeMHjach K HYJIIO, HO YTOOBI
CTPEMUITUCH K HYJIIO BCE €€ Pa3MepBHl.

HazoBeM muameTpom o6macTv HauOOJBIIEE PACCTOSTHUE MEXy TOUKAMU
ee rpaHulbl. Ecniu quamerp 001acTi yCTpEMUTh K HYJIIO, TO caMma 001acTh OyaeT
cTAruBaThca B TOYKy. OOO03HAUMM uepe3 A MaKCUMAalbHBI U3 JUAMETPOB
pazObueHus obnactu G Ha 9actu AGy, AGy, ..., Ac,. Ecinu npu ctpemiiennu A K

n
Hymt0 (A—0) UHTErpupoBaHHE CYMMBI Zf (X;;y,)AC;, HMEIOT KOHEYHBII
i=1
mpeJien, TO 3TOT MpeJieNl Ha3bIBAIOT JBOMHBIM MHTETpaioM OoT QyHkmu f(X,y) mo
o0jacTu G 1 0003HAYAIOT CUMBOJIAMHU:

”f(x, y)dc unm ”f(x, y)dxdy

o

3necp f(x,y) — mnonbmHTErpanbHas QyHKOMA, G - 00JacTh
UHTETPUPOBAHMS, X U y — MepeMeHHble uHTerpupoBanus, do(dx,dy) — snement
TUTOILA/IH.

Takum 06pa3om, 1o ONpeeICHUI0

[[tx,y)do =1kirr01§n]f(xi;yi)AGi ;
. A

C€CJIM 3TOT IPCACT CYIICCTBYCT U KOHUCH.

Takum oOpa3om Mmosrydnm:

V= j j f(x,y)do.

Oynknmro f(X,y), A7 KOTOPOi CylIecTBYeT ABOHHON HHTErpai Oy1eM Ha3bIBaTh
UHTETpUpPYyEMOi B 00JIaCTH G.
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1.10. /IBoiiHbIe HHTErPAJIbI

st 3ameyanui

1.10.1. YcaoBus cymiecTBOBaHMS IBOIHOI0 HHTEIPaJia M ero CBOMCTBA

OueBUAHO, YTO MHTErpuUpyemMas B 00JacTH G (YHKUHUS TOJDKHA OBITh
OTpaHUYEHA B 3aMKHYTOW OOJIACTH G, T.K. B IIPOTUBHOM CITy4yae 3a CYeT BBIOOpa
To4eK P; WHTErpampHyr0 CymMMy MOXHO ObLIO OBl cIenaTh CKOJb YTOIHO
OO0JBIIION, TT0 A0COTIOTHOM BETMUMHE, U 3TO MPOTUBOPEUUT ONPEACTICHHIO.

[TpuBenem 0e3 moKa3aTeNbCTBAa JOCTATOYHBIC YCIOBHS CYIIECTBOBAHHS
JIBOMHOr0 MHTETrpaa.

Teopema 1. Eciiu gpynkuus f(X,y) HenpepblBHA B 3aMKHYTOH 00JIacTH G,
TO IBOMHOW MHTETpal ”f (x,y)do cymecTtByer.

(e}
Teopema 2. Eciu dyskus f(x,y) orpaHudeHa B 3aMKHYTOW 00JIACTH G U
HENpepbIBHA B HEHl BCIOLy, KpOME KOHEYHOT'O YMCIIa KyCOYHO-TTIAAKUX JMHUH,

TO IBOMHOW WHTETrpas ”f (x,y)do cymiecTByer.

[Tycts m; 1 M; HaumeHbIlee U Haubosbilee 3HaYeHne GyHkun f(X,y) Ha
Aci. Chopmynupyem KpUTEpHil CyIIECTBOBAHUS IBOMHOTO MHTETpaa:

Teopema 3. Jlnis cymiecTBOBaHUS JBOWHOTO MHTETrpana HEOOXOAUMO U
JIOCTaTOYHO

n

lxl_r,% 2 (Mi —m,)Ac, =0

[IpuBeneM cBolCTBa JBOMHOIO MHTErpaa.

1. JIBoitHOW wuHTErpan Hf(x, y)dxdy He 3aBucuT OT 0003HAYCHHUS
(e

[IEPEMEHHBIX UHTEIPUPOBAHUS.
2. TloCTOSTHHBII MHOXHTEIbh MOJBIHTETPATLHON (DYHKIIMH MOXXHO BBIHOCHTH 32

3HaK JIBOMHOTO MHTErpaja J-J.

[[x-£(x, y)do =k [[£(x,y)do

(o2

3. /JIBoitHOl MHTErpan oT ajredpandyeckoil CyMMbl KOHEYHOIO YHciia (PYHKIHM
paBeH aireOpanyeckoil CyMMe JBOWHBIX MHTETpajloB OT CllaraéMbIX
byHKIMA

”(f(x, y)i (p(x, y)i . g(x, y))dc = ”f(x, y)dG + ”(p(x, y)dc +..+ ”g(x,y)dc

o
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1.10. /IBoiiHbIe HHTErPAJIbI

st 3ameyanui

4. Ecnam obmacth o pa3duTa Ha JABE HE MMEIONIME OOIIMX BHYTPECHHUX TOYEK
00/1aCTH G| U O3, TO:

J.J.f(x, y)dcs = J.J-f(x, y)do + J.J-f(x, y)do

5. Ecau Bo Bcex Toukax obsact ¢ QyHkuMH f(X,y) 1 ©(X,y) YIAOBIETBOPSIOT
ycnowuio f(X,y)>¢(x,y) To:

[[t(x,y}do > [[o(x,y)do
6. Ecmm f(X,y) BO Bcex Toukax 00JacTH HHTETPUPOBAHMSA G yIOBIETBOPSET
HCPABCHCTBAM:

m<f(x,y)<M T0

m-S < ”f(x,y)dc <M-S,

rae S — mwiomanab 00JIacTH ©.

7. Ecmu ¢ynkuums f(x,y) HempepblBHA B 3aMKHYTOH 00jlacTu G, TO B 3TOU
obnactu cymecTByet Touka P(a,b), Takas, uyTo

”f(x,y)dcz f(a,b)-S

1.10.2. Borunc/ieHne JBOMHBIX HHTEIPAJIOB

[Ipomomkast TpakTOBaTh ABOMHON MHTErpajl TEOMETPHUUECKH, KaK 00beM
LWINHAPUYECKOrO0 Tela, Mbl JaJuM 3[€Chb YKa3aHUS OTHOCUTEIIBHO €ro
BBIYUCIICHUS ITyTEM CBEICHUS K BBIYMCIICHUIO OTIPE/ICIICHHBIX MHTETPAJIOB.

Teopema. Ecnu ¢ynkuusa f(X,y) HenmpepplBHa B 3aMKHYTOH OJIacTH ©
OoTpaHWYeHHOW NuHUAMU Xx=a, X=b (a<b), y=0(x), y=g(x) (p(x) m g(x) —
HenpepbIBHbIE (PYHKINMU HA oTpe3ke [a;b], mpuuem @(x)<g(x) Ha ITOM OTpe3Ke),
TO UMEET MECTO PABEHCTBO

vA ye®

y=o(X)
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1.10. /IBoiiHbIe HHTErPAJIbI

st 3ameyanui

b ( g(x)

”f(x,y)dxdy = j If(x,y)dy dx, (*)

a \ e(x)

MIO3BOJISFOIIEE CBECTH BBIYMCIICHHE IBOMHOTO MHTETpaia K MOCIEI0BATEIHLHOMY
BBIYUCIICHUIO OIPEIEICHHOI0 HMHTErpajia OT ONPENEICHHOr0 HMHTerpana (Wiy,
YTO TOXKE, K BEIYUCICHUIO TIOBTOPHOTO MHTETpasa).

[ToBTOPHBIN MHTETpAN 3aJaHHBIA B TPABOM YaCTH paBEHCTBA (*), 0OBIYHO
3aIllUChIBACTCSA B BUJIC:

b g(x)
j-dx J-f(x,y)dy
a o(x)

HpI/I BBIYUCIICHUU I[BOI>’IHOFO HHTCrpaja € IMOMOMIIBIO IMOBTOPHOI'O IO
dbopmyne (*) cHavasa BRIYUCIISICTCS] BHY TPCHHUI HHTETPaT

g(x)
[£x.y)dy

¢(x)

IpU TIOCTOSIHHOM 3HAUCHHWW TEPEMEHHOM X, B Mpeaenax H3MEHEHHus y (s
o0nactu G), 3areM IMoJy4yeHHas (QYHKIHUS OT X HMHTErpupyercs mo X B
MaKCHUMAaJIbHBIX MpeesiaX U3MEHEHHS IEPEeMEHHOH It 00J1acTH G.

Paccmotpum mpumep. Bpramcnuts uHTErpan “ (x —y)dxdy ecnu

(o

0611acTh G orpaHnueHa THHEIME y=0; y=X", x=1.

3
vt y=x

>
1 X

Tak kak obmactb ¢ u ¢QyHKMA f(X,y) YAOBIETBOPSIOT YCJIOBUSM
TEOPEMBI TTOJTyYNM:

1 X 1 2\[Y ¥
”(X—y)dxdy=.[dx.[(x—y)dy=j xy—y— dx =
c 0 0 0 2 y=0
1 6 2 7 !
S [ES A 19
0 2 5 14) 5 14 70

256
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st 3ameyanui

Ecou obGmacte G mpeactaBisieT coOOW KPUBOJIMHEHHYIO TpameIuio
JApyroro Tuma M orpaHmdeHa JuHusMH y=c; y=d; (c<d), x=gi(y); x=ga(y)
(c<y<d), (gi(y), g2(y) HenpepoiBHBIE Ha [c;d] dyHKIMM PUYEM BCIOIY HA 3TOM

otpeske g1(y)<gx(y)), To moayuum popmyiry

d g
[[fx.y)do=[dy [f(x.y)

c g (y)

3ameuanue. Eciu koHTYp 00nacTu G nepecekaeTcs JUIlb B ABYX TOYKaX
NPSMBIMH TIAPAJUICIIEHBIME OCH OPJIMHAT, TaK M MapaulebHBIMH OCH a0cIuce
(kak, HanpuUMep, B ciyyae, U300paKeHHOM Ha puc. 2).

Puc. 2.

TO TpU BBHIIOJHEHUM YKa3aHHBIX YCJIOBUM MPUMEHHMBI 00€ YIOMSHYThIE
dopmyibl. U3 conocTtaBieHus ux Mojay4yaeTcs paBeHCTBO:

P (x) d g,(x)

de j f(x,y)dy = j dy j f(x,y)dx

a ¢ (x) c g (x)

IIpumep. Bbruucnurbs ABOMHOW HHTETpai ” xdxdy no ob6mactu D
D
OrpaHHYEeHHOM THHISIME y=1-X, y=2, y=x" + 1 (puc. 3).

YA

2

2
y=1-x /}’:X +1

Puc. 3.

[Tpumensist hopMyily cBeeHHsS] ABOMHOIO MHTErpaia K MOBTOPHOMY (yCIIOBUS
TEOPEMBbI BBITIOJIHEHBI ), TOTYUHUM:
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2yt 2 5
” xdxdy = jdy dex = [2
D 1 1 1 2

-y

—1i(—2+3 —y)=1t
24 YT

A

I-y
2

1

12

3y y’
_2 + = <
YT,

[Ipumep. Halitm npenensl IBYKpaTHOTO HMHTETpaya ”f (x,y)dxdy musa
D
JMaHHBIX (KOHEYHBIX) 00JacTsIX HHTErpupoBanus D.

1. x*+y’<l, x>0, y>0.

Pemenue. Ilone3Ho crenath 4eprex, XOTs bl rpy0o, YTOOBI MOIYYHUTH
oO1ee mpeacTaBieHne 00 00IacTH.

>
1 X
L e
[[(x.y)dxdy = [dx [f(x.y)dy, mm
D 0 0
Loy
[y =[ay [eeeyax
D 0 0
2. (x-2)H(y-3)*< 4
> x
[[rex,y)dxdy = id; 4 j( fz; y)dy , mm
’ S e
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s 20fa-(y-3)
[[teoydxdy = [dy — [f(x,y)dx

IIpumep. llepemeHUB MNOPSAOK HHTETPUPOBAHUSA, 3alMUCATh
BBIP@KCHHUE B BUJIE OJTHOT'O IBYKPaTHOI'O MHTETpaa:

2

1. jdxj f(x,y)dy + j.dx Ixf(x, y)dy = ” f(x,y)dxdy

CnenaeMm 4yepTexx 00JacTH:

1l----

N e e

MOy YHM ”f (x,y)dxdy = jdyzjyf (x,y)dx .
D 0 sy

P

1-V4x—x2-3

2. [ £, y)dy = [[£(x, y)dxdy

S — —

X 2
dx [£(x,y)dy + [ dx
1

0

2-y2-y?
j f(x,y)dx

y3

[[£(x, y)dxdy = jdy

D 0

JIAHHOE
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1.10.2. 3ameHa nepeMeHHBIX B IBOITHOM HHTerpaJje

Ilycte uMmeroTcs JOBe IUIOCKOCTH C  BBIOpAaHHBIMM Ha  HHUX
NPSIMOYTOJIBHBIMU JIEKapTOBbIMU cuctemMamu koopauHat XOY u obsacte UOV.
PaccmMoTpuM B 3THX IUIOCKOCTSIX JBE 3aMKHyTble obnactu: oOmactu D Ha
wiockoct XOY u obnact ¢ Ha mmockoctu UOV, W mpeAmnoiokum, 4To

byHKIHH:

x=0(U,V) M
y=vy(U,V)

YCTaHABJIIMBAIOT B3aMMHO OJJHO3HAYHOE COOTBETCTBHE MEXIAY TOYKAMH ITHUX
o0racTel.

[Tycte dynkuun @(U,V) u y(U,V) HenpepsIBHBI B 00J1aCTH G BMECTE CO
CBOMMMU YaCTHBIMU MMPOU3BOAHBIMHU IICPBOT'0 MMOPAIKA. Torna ONpeCaACIINTCIIb

op(U,V) d9(U,V)| |ox ox
ou oV |_lou ov
op(U,v) oy(U, V)|~ |ay ay
oU ov | |lou oav

Oynet HenpepbrlBHON QyHKIMel nepeMeHHbIx U U V, onpeeneHHbIX B 001acTu
G. OTOT GYHKIMOHAJIBHBIN OINpeNeNnTelb, Ha3bIBAEMBIN onpeaenuTeneM Skodu
WM sikoonanom otobpaxenus (1), mpunsto o6o3nayats J (U,V) wnm cumBoiIoM
9(X,y)
(U, V)’
miockoctrt UOV npu npeobpazoanuu ee B iockocth XOY.

AbcomoTHas BenmnunHa SlkoOMaHa urpaer poib Kod(pUIHEeHTa

Y A V A

T

PaccmoTpuM nBOMHOM MHTETpa

[[rex,y)dxdy

D

OT HEeNpepblBHOM B 3aaHHOM ob6sactu D, orpaHMueHHON KyCOYHO-IVIagKOMN
JIMHUEN.

260



1.10. /IBoiiHbIe HHTErPAJIbI

st 3ameyanui

[TocTaBuM cBOEH LIENBIO 3aMEHUTH JBOMHOM MHTETPAII 110 IEPEMEHHBIM X
u 'y (no obnactu D) paBHBIM yMe IBOIHBIM MHTErpajioM 1o nepemMeHusiM U u V
(o obnactu G).

Ora 1eiab JOCTUTACTCA C MOMOIIBI0 (OPMYIIBI 3aMEHBI TIEPEMEHHOU B
JIBOMHOM MHTErpase:

”f(x, y)dxdy = ” (o(U,V),w(U, V))IJ(U, V)|dUdV :

[Ipumenum 3Ty dopMyiy mpu nepexojie K MOJISIPHBIM KOOPAUHATAM: X=p COSQL;
y=p sina.

Beruucinum Sxobuau:

coso —psina

a(x,y)
o(p, )
B utore nonmyuum ¢opmyiry nepexosa K MoJsipHbIM KOOpAMHATAM

[] fexyyaxdy = [[ fip cos p.psin p)p dpdy

+00
2
[Ipumep. Berauciure unTerpan Ilyaccona '[e * dx. [na BbruucieHus

—00

O(p,x)= =pcosa-+psin’o=p.

sina.—pcosa

pPaccMOTpUM JBOMHON MHTErpaj ”e‘"z_yz dxdy, rme D weTBepTh Kpyra pammyca
D

R, pacnonoxxenHas B mepBoM KkBaapante. [IpeoOpasyeM ero K NOJSPHBIM

KOOpJAWHATAM:

V4

L, 2 R 7 o R . i
[[e ™ dxdy = [dp[e™ p-dp=[| -— dp="(1-c )
0 0 0 2 0 4

D

[Ipennonoxum, yro R—>+oo, T.e. obmacte D pacmmpsisch 3amoiHsSeT BeCh
nepBbli kBagpaHT. [1o aHasorum ¢ HECOOCTBEHHBIM HMHTErpajioM OT (DYyHKIMH
OJHOM NEPEMEHHOM 3aIHILIEM

|

[Tpumem Temnepsb B kauecTBe obnactu D kBagpat 0<x<a; 0<y<a, Torga

ce—3

2 2 T 2 7T
e Vdxdy=—liml{l-e™® |]== (*
y=Tlimi-e* )=

a

J‘J.e*"Z*y2 dxdy = jdxj‘e"zy2 dy = ]l‘e"zdxj‘ey2 dy
0 0

D 0 0
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T.x. BeanuuHa OIPCACIICHHOI'0 HHTETpajia HE 3aBUCUT OT 0003HaYEHHST

2
a

2
NEPEMEHHON MHTErPUPOBAHMS, TO MOTYYECHHOE BBIPAKEHHE PABHO I e dx
0

Yerpemisas a—>00 MOy YuM:

a 0

e_"z’yzdxdyzlim Je_xzdx = Je_xzdx (**)
0

a—>»o0!

S ey 8
O ey 8

CpaBnuBas paBeHncta (*) u (**) momyuum

oo} +00

o0
_x2 T 2 T %2
je *dx =Z 500070 J.e X dx=7 U OKOHYATEIBbHO j-e Ydx =A/m.
0 0

—00
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1.11. Paan1
1.11.1. YncsioBblie psiabl
1.11.1.1. Ocnoenvie nonamus

HyCTB 3alaHa HCKOTOpas OcckoHeUHast noCICaA0BAaTCIABHOCTD YHUCCII:

Uy, Uy, oo, Uy, . (1).
CocTaBieHHBIN UX ATUX YHCIIe CUMBOJ ((hOpMalTbHOE BBIPAKECHHE)
U+tUs+ ..+ Uyt ... (2)

HA3bIBACTCSI OECKOHEUHBIM YMJIOBBIM PSAOM (MM TPOCTO psigom). Bmecto (2),
MOJIB3YSICh 3HAKOM CYMMBI, YaCTO MUIIYT TaK:

iU ) (2a)

rJie CUMBOII 2, 3aMEHSET CJI0BO “CyMMa’, a HHIEKCHI BHH3Y M BBEPXY O3HAYAIOT,
YTO HYKHO B3Th cymmy uncen Uy, Koraa n npoOeraer Bce 1eI0YUCIIeHHbIE 3Ha-
yeHus ot 1 1o . (Bnpodem, Hymepanuio 4WICHOB psiia HHOTA ObIBACT y100HEe
HAauYMHATh HE C €AMHHULI, a C HYJIS WIH € C Kakoro - Ju00 HaTypaJbHOTO
4yucia, OOJBIIET0 ¢IUHHUIIBI).

Yucna U, Uy, ..., Uy, ... - Ha3pIBalOTCSA WIECHAMH psANA, A YIEH psla,
CTOSIIIIMHA HA N-OM MECTE OT HaJaJa - €ro OOIINM YICHOM.
[Tpumepsl psazioB:
I-1+1-1+...,
1 1 1 1

+ + fot—+.,
1.2 23 34 n(n+1)
at+aq+aq’+...+aq" ' +...
3amath ps - 9TO 3HAYUT YKa3aTh MPABUIIO, 3aKOH 00pa30BaHUs €ro uie-
HOB, TI0 KOTOPOMY MOXXHO HaWTH Jt000H ero wieH. P MoxHO 3amaTth hopmy-

Jo# ero obmero uineHa. Hanpumep, ecnmu U | = , TO TEM CaMbIM OIpeJie-

2n —
JIEH CIEIYIOIIMHI P

1 1 1
I+—+—+.+
35 2n -1

Bripaxxenue (2) siBnsercst popMabHBIM, IOCKOJIBKY CyMMa O€CKOHEYHO-
IO YHCIIa cllaraéMbIX He omnpezaeneHa. Ho MockoibKy B ’TOM BBIPaKEHUU MEXKIY
YucIaMM psfa 3HaK CYMMUPOBaHUs, TO MOAPa3yMeBAETCsl, YTO YWICHBI psla Kak-
TO ckiaapiBatoTca. CymMma J000ro 4ucia ciaraeMbiXx OyJeT HaiieHa, eciu UX
CKJIa/IbIBaTh NIOCJIEA0BATENBHO IO OAHOMY. DTO IPUBOIUT K MBICIU MIOCTAaBUTH B
COOTBETCTBHUE PsAy HEKOTOPOE YMCIIO U Ha3BaTh €ro cyMmoil psna. C atoil ue-
JIbIO BBOJAT MOHATHE YACTUYHON CYMMBI psilia.

Onpenesienue: YacTouHoit cymMMoi S;, 4uCIOBOTO psia (2) Ha3bIBaeTCA
CyMMa €ro NepBbIX N cIaraeMblx, T.€.

S]ZUl, 82:U1+U2, S3:U1+U2+U3, ceey Sn:U1+U2+U3+....+Un.

Onpenenenne: CymMMOl YUCIIOBOIO psAJla HA3bIBAETCS MPEIEIT MOCIE0-
BaTEJIbHOCTH €T0 YACTUUHBIX CYMM, €CJIH 3TOT IIPEie CYLIECTBYET

S=1lim S, .

n—oo
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Ecmu lim S, cymecTByerT, To psf (2) Ha3bIBaeTCs CXOAALIMMCS, €CIIU XKe
n—o
lim S He cymecTByeT, To psa (2) Ha3bIBaeTCs pacxoldmuMcs. B yactHocTH,
n—oo

eciu lim S, =00, TO psia pacxoguTes.
n—oo

[Ipumepsr:
1. Paccmotpum psin 1-1+1-1+1-... Halinem ero wactuunbeie cymMmbl Si=1, S,=0,
S;=1, S4=0,... [locnenoBarenpbHOCTh €ro yactTuyHbix cymm 1,0,1,0.1,0... HE nme-
€T Ipejiena, CIeI0BaTeIbHO PsAJl PACXOAUTCS.
2. PaccmoTtpum psn
1 1 1 1

+ + T e
1-2 23 3.4 nn+1)
Haitnem ero yacTuuHble CyMMBIL:

1 1

3 1.2 2
1 1 1 1 1 1
=—t—=(01-)+(=—)=1——,...
1.2 2.3 ( 2) (2 3) 3
= ! + ! + 1 +..+ 1 :(l—l)+(l—l)+(l—l)+...
1.2 2.3 3.4 n(n+1) 272 3 3 4
+(l— 1 =1- 1 .
n n+l n+1
. . 1 .
Tak kax Klgrolo S, = n11_r)noo(l—m) =1, To paccMaTpuBaeMbIil psiJl CXO-

JIATCSL: €ro cyMMa paBHa 1.
3. PaccMoTpuM CyMMy 4YJIEHOB T€OMETPUUYECKON MPOrPECCUU C MEPBHIM YICHOM
a v 3HameHareneM q (0ynem cuutaTh a#0):
ataqtaq’t+aq+...+aq" +...
N3BecTHO, uTO cymMa S, IEPBBIX POTPECCUH OMpeesieTcs no popmyie

Sn = ﬂ’ UJIn Sn = a — aq .
1-q I-q 1-q
PaccMOTpUM HECKOJIBKO CITy4aeB B 3aBUCUMOCTH OT BEJIMYUHBI (:
. L a aq" _ . a ) 0
1. |q/<l. Torma nlg%osn = nh_rgo(l_q l—q) —q (T.K. n11_r)nooq =0).

a
CrenoBarenbHo, 1pH |q|<] psa cXOAUTCS U €ro cymMma S = T—q
—-q
2. |g>1. Torga |q"|—>0 mpu n—»00, MOITOMY S,—>0, T.€. li_r)n S He cyliecTByer.
n—oo

3. g=1. B aToM cnyuae psig umeer Buj atatat..ta+t...
ITpu sTom S,=n*a u lim = oo, Tak kak a#0. CienoBaTenbHO, PSIA Pacxo-

n—oo

JIATCA.
4. g=-1. Torma psan uMeer BHUI a—a+a—a+a—...(—1)“'1a+... Ero wactuunbie CyMMBbI
nonepemMeHHo paHBbl a u 0: S;=a, S,=0, Ss=a, S4=0, ..., HO Takas mocneaoBa-

TEJTLHOCTh HE UMEET Mpefena, 1, ClIeI0BaTeIbHO, PACCMATPUBAEMBIN Pl PacXo-
JTUTCSL.
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WTak, psin cOCTaBIEHHBINH U3 YICHOB F€OMETPHUECKON MPOTPECCUH CXO-
JUTCSI TOT/Ia U TOJIBKO TOTJa, KOTIa 3HAMEHATEeIb MIPOrPECCHH ( MO aOCOMIOTHON
BEITMYMHE MEHBIIIE CIUHUIIBI.

1.11.1.2. Ocnosnvie meopemul

Ecnu B psze (2) oTOpoCUTh MepBhIe M WIECHOB, TO MOTYYUTCS P

Unt1tUnso . AUt = ZU" 3)

n=m+k
Ha3bIBAEMBIN OCTAaTKOM psiia (2) mociae m-oro 4wieHa.
1°. Ecin cxomurest psix (2), TO CXOQUTCS U JII000M U3 ero ocrarakos (3); oOpar-
HO, UX CXOJIMMOCTH OCTaTKa (3) BBITEKAET CXOUMOCTh UCXOIHOTO psiaa (2).
duKcHpyeM m 1 0603HaunM K-10 4acTHUHYIO cyMMy psida (3) uepes S
Slk:Um+ 1 +Um+2+~ . -+Um+k
Torna, oueBUaHO,
Sh= Stk - Sm (4).
Ecam psin (2) cxomutes, Tak 4To S,—>S, TO IpU HEOTPAHUYEHHOM BO3-
pacrannu R -cyniecTByeT KOHEUHBIN Mpee
S=S-Sm (5)
W JUISL CyMMBI Sy , 4TO M O3HAYAeT CXOAMMOCTH psiza (3). OGpaTHO, ecily JaHo,
4yTO cxoautcs psa (3), Tak 4To Sh—S!, o MepenuIleM paBeHCTBO (4), monaras B
HeM R=n-m (mpu n>m), Tak:
S1=Su*Shm
OTCI0/Ia MOXHO YCMOTPETh, UTO IIPY HEOIPAaHUYEHHOM BO3PACTaHUM N - YACTHY-
Hasi CyMMa S, UMEET Npeaes
S=S,,+S (6),
T.€. cXoauTcs pan (2).

WNupiMu ciioBaMu, 0TOpachlBaHWE KOHEYHOT'O YMCJIa HAYaJIbHBIX YJIEHOB
psla UM MPUCOETUHEHHE BHAYaJle €ro HECKOJIbKUX HOBBIX WICHOB HE OTpa)a-
€TCsl Ha CXOJUMOCTH psijia.

Cymmy psiga (3), ecnu OH CXOQUTCS, 0003HAYUM BMECTO S' cumBoIOM
Olm, YKa3bIBasi 3HAYKOM, TOCJe Kakoro uieHa oepetcst octatok. Toraa ¢popmMyibl
(6) u (5) mepenuIIyTCs CAEAYIOUUM 00PA3OM:

S=Smt+0m, Um=S-Sp,.

Ecnu yBennuuBath m 10 6€CKOHEUHOCTH, TO Sp—>S, a ay,—>0. UTak:

2°. Ecin psizt (2) CXOMUTCS, TO CyMMa Ouy, €0 OCTaTKa MOC/iE M-0ro 4ieHa ¢
BO3pAcCTaHHEM M CTPEMUTHCS K HYJIIO.
YnoMmsiHEM CIeAyIOIUE MPOCTHIE CBOWCTBA CXOISIIUXCS PAIOB:
3°. Ecnum uneHsl cxofsmierocs psiia (2) yMHOXHUTh HA OJMH M TOT K€ MHOXKH-
T€Jb C, TO €ro CXOAUMOCTh HE HAPYIIUTCS (2 CyMMa JIMIIb YMHOXKUTCS Ha C).
B camowm nene, yactuuHas cymma S, psizia
cU;+cUy+...+cUyt...
OYEBUJHO, PaBHA
Si = cUj+cUst...+cUp=c(U;+Ur+...+Us+=cS,
Y UMEET IpeAesioM CA.
4°, JIBa cXomsAIIUXCs psaa
A=ajtayt..fa,t...n
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B=B;tByt+... B, t...
MO>KHO MOWIEHHO CKJIaJbIBaTh (MJIM BBIYUTATH), TAK YTO PsijL
(a;£B))+(axtBy)+...H(aptB,)+...
TaK)K€ CXOAMUTCA, U €70 CyMMa paBHa, COOTBETCTBEHHO, A+B.
Ecnu A,, Bn u C, 03HauaroT 4acCTUYHbBIE CYMMBI YIIOMSIHYTBIX PSIJIOB, TO,

OYEBUHO

C,=(,tB)+(a, £B,)+...+Ha, =B, )=

=(a, +a,+...+a )+ (B, +B,+...+B ) =A £B,.

Ilepexons k npeaeny, Haitnem, uto limC, =lim A *limB,

n—oo n—oo n—oo

, YTO U JIO-

Ka3bIBA€T HAIlIE YTBEPKICHHE.
B 3akmrodeHue caenaem eiie 0JHO 3aMeYaHue.
5°. O6mmwmii wien U, CXOAAIMIETOCS psiia CTPEMUTCS K HYJII0. ITO MOKET ObITh
JIOKA3aHOJ COBEPIICHHO AJIEMEHTApHO: psia S, (a ¢ HUM U S, |)UMeeT KOHEU-
HBIU TIpenen S, To
IimU  =Ilm(S, - nl)—hrnS —IlimS, , =S-S=0.

n—oo n—oo n—oo

CaencrBue. Ecnu npenen obuiero yncna psaa mpu n—»00 He paBeH HYIIO, TO
PST PACXOIUTCS.

Jloka3aTenbCTBO MPOBEAEM OTIPOTHBHOTO, T.€. AOIMYCTHM, YTO PSIJl CXO-
autcs. Torma B cuily HEOOXOAMMOTO MpPU3HAKa CXOJMMOCTH JOJDKHO BBITION-
HaTbes yenoue lim U =0. Ho no ycnosuro mpezaen oOIiero wieHa psjaa He

n—o
paBeH HyJII0. DTO MIPOTUBOPEUYUE O3HAYAET, YTO NPEIAIOJIOKEHUE O CXOAUMO-
CTH piaaa OH_II/I60‘-IHO; CJICAOBATCIIbHO, PAL paCXOAUTCA.
[Ipumep. MccnenoBats cX0AUMOCTB psiaa
10 20 10n

+ +...+ +
1001 2001 1000n +1
Haiigem npenen oOriero uieHa psaa mpu n—»o0

limU._ im0 gy, 10 Lo,
e o2 10000+ 2>=1000+ 1/ 100

3HA4YUT, JaHHBIA P PaCXOAUTCA.

OnHako BaXXHO IMOAYEPKHYTh, YTO HEOOXOIUMO YCIOBHE CXOAMMOCTHU
psiia He SIBIIIETCS caMo IO cebe TOCTATOYHBIM Il CXOJUMOCTH psifa. MHbIMH
CJIOBaMH, J1aXKe IIPU BBIIOJHEHUH €ro psii MoxkeT pacxoaurcs. [Ipumepom Ta-
KOT'O psiia CILYKUT P

1 1 1 1
l+=—+—+—+.+—+..,
2 3 n

KOTOpBIM Ha3bIBaeTCs rapMoHWYecKuM. [locienoBaTenbHOCTh €ro YaCTUYHBIX
1 1 1
cymm Si=1, S, =1+ 5; S, =1+ 5 + 5, MOHOTOHHO BO3pacTaeT, NOCKOJIbKY

YWICHBI pssAa IMOJIOXUTCIIbHBI. HOKa)KCM, 4YTO OHA BO3PACTACT HCOIPAHUYCHHO.
I[JBI 9TOIr0 YICHBI FapMOHHUYCCKOI'0 psaaa, HauuHass C TPCThCTO, O6’beI[I/IHI/IM B

IpYIIIBL:
I 1 I 1 1 1 11 1 1 1 1 1
42+ GGt T 4 (ot b
2 3 56789101112131415
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B nepByIo BKIIOUMM 1Ba wieHa (3-if u 4-if), Bo Bropyio 2°=4 uieHa (c 5-
r0 110 8-if), B TpeThio 2°=8 ueHOB (¢ 9-r0 1o 16-if) u T.1., KaxIblil pa3 yBesH-
YMBasi BABOE YHCJIO WICHOB B TpyIe. Takux rpyri, 04eBHIHO, OECKOHEUHOE
MHOXkecTBO. Eciin 3aMEHUTh WieHbl psfa B KaXJOW IpyIIe UX MOCICIHUMU
YJIeHaMM, TO CYyMMa 4WIEHOB 3TOH I'PYMIIbl YMEHBIIUTCS, T.€. CHPaBEJIUBbI HE-
paBeHCTBa

I 1 1 1

1 r 1 1 1 1 1 1 1
—+ , =t ot —>—+—+—+—
3 4 4 4 2 5 6 7 8 8 8 8 8

1
_,-.-
2
. 1
Takum o0pa3om, cymMMa UYJIEHOB Ka)KAOH Ipymmbl OOJbIle > a cymMmMma

YJICHOB, BKJIFOYEHHBIX B JOCTaTOYHO OOJIBILIOE YHCIIO TPYTII, KaK YTOAHO BEJIH-
Ka. CJIeZ[OBaTCHLHO, nocaCa0BaTCIIbHOCTE YaCTUYHBIX CYMM I'apMOHUYCCKOTO
psila HEOTPAaHWYEHHO BO3PACTACT, & PSJI PACXOMUTCS, XOTS €ro OOLIMH WieH

n

1
U, =— npu n—>oo0 CTPEMUTCS K HYJIIO.
n

3aMeTuM, 4TO YaCTHYHBIE CyMMbI TapPMOHHUYECKOTO psifa BO3PaCTaloT,
xoTs 1 MennenHo. Hanpumep noacuutano, 9to Sio00x7,48, a Si000000~14,39.

1.11.1.3. Cxo0umocmsb nonoxicumenbHvix psaoos

ITycts psan Zan =a, +a,+...+a_+... OyJeT NOJIOKUTENbHBIM, T.€. a,>0

n=l
(n=1,2,3,...).

Torna oueBuaHO, Api=Anptanii>A,, T.€. A, OKa3bIBaeTCs BO3paCTalo-
mer. Ha ocHOBaHuM T€Oopembl O MpEAEIe MOHOTOHHOW MOCJEN0BAaTEIbHOCTH,
MbI HETIOCPEJICTBEHHO MPUXOIUT K CIIEAYIOIIEMY OCHOBHOMY B T€OPHH IOJIO-
KUTENBHBIX PSIIOB MPEIOKESHHIO!

[TonouTenbHBIN PsJl BCEria UMEET CyMMY; 3Ta cyMMa OyAeT KOHEUHOM
(1, cnenoBaTeNbHO, PSIL - CXOASAIIMMCS), €CJIM YaCTUUHBIE CYMMBI psjia orpa-
HUYEHBI CBEPXY, U OECKOHEYHOU (a psAIl - PaCXOIAIIUMCS) B MPOTUBHOM CIIy-
qae.

1.11.1.4. Teopemwt cpasnenus paooe

CX0oauMOCTh WIIM PacXOAUMOCTh MOJOKUTEIBLHOIO PsAJla YaCTO yCTaHaB-
JIMBAIOT ITyTEM CPABHEHHUS €ro C APYIHMM PSAOM, 3aBEIOMO CXOIALIMMCS WIH
pacxonsmuMcs. B 0OCHOBE TakOro CpaBHEHHUS JIEKUT CIIEAYIOLIAs TEOPEMA.

Teopema 1. [IycTh AaHbI 1Ba MOJOKUTEIBHBIX Psia

Zan =a,+a,+..+ta +.. (A)

n=l

> b, =b +b,+..4b,+.. (B
n=l
Ecnu, xoTst ObI HaUMHAS ¢ HEKOTOPOTro MecTa (ckakeM, il n>N), BbI-
MIOJTHSIETCST HEPABEHCTBO: a,<by,, TO M3 cX0auMOCTH psa (B) BeiTekaeT cxoau-
MOCTb psiia (A) WJIH - YTO TO K€ - U3 PACXOAUMOCTH psiaa (A) ciemayer pacxo-
auMocTs psina (B).
Joka3zarteabcTB0. Ha ocHOBaHMU TOTO, YTO OTOpACHIBAHUE KOHEYHOTO
Yrcia Ha4YaJIbHBIX WICHOB psfia HE OTPa)KaeTCsl Ha €ro NMOBEJCHUH, MBI MOXKEM
CUMTaTh, HE Hapylas OOIIHOCTH, YTO a,<b, Mpu Bcex 3HaueHusx n=1,23,...
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O603HauuM yacTHbIe cyMMBI psfoB (A) u (B), cooTBeTcTBeHHO, uepe3 A, u By,
Oynem nmeTh: A <B;.

[Tycte psan (B) cxomuTes, Toraa ero yacTuYHble CyMMBI B, orpaHu4eHbI:
B.<L (L=const; n=1,2,3,...).

B cuny mpenpiaymero HepaBeHCTBa, M mo100HO A,<L,a 3T0, 0 TO¥ Xe
TeopeMe, BIeUeT 3a CO00M CXoauMocTh psiaa (A).

Nuorna Ha mpakTuke Oosee ynoOHa ciemyromas TeopeMa, BRITeKAroIas
13 MEPBOM:

Teopema 2. Eciu cyiiecTByeT npeed (B IPEANoIOKEHUH, YTO By#0)

lim 22 = K (0<K<+o0)

n—»oo
Bn

TO U3 cxoumoctu psaa (B), npu K<+oo, BeITekaeT cxoauMocTh psana (A), a u3
pacxoaMMOCTH TepBoro psiaa, npu K>0, BEITEKaeT pacxoJWMOCTh BTOPOTO.
(Taxum o6pazom, nmpu 0<K<+oo 0ba psa cXoaaTcs uin 006a pacXoasaTcsl OJTHO-
BPEMEHHO).

HoxkazareabcTBo. [lycts psan (B) cxogutcs n K<+oco. B3sB npoun3Bosib-
Hoe uncio £>0, Mo caMoMy ONPEEICHUIO TIpeeNna, sl JOCTAaTOYHO OOJIBIITUX
n Oy/ieM UMeTh

n

B

n

<K +¢, otkyna a,<(K+ €)By.

B cuny 3° ogaopeMenno ¢ paaom (B) 6yner cxoaurcs u pan X (K+e)sy,
MOJIyYCHHBIH YMHOXXEHHEM €ro WICHOB Ha mocTosiHHoe yucio K+e. Orcioza,
0 MpEAbIAYLIEH TeopeMe, BBITEKAET CXOUMOCTh psina (A).

Ecmm xe psg (B) pacxoaurcs u K>0, To B 3TOM ciiydyae oOpaTHOE OTHO-

B .
[ICHHEe —- UMEET KOHEUHBIA npeael; psia (A) HoKeH ObITh PacXOsIIIMCS,
a

n
100 ecnu ObI OH CXOJUJICH, TO, TIO IOKa3aHHOMY, cxoamiics Obl u psf (B).
IIpumepsbl.
1. UccnenoBaTh cXOIUMOCTD psifa
1 1 1 1
+ >+ S+t —+
1-2 2.2¢ 3.2 n-2
Unensl psna HE NPEBOCXOASAT COOTBETCTBYIOIIMX YJIEHOB CXOASLIETOCS
psila, COCTaBJICHHOTO M3 WICHOB I€OMETPHUECKOM MPOTPECCUH C OOIIMM YHC-

1
aom U, =—:
n
1 1
<— (n=1,2,3,...).
n*2" 2"
CornacHo Teopeme 1 maHHBIN P TAKKE CXOTUTCSI.
. X
8 sin —
. X . n
2. Pan z sin — (0<x<m) pacxoguTtcs mo Teopeme 2; B cuity lim =X
n=1 n n—oo
n

(Z:l - pacxoJIuTcs).

n=l
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TpynHOCTh MpUMEHEHUS Ha MpaKTHKE NMpHU3HaKoB (TeopeM 1 u 2) cpas-
HEHHMSI COCTOMT B HEOOXOAMMOCTH HMMETh ‘‘3amac” psAoB, CXOAUMOCTH (WU
pPacxoAMMOCTh) KOTOPBIX N3BECTHA.

1.11.1.5. Ilpusznaxu /lanamoepa u Kowu

Teopema (mpusnak [lanambepa). IlycTb a1 4uCiIOBOrO psja ¢ MOI0XKHU-
TEJIbHBIMU YJICHAMU:

Da,=a +a,+.+a,+., a, >0

n
n=l

: an+1 _I
cymectByer lim—— =1, To
n—oo an
npu I<1 psix cxomutes,
npu |>1 psg pacxonures,
npu =1 psg MOXKET CXOAUTHCS WM PACXOAUTHCS (B ATOM Cilydae IMpH-
3HaK Ha BOIIPOC O CXOJUMOCTH psijia OTBETA HE JaET).

ITo ompenennuto npenena Ve>0 IN=N(g), uro Vn>N BbIIOJIHSAETCS He-
PaBEHCTBO:

a a
1 _Jl<enmm | —e<—" <] +¢.
an a'l’l
Brioepem N tak, uro0s! s n>N 6b110 |+6=q<1, Torna
aN+1 <a: < . < 2 .
N q;  ay <qgay; ay, <qay, <qay;,
N

3 . . m .
Ay <Q Ay, <q Ay

2
Psax angtang +...+ang +... CXOQMTCS, TaK KaK 3HAMEHATENb MPOrPECCHH

q<l. Torna no teopeme 1 psx Zan TaK)KE CXOAUTCS.

n=l
I[J'I?I ciry4das q>1 A0Ka3aTCJIbCTBO aHAJIOTHYHO, TOJIBKO HYKHO PaCCMOT-

n+l

peTh >l -eg=q.

Ipumep. MccnenoBaTh Ha CXOOUMOCTD PsJL
1

.a . ! . 1
Pemwenue. lim—" = lim——— = lim—— =0 - psg cXoauTcs.
n—w a, n—w (n +1)| nson + |

o0
PaCCMOTpI/IM pan Zan C IMOJIOXKHUTCIBbHBIMHU YJICHAMHU an>0.

n=l
Hpusnak Komm: Ecnu cymectByer ll_r}; ya, =1, to mpm I<1 psx cxo-

autcest; 1>1 - psag pacxoautest; I=1 — ompeneuTh CXOAUMOCTh HEBO3MOXKHO.
JlokazarenbCTBO mpu3Haka Kol aHaIOruvHO T0Ka3aTeabCTBY PU3HAKA

Janambepa.

|

IIpumep. MccienoBaTs Ha CXOAUMOCTD P o
n=l
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[Tpumenum npusHak Komm:

limg/a, =limy ; :llimM:%<l - PAIl CXOJIATCAL.

n—o n—o 2 n—>®

1.11.1.6. Humezpanwvnutit npusnax Kowu-Maxnopena

o0
[Iycts z a, YHCIOBOU DA C IOJOKUTEIBHBIMU YUCIAMM.
n=0

Teopema.
[TycTp 4iieHb! psiia yIOBIETBOPSIOT CICTYIONIUM yCIOBHSIM:
1) cocTaBsIOT MOHOTOHHYIO HEBO3PACTAIOILYIO TIOCIEI0BATENBHOCTh
Qp=aZ2a=az>..2a,2 cees
2) MOXHO TOCTPOWTh MOHOTOHHYIO HeBO3pacTaroilyio (ynkiuto y = f(x) Ta-
Kyto, uto f(0) = ap; f(1) =a;; f(2) =ay; ... ; f(n) = ay; ... ;

o0
3) HecCOOCTBEHHBIN WHTETpaT I f (X)dX - cxomuTcs, TOraa 3aaHHBINA PSIT TAKKE
1

cxonures. Ecnu sxe nHTErpas pacXoquTcs, TO U Psifi PaCXOIUTCH.

Jloka3aTeabCTBO.
CocTaBUM 4aCTUYHYIO CYMMY S, =ap +a; +a; +... + a,.
ITockomnbky a; = (i) x 1, TO
Sp=f(0)x1 + f(1)x1 + f(2)x1 + ... + f(n)x1
PN

£0) ~_

f(1)
f(2) —

fn-1) fn)  f(x)

vV

0 1 2 3 4 n-1 n
Puc. 1

Kaxxnoe cnaraeMoe 4acTUYHON CyMMBI €CTh IUIOLIA/Ib NMPSMOYTOJbHUKA
C OCHOBaHMEM eauHHuIAa U BbicoToM, paBHOU f(i) (Puc. 1). JJoGaBneHue k 4dac-
TUYHOH CyMME HOBOTO 4€HA psifa O3HayaeT Mo0aBlieHHWE HOBOH ILIOIMIAIH, a
noromy S, < Sp+1, TO €CTh MOCIIEOBATEILHOCTh YACTHUHBIX CYMM HEyObIBaIO-
mrasi.

PaccMoTpuM 4acTHYHYIO CyMMY S, = ap + a; + ... + a,.| U IpUMeEM 32 3;
TUTOMIA/Tb IPSMOYTOJIBLHUKA, JIekKaIIero cripasa ot (i), T. €. ¢ O0JIbIIeH BEICOTOM.
Toraa noixyyum cymMMmy IJIOLIAAEH MPSMOYTOJIbHUKOB, YaCTh TUIOLIAAN KOTOPBIX
pacnosoxeHa HaJ KpuBoi f(x). DTa minomaap paBHa Sy-a,. Paccmotpum cymmy

a1+a2+...+an=Sn-ao.

Kaxnoe cinaraemoe 3TOil CyMMBbI €CTh IUIOIIAb MPSIMOYTOJBHUKA C OC-
HOBAHMEM, PaBHBIM €JIMHMIIE, 1 MAJICHbKOW BhICOTOM. Torma cymma a; + a, + ...
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+ a, = Sy - a9 €CTh CyMMa IO MPSAMOYTOJILHUKOB, JIEKAITUX MO KPUBOH
f(x). PaccmoTpum

Jqf(x)dx=ln.

C reoMeTpu4ecKkoil TOYKU 3pEHHs] ITOT MHTErpai €cTh IUIOLIa/lb, Orpa-
HUYeHHast kpuBoi f(x) mpu 0 < x <n u oceio OX.
Torna u3 puc. 1 umeem
Sn-a0<J,<S,-a,= S, < J, + ao.
ITo ycnoBHIO TEOPEMBI CYIIECTBYET Mpeaes

n—o

limJ, = nmj f (x)dx=J,
1

torga S, < J+ap. Takum oOpa3om, MOCIEAOBATENBHOCTE {S,} OrpaHUYeHa CBEp-
Xy, a IOTOMY UMEET HPENEII, 3HAYUT PSAI CXOIUTCHL.
Ecmu limJ, = oo, TO yuuTsIBas, 4to S, > Jy+a,, OTKyzAa ClefyeT, 4To psj

n—oo
pacxouTCs.
JlokazaHHas TeopeMa Ha3bIBACTCS HMHTETpalbHBIM Ipu3HakoM Komm-
Maknopena.

Mpumep
1

o0
HccnenoBaTh Ha CXOUMOCTD OOOIICHHBIN TapPMOHUYECKUH PsiJT Z—p .
n

n=1
Pemenne. UneHsl psiia COCTABISIOT MOHOTOHHO yOBIBAIOIIYIO MOCIEO-

1 1
BaTEILHOCTD 1 > F > > > >

np

CnenoBatenbHo, QpyHkimeit f(x) Oyner ip; f(x)= ip
X X

TdxFodx
Paccmorpum J.—p u I—p
X X

N N -p+l N N—p+1 1
R R e Rt
X / —p+1‘1 -p+1 —-p+1
0, p>1;
lim N = Jim—— = P
N—o Noo N p-1 0, p< L
+00 N
0,p>1;
Torma J-%= lim %= P
1 Xn N~>oo1 Xp OO,p<1.
Ecmu p=1, To umeem Z— - TAPMOHUYECKHUHU PSJl, PACXOUMOCTh KOTO-

n=1

Pporo JokKasaHa paHeEcC.

Psn Z—p cxonutcs npu p>1 u pacxonutest mpu p < 1.
n=1
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1.11.2. 3nakonepeMeHHbIE PSAbI

Hpemﬂe 4YCM pacCMaTpuBaTh pAAbl C YICHAMH IIPOU3BOJIBHBIX 3HAKOB,
PacMOTPUM UX YaCTHBIN Clly4ail, @ UMEHHO Ps/bl, YICHBI KOTOPBIX UMEIOT Yepe-
AYIOHIUCCA 3HAKU, TAKUC PAABI HA3bIBAKOTCSA 3H3K0'lepeIlleIHI/IMI/ICH.

3HAKOYEPENYIOIUNUCS PANl, €CIM TEPBBIM YJICH MOJIOKHUTEIICH, MOMXHO
3aIlnucaTtb B BUJC:

U -Up+Us-Us+ o+ (-D™U, + ..., e U0, n=1, 2, 3, ...

1.11.2.1. Ilpusnax Jlenonuya

Ecnu uieHsl 3Hako4epenyromerocs psaa
Ui -Uy+Us-Us + .
MOHOTOHHO YOBIBAIOT 110 a0COJIOTHOM BEJTMYMHE, T. €.
Uz2U,2Uz2...2U2Upsr 2 ...
1 o0mmuii uileH psija cTpeMutcs K Hymo, limU =0, To:

nN—oo
1) psim cxomuTcs;
2) ero cymma He MPEBOCXOIUT BEIIMYUHBI IEPBOTO WICHA Psijia

S=> (-D"'U,<U;
n=1

3) MOAyb CyMMBI OCTAaTKa psijia HE MPEBOCXOIUT a0CONIOTHOM BEIMYUHBI TIEp-
BOT'0 OTOPOIIEHHOTO YjieHa (MIEPBOro YjeHa OCTaTKa):

o0
| I'n | SUpis 1, = Z:(—l)kUk Y UMEET 3HAK CBOETO IIEPBOT0 YICHA.
k=n+l1

Jdoka3aTenbCcTBO.

HOCTpOI/IM Son=U;-Upy+Uz-Us+ ...+ Uy -Upp = (U] - Uz) +
+ (U3 - U4) + ..+ (U2n-1 - U2n)~

[Tockonbky mo0ast ckoOKa B 3TOM CyMMe OoJibllie HYJIs, TO MOCea0Ba-
TEeIBLHOCTH {Sy,} Bo3pacrtaromias. JlokakeMm, 4To oHa orpaHudeHHas. [y 3Toro
MPEJICTaBUM Sy, CIASAYIOUIIM 00pa3oM:

Son = Ui - [(Uz - Us) + (Ug - Us) + ... + (Uzna - Uzn1) + Usy].

Nrak, mocienoBaTeabHOCTh {S;,} MOHOTOHHO BO3pacTarolas, OrpaHu-

YeHHas U, CJIeI0BaTeNbHO, cxoasmasics. [lycTs r111_>m S,=S.

UtoO0BI OKA3aTh CXOMMOCTH psifia, HY>KHO JTIOKa3aTh €Ile, YTO MOCIIe0-
BaTEILHOCTh YACTUYHBIX CYMM HEUYETHOTO YKCJIa YJICHOB ITOTO PsAJia TAKKE CXO-
JTUTCSI U UMEET Tpeiell, paBHbIN S.

Tak kak Syp+1 = Son + Uzns1 11 Uy = 0 (1o ycnioBuio), To

rllingZm—l = %LIE(SZn + U2n+1) = AEESZn + %LIEUZn—l = S+ 0= S

3ametuM, 4yTO AN cyMMbl S psaa (1) copaBeIIMBO COOTHOIIEHHE
0<S<Uj. JlelcTBUTENHHO, YaCTHBIE CYMMBI YETHBIX HOMEPOB Sy, MPUOIIIKAIOT-
csl K cyMMe S, Bo3pacTas, CleJoBaTelbHO, S>S,, mnpu nobdoM n. Kpome toro,
S2n>0 (n=1, 2, ...), a 3HauuT U S>0. YacTHbIE CyMMBI HEYETHBIX HOMEPOB Syni
MO’KHO 3aIHcarh B BUJIE:
Sont1 = Up - (Uz - Us) - ... - (Uzp - Uzpr).
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OTtcroga BUAHO, YTO MOCIEAOBATENBHOCTh {Son+1} MOHOTOHHO yOBIBAIO-
miast ¥ 9to Syn<U; mpu mob6om n. Tak xkak S<Sp,y; mpu m000M n, To, clea0Ba-
tenbHOo, S<U;. Cymmupys ckazannoe, noiaydaem: 0<S<U;.

PaccMOTpHUM Tereph OCTATOK PAa, yMHOXKEHHBI 1 Ha (-1)"

('l)n Irn= Un+l - Un+2 + ..
Oto pan. [lo nokazaHHOMY PSiI CXOJIUTCS U €T0 CyMMa HE MIPEBOCXOIUT TIEPBOTO
YjIeHa, TO €CTh | I | < Upi1.
Teopema nokazaHa.

IIpumep
1 1 1
Pan 1- 5 + 3173 +..+ (=)™ —+... cxomurcs mo npusHaky JleitGHuA.
n

OTtoT pAa OTIIMYACTCA OT rapMOHHUYCCKOI'0 TOJIBKO 3HAKAMU YJICHOB UCTHBIX HO-
MEpOB.

IMpumep
1 1 1
+ - +
3x3 5x3* 7x3’
npusHaky JleiiOnuna:
1 1 : 1
n-1 > n ;llm n-1
(2n-1)3 2n+1)3" e (2n-1)3
Ecnu monoxute ero cymmy S, IpUOIMKEHHO PaBHOW CyMME MHEpBBIX

MECTU YJICHOB 2TOr0 pdaaa, TO IOJy4YUM OIHI/I6Ky, a6COJIIOTHa$I BCJIMYHMHA KOTO-
pOil MEHbIIIE, YEM

_r
(2n-1)3™"

Psag 1— +(=p™

. CXOJHUTCS IO

1 <
13x 3% 9477

< 0,001, S~ 0,907.

1.11.2.2. Abconrwomnasn u ycioeHas cxooumocms paoos

PaccMoTpuM npoH3BOJIBHBII 3HAKOTIEPEMEHHBIH PsijT
U+Uy+...+U,+ ..., (8.1)
T. €. PSAJ C WICHAMH TIPOU3BOJIBHBIX 3HAKOB. PACCMOTPHUM psiJl, COCTABICHHBIN U3
a0COJTIOTHBIX BEJIMYHH 4IeHOB psiaa (8.1):
Uil + U + ... # Uy + ..., (8.2)

Teopema.
Ecnu cxomgutes psg (8.2), To cxonutes u pan (8.1).
Jloka3aTenbCTBO Cpas3y MONMy4aeTcss W3 MPHUHIUIA CXOJUMOCTH : Hepa-
BEHCTBO
|Un+l + Un+2 +..t Un+m| < |Un+l| + |Un+2| +..t ‘Un+m|
MOKA3bIBACT, YTO €CIU YCJIOBHE CXOAMMOCTH BBITIONHSETCS Ui psaa (8.2), To
OHO TeM OoJiee BhITIOTHCTCS TS psina (8.1).

MosxHO paccyknaTh wHaude. M3 mojiokuTeJbHbIX WieHOB psaa (8.1),
MEPEHYMEPOBAB UX IO TOPSAKY, COCTABUM PSif
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D Pc=p + P HK+p K ; (P),
k=1

TaK K€ MOCTYIIMM C OTPUHATEC/IbHBIMU YJICHAMH U COCTABUM PO U3 UX abco-
JIIOTHBIX BCJIIMYHH

D O =0, +0,+K +q,+K Q)
m=1

CkousbKO OBbI YJIEHOB TOIO WM APYroro psiia HU B3ATh, BCE OHU COJEP-
&KaTcs CpelM WICHOB cxoJsierocs psaaa (8.2), u Ui BceX YaCTUUHBIX CyMM Py u
Qm BBINOJIHACTCS HEPABEHCTBA

P < S*; Qm < S%,
tak uyto oba psaga (P) u (Q) cxoasircs; 0003HaYUMM MX CYMMbI COOTBETCBEHHO,
yepes P u Q.

Ecnu B3sTh n uieHOB psaa (A), TO B UX cOCTaBe OKaxeTcs k mosoxu-

TEJIBHBIX U M OTPHUIATENIbHBIX, TAK YTO
Sh =Pk - Qm. (8.3)

3necs HOMepa k u m 3aBucar ot n. Ecnu B psie (8.1) kak MonoxuTeb-
HBIX, TaK U OTPULATEIBHBIX WICHOB OECUMCICHHOE MHOXECTBO, TO MPU N—»00
OJIHOBPEMEHHO K—>00 ¥ m—>c0.

Ilepexonst B paBeHcTBe (8.3) K mpeneny, NPUXOAUM CHOBA K 3aKitoye-
HUIO O CXOAUMOCTH psizia (8.1), mpuueM ero cyMMa OKa3bIBAa€TCsl paBHOMN

S=P-Q.

MoHO cKa3aTb, YTO MPHU CAETAHHBIX MPEANOIOKEHHUIX CyMMa JaHHOTO
psizia paBHa Pa3HOCTH MEXJy CyMMOH psijia, COCTaBJIE€HHOIO U3 OJHHUX IOJIOKHU-
TEJIbHBIX €0 YJICHOB, 1 CYMMOM psijia, COCTaBJIEHHOTO U3 a0COIIOTHBIX BETMUUH
OTpULIATENbHBIX YJICHOB.

Ecmm psg (8.1) cxonutces BMecte ¢ psigoM (8.2), cocTaBIIeHHBIM U3 a0Cco-
JIOTHBIX BEJIMYMH €ro 4JIEHOB, TO Npo psaa (8.1) roBopsAr, 4TO OH abCONIOTHO
CXOOUTCH.

Ecnu psag (8.1) cxonutes u psin (8.2) pacxoautcs. Torna psia (8.1) Ha3bI-
BAIOT YCJIOBHO CXOJSALIMMCH.

Mexy cBoiicTBaMU aOCOIIOTHO M YCJIOBHO CXOJSIIMXCS PAZOB UMEETCS
riryOoKoe pasindue.

Teopema.

Ecmn pAa CXOAUTCA a6COJ'IIOTHO, TO OH OCTacTCA a6COJIIOTHO CXOaAIIUM-
csl IpH JIt00O0# IepecTaHOBKE €ro WICHOB, IPUYEM CyMMa psijia HE 3aBUCHUT OT
MOPSJIKA €0 YJICHOB.

Ecnu psin cxoautces ycmoBHO, TO Kakoe Obl Mbl HU 33JJaJId YUCIIO A, WIH
CUMBOJI + 00 HUJIH - 00, MOKHO TaK MNEPCCTAaBUTbh YJICHBI 3TOI0 psjaa, yTOOBI €r0
CyMMa OKa3ajiach B TOYHOCTH paBHOU A (miH + oo i - ). bonee Toro, Mo>xxHo
TaK IEPECTaBUTh WICHB! YCJIOBHO CXOISILIErocs psiAa, 4TO psAl, MOJTYyYEHHBIN
110CJI€ TIEPECTAHOBKH YJICHOB, OKAXKETCS PACXOASIILIUMCS.

Ha nokasarenscTBO 3T0i TeopeMbl Mbl He Oy/1eM OCTaHABIIMBATHCA.

[TpuBenem npumep, MOKa3bIBAIOUIHNM, YTO CyMMa YCJIOBHO CXOZSIIErocs
psifa MEHsIETCs IIPU NIEPECTAHOBKE €0 WICHOB.

PaccMoTpuM yciioBHO cxoasiuics psija

274



1.11. Paanl

st 3amevyaHui

1+l—l+1 (8.3)

2 3 4 5
[lepecTaBuM ero wieHsbl TakK, YTOOBI MOCJIE OJHOTO IOJIOKUTEIHLHOTO
YJIeHa 110 J1BAa OTpULATENbHbIX. [lomyunm psx
I 1 1 1 1 1 1 1

+ +ot — ——t..
2 4 3 6 8 2k-1 4k-2 4k
O0603HaunM uepe3 S cyMMy AAaHHOTO pPsizia, MOKaXXEeM, YTO CyMMa MOJy-

(8.4)

1
YEHHOTO psJia paBHA 3 S. O6Go3HaunM Yepe3 S, U G, YaCTUIHBIC CYMMEI PSIOB

(8.3) u (8.4) u paccMOTPUM YaCTHYHYIO CYMMY Gy, Tipu n = 3K.

1 1 1 I 1 I 1
et — _ ===+ ===+
(2k—1 4k 2 4kj (2 4} (6 8)
1 1 1 1 I 1 1 1
| —m—mm —— ==l —-—= |+ ——=|+...+ R I
(4k—2 4kj 2[( 2) (3 4) (Zk—l ZkH
_1 1—l+l—l+...+;—i :lS2k
2 2 3 4 2k-1 2k) 2
1

. .1
CnepoBarensHo, limo,, = lim—S,, =—S.
k—o0 k—w 2 2

Z[anee 3aM€dyacMm, 4ToO

. . 1 1
fim s =fim 7a 5 ) =5

2k + 1

limo —lim(a + L _ ! )—18
koo M o T ok4 1 4k+2) 2

Taxum obOpaszoMm, o = lim = 1 S.

n—o

Wrak, nokazaHo, 4To B pe3yjbTaTe MEPECTAaHOBKHU WICHOB Psiia €ro CyM-
Ma U3MEHWIACh (OHA BJIBOE YMEHBIIUIIACH).

DTOT BBIBOJl, KOTOPBIA Ha TEPBBIA B3IV KAKETCA NapagoKCAIbHBIM,
TOBOPHUT O TOM, YTO OCCKOHEUYHBIEC PSAIbI OTIMYAIOTCS 10 CBOMM CBOMCTBaM OT
CyMM KOHCYHOTI'O 4YHcCJjia clJiaracMbIX.

1.11.3. ®yukuuoHanabHble psaabl. Q0aacTh cxoaumMocTH. CTeneHHbIe PAIbI

DYHKIHOHAILHBIM PAIOM HA3BIBACTCS BBIPAKCHUE
Uji(x) + Ua(x) + Us(x) + ... + Up(x) + ...,

uieHbl kotoporo Uj(x), Ux(x), ... , Up(X), ... SBISIOTCS QYHKIHUSIMH OT X.

JlaBasi X 4HCIIOBOE 3HAYEHUE X(, MBI TIOJTYyYaeM YHUCIOBOHU PSJT

U1(X0) + U2(X0) + U3(X0) + ...+ Un(Xo) + ... ,

KOTOPBIA MOKET ObITh KaK CXOJSIIMMCS, TaK U PACXOSIIIMCS.

MHOKeCTBO TeX 3HAYEHUN X, MPU KOTOPHIX (DYHKIMOHAIBHBIN psJ CXO-
JTUTCSI, HA3BIBACTCS €0 00JIACTHI0 CXOAMMOCTH. SICHO, YTO B 001aCTU CXOUMO-
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CTH cyMMa (DyHKIITMOHAJIBHOTO psijia sSBISETCsS HEKOTOpor (yHKIuei ot x. O0o-
3HAYUM ee uepe3 S(x).

CrienuanbHBI KJIaCC (PYHKIIMOHATBHBIX DPSIIOB COCTABJISIOT TaK HAa3bI-
BaeMbIC CTEIICHHBIC PSIJIbI BHJIA

Coteix+ex e+ e XM+, 9.1)

re Co, Ci, C2, ... » Cp, ... -~ OCTIEAOBATEIHHOCTh ACHCTBUTEIBHBIX YHCEN, KO-
(GUIUEHTHI psiia.

BreisscanM, Kakol BHJI UMEET “00J1acTh CXOAMMOCTH  CTETICHHOTO PsiJia,TO
€CTh MHOXKECTBO {X} T€X 3HAUYECHUU MEepeMEeHHOH, AN KOoTopbiX psafd (9.1) cxo-
JIATCSL.

Teopema Abess.

Ecnu crenennoit psan (9.1) cxoautcst B Touke Xo # 0, TO OH CXOIUTCA U
MpUTOM abCOIIOTHO B MHTEpBAE (- |Xo|, [Xo| ), TO €CTh IPH BCEX 3HAYCHUAX X,
YAOBIETBOPSIOLIUX YCIOBUIO |X|<|Xq|.

Jloka3aTejabCTBO.

0
3aMETHUM, YTO BCIIEACTBUE CXOAUMOCTH psija Z C,X, ero ool wieH
n=0

CTPEMHTCS K HYIIO: C X, —> 0; Mo3TOMy abCONIOTHBIE BEJIUYMHBI YWICHOB 3TOTO
paaa, HadurHas ¢ HCKOTOPOro n=N MEHbIIIE JIIO6OFO Ha Mepea 3aJlaHHOTO 4YHrcia
8>0. Tak kak UMeeTcsI KOHEYHOE YUCIO WICHOB psgaa ¢ HOMEpaM, MECHbBIINMU
N, TO a6COJIIOTHLIC BCIIMYNHBI OTHUX YJICHOB OI‘paHI/I‘-IeHBI HCKOTOpBIM YHUCJIIO0B M
(B kagyecTBe M MOYHO B3Th MaKCHUMAJIBbHYIO a0COJIOTHYIO BEJMYHMHY WICHOB
pssaa € 9TUMU HOMEpaMHU UJIK €, €CJIN OHO 60J'ILI.H€). CJ'IGI[OB&TCJIBHO, a6COJ'IIOT—
HbIC BCJIMYHWHBI BCCX YJICHOB p;ma HC HpeBOCXO,Z[SIT yucia M

cX%|<M (n=0,12,K), 9.2)

[IpencraBum pan (9.1) B Buze

2 n

X 2| X ol X
Cy FC Xy X—+C,X)| — | +...+C. %X | — | +...
Xy Xo X,
" COCTAaBUM P4 U3 a6COJIIOTHLIX BCJIIMYHH €TI0 YJICHOB:
2 n
X X X
Col+lexo X[ +e s [x A+t <l + (93)
Xy X, X,

CpaBHI/IM €ro ¢ paaomM, COCTaBJICHHBIM U3 YJICHOB FCOMGTpH‘-IGCKOfI npo-

rpeccun
2 n

MMM X oM 4. 94
XO XO XO

Ecnu |x|[<|Xo|, TO 11 3TOrO pana &= X <1, a 1I03TOMY OH CXOIHUTCS.
XO

Tak xak npu JIFOOOM N UMEIOT MecTa HepaBeHCTBa (9.2), To wieHs! psaaa (9.3) He
IPEBOCXOJIAT COOTBETCBYIOIMX WIEHOB psfa (9.4). UneHsl 3TUX pAAOB MOJIOKH-
TENbHBI, W, 3HAYUT, B CWIy IpHU3HAKa cpaBHEHUS psn (9.3) Takke CXOAMUTCA.
CnenoBatenbHo, U pan (9.1) cxomurcs, U MPUTOM AOCOJIIOTHO, MPHU JTHOOOM
[xI<Ixol.

Teopema nokazana.
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CiaencrBue.
Ecnu creneHHON psii pacXoguTcs MpU HEKOTOPOM 3HAYEHUH X = Xj, TO
OH PacXOAMUTCA U IPU BCEX 3HAUCHUAX |X[>|X].
JIro6o0i1 crenenHol psa cxomutcs npu 3HadeHuu x=0. EcTb creneHHbIe
PSABI, KOTOPBIE CXOAATCS TOJIBKO NpU X=0 U pacxXosATcs MPU OCTAIBHBIX 3HAYe-
HUSX X. DTOT ciiyyail MOXKET ObITh WIIITFOCTPUPOBAH PSIIOM
1+x+22+ . +n"x"+ ... ;

JEWCTBUTEIILHO, €CITU X (PUKCUPOBAHO U X # 0, TO HaYMHAsI C OCTATOYHO OOJIb-
moro n, Oyaer [nx|>1, oTKyaa BbITEKaeT HEpaBEeHCTBO |n” X'|>1, o3Hauarolee,
YTO OOIIMI YWICH psAga He CTPEMHUTCS K HYJIIO.

OO6acTh CXOIMMOCTH MOKET COCTOSITh M3 BCeX Touek ocu OX, IpyruMH
CIIOBaMHU, PSIJT MOJKET CXOIUTCS TPU BCEX X.

IIpumep.
2 n

X
PaccmotpuM psin 14+ X+ —+...+—+... .
2? n"

X
Jna moboro X, HauMHAs ¢ JOocTaToyHO Oosbiioro n, Oyner |—| < 1. Tak
n

n+l n+l1 n+2 n+2

X X X
< , <|— U T. A., TO, HAYKMHAas ¢ HOMEpPA N, YICHBI
n+1 n n+2 n

psna mo abCONOTHON BEIMYMHE OYIyT MCHBIIIC YICHOB CXOJSIIEHCS TEOMETPH-
yeckoi nporpeccuu. CiaeaoBaTesbHO, IPH JII0OOM X PSJT CXOIUTCA.

O061acTh CXOOUMOCTHU PAZIa MOXKET COCTOSITh OOJiee YeM U3 OJJHOM TOUYKHU
ocu Ox, MpUYEM e€CTh TOYKU OCH, HE MPUHAAIEKAIINE 007aCTH CXOJUMOCTH.

Hampumep, psag | +x + x> + ... + x" + ..., IPeACTABIAIONMIA reOMETpPH-
YECKYI0 MPOrPECCUI0 CO 3HaAMEHaTelleM X, cxoauTcs npu [x|<l u pacxomurcs
npu [x[>1.

N3 Teopembl AGenst U ee CIeACTBHS TOTydaeM, 9YTO BCE TOYKU CXOUMO-
CTH PacrojOoXeHbl OT Hauajaa KOOpJAUHAT HE Jablie, YeM Jo0as U3 Touek pac-
xoaumocTu. COBEpIIEHHO SCHO, YTO TOYKH CXOJAUMOCTH OYIyT ETUKOM 3aro-
HSTh HEKOTOPBIA MHTEPBAJ C LICHTPOM B Hayaje KOOpAUHAT.

Takum oOpa3oM, MOXKHO CKa3aTh, 4YTO JJISl KaXJOro CTENEHHOIO psija,
UMEIOLIEr0 KaK TOYKU CXOAMMOCTH, TaK U TOYKH PACXOAMUMOCTH, CYIIECTBYET
TaKoe TMOJOXKHUTEIbHOE 4YuciIo R, 4To ams Bcex X, MO MOAYJI0 MeHbIHMX R
(X|<R), psm abCOMOTHO CXOOUTCS, a JUIsl BCEX X, MO MOy Oonbmux R
(Ix|>R), psn pacxoautcs.

Urto kacaercs 3nadeHuit X = R u x = - R, T0 31€Ch MOTYT OBITH pa3inny-
HBIE BO3MOXKHOCTH: PSII MOXKET CXOJUTCSI B 00EMX TOYKaX, WINA TOJIBKO B OJHON
U3 HUX, WU HU B OHOM. IIpu 3TOM psii MOKET CXOIUTHCS KaK aOCOMIOTHO, TaK
U YCJIOBHO.

Kak
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Onpenenenne.

Panunycom cxoaumoctu creneHHoro psiga (9.1) HazpIiBaeTCsl TaKOE YUCIIO
R, uto mns Beex X, [X|<R, creneHHo# psim cxoauTcs, a JuIsl BceX X,|x|>R, pacxo-
mutcs. Uarepsai (-R, R) Ha3bIBaeTcs MHTEPBAIOM CXOJUMOCTH.

YcnoBuMcs AJId pSAAOB, PACXOAIIUXCA ITPU BCEX X, KPOMC X:O, CUHUTaTh
R=0, a 1y psioB, CXOAAMUXCS MPH BCEX X, CUUTATh R=00.

Teopema.

Ecnu Bce k03 pULIMEHTHI CTENEHHOTO psjia, HAYMHAsl ¢ HEKOTOPOTo, OT-
JMYHBI OT HYJISI, TO €r0 PaANyC CXOJAUMOCTH PAaBEH Ipeaesly Py N—»00 OTHOILIE-
HUSl a0COJIIOTHBIX BEMMYUH KOA(D(PHUIIMEHTOB OOIIEro M CICAYIONIETO 3a HUM
YICHOB psJia.

JlokazaTeabCTBO.

CocrtaBuM psifl U3 aOCONIOTHBIX BEJIMYMH 4IeHOB psfa (9.1)

Ico| + |c1 X| + [ea X7 + ...+ [en X7 + ... (9.5)

Haitnem oTHO1IEHME Y JUJI 3TOTO pAna:
n
Un+1 - Cn+1 X XnH =|)(I Xm,
U, c,x" o
a 3aTEM IpeIes €ro npu n—o :
Uy C.. ol I
lgﬂﬁlz fim} ¥ x |(::| =[x x lim |2:| =Kx -

3/1ech MHOXKHTEID |X| BBIHECEH 3a 3HAaK Mpejieia, Kak He 3aBUCSIINN OT N,
U BBEIACHO 0003HAUYEHUE

e 1
lim R’ (9.6)

n—ow |Cn|

€CJIM 3TOT IpeJiell CYLIeCTBYeT U He paBeH Hymo. CoriacHo npusHaky Jlanam-

Gepa, psin (9.5) cxomutest, eciu |x| %< 1, otkyna [x|[<R. Orcrona ciemyer, 9To

psaa (9.1) cxomutcs, U mpuTOoM aOCONIOTHO, mpH 3HaueHUsX |x|<R. CormacHo
1

ToMy ke mpu3Haky JlamambGepa, psa (9.5) pacxonutcs, eciu |X| X R > 1, unm

[x|>R. OnHako B 3TOM ciyuae w3 npusHaka Jlanambepa criemyer, 4To YieHbl psi-
na (9.5) ve crpemsrcs k HyJto. Torma nmpu n—»00 HE CTPEMSITCS K HYJIIO U WICHBI
psana (9.1), a motoMy ¥ OH pacxoAuTcsi pH 3HaueHusx |x|>R. CrnemoBaTenbHO,
COIJIACHO OTpeJIeIeHHUI0, Yucio R - paguyc cxoaumoctu crerneHHoro psiaa (9.1).
N3 cootHomienus (9.6) momyuum

n

R:;,T. e. R=1im

e |Cn+l |

9.7)

ITpuBenem nmpumMepsl:
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n

0 o X X
1" Haiinem paauyc cxoaumoctu psigal + X+ 5 +..+ — +...
! n

;
= lim‘L: 1imM= lim(n+1)=oo.

N—o0 1 n—oo n ! N—o0

2° Haiitn 0611aCTh CXOUMOCTH CTEIICHHOTO pana

X 22X n'x"
I+ —+—+..+—
10 10 10

Haiinem oTHONIEHNE
c, nl (h+1)' 1ont 10

Coi 10" 10 n(n+1) n+l’

. 0
R= hm—1 =0, T. €. psAA CXOOUTCA TOJIBKO Tpu X=0 W pacxoauTcs MPH OC-
N—o0 n +

TaJIbHBIX 3HAYCHUAX X.

3° Haifti 06I1acTh CXOAMMOCTH CTEIICHHOTO pana:

2 3 4
x—X—+X——X—+...+(—1)”_1X—n+...
2 3 4 n
1 1 C 1 1
o4 ol e S22
n+

e |
R=1lim =liml 1+—|=1.
n—oo |Cn+l | n—oo n
Hccnemyem cxomuMOCTh psijia Ha KOHIIAX WHTEPBaJIa CXOAMMOCTH.

[Ipu x=1 umeem psg 1-— % + % — %+K +(— 1) -t 1+K , OH CXOJHTCS IO
n

Teopeme JlelOHMIIA.

I 1 1
[Ipu x=-1 umeem psag —1-— 573 1 5, -K , KoTopsIii pacxonurcs
n

KaK MPOM3BEICHUE PACXOSIIETOCs TAPMOHIYECKOTO psiza Ha -1. CinenoBaresb-
HO, 00JIACTBIO CXOJUMOCTH CIIYKUT nosyuHTepsant (-1; 1].

4° Haiitit 0671aCTh CXOMMOCTH CTEIICHHOTO pana
2 n

X X X
I+ -+ —F+K+—+4K,
3 3 3"
Haitnem paguyc cxonumoctu psiaa

n+1
Rzlim(i: 1):lim3 =lim3=3.

n—o 3” 3”+1 n—o 3” n—o

Hccnenyem cxonuMocTh psiaa npu 3HaueHusx x= +3. [logcraBuB ux B B
JAHHBIN PsIi COOTBETCTBEHHO mostyunm 1 + 1+ 1+ .. +1+1+ ...
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1-1+1-..+(-1)"+...006apsna pacxoasrcs, TaKk Kak He BBINOJIHAETCS HEOO-
XOJIUMOE€ YCIIOBHE CXOJUMOCTU (MX OOINME YJICHBI HE CTPEMATCS K HYJIO TpU
n—o0). Ha 00onx KOHIIaX MHTEpBaja CXOAWMOCTH IAHHBIA P PACXOAUTCS, a
obmacte ero cxoaumoctu (-3; 3).

dopmyna paanyca CXOIUMOCTU CTEIIEHHOTO Psijia MOJydYeHa B MPEIIo-
JIOKEHUH, YTO BCE KOI(PPUIICHTHI WICHOB psijia, HAYWHAS C HEKOTOPOTO, OTIINY-
HbI OT HyJs. [Ipumenenune dopmynsl (9.7) OMYCTUMO TOJIBKO B 3THX CIIydasXx.
Ecnu 310 ycnoBue HapymaeTcs, TO paanyc CXOJUMOCTH CTEIIEHHOTO psijia clie-
JIyeT UCKaTh WK C MoMoIsio nmpu3HakoB [lamambepa, Komm, wim ke caenas
3aMEHy IMEepEeMEHHOW, MpeoOpa3oBaHWEM psjia K BUIY, B KOTOPOM YKa3aHHOE
YCIIOBHE BBITIOJTHSCTCS.

1.11.3.1. Ceoiicmeéa cmeneHHbIX PAO0E

PaccmoTpum creneHHOM psij
CoteIX+ x>+t Cnt ., (10.1)
umeroumii paguyc cxogumoctu R>0 (R Moxer paBHATbCS o). Torna kaxxaomy
3HAYEHUIO X U3 MHTEpBaJla CXOJMMOCTH COOTBETCTBYET HEKOTOpas CyMMa psijia.
CrnepnoBarenbHO, CyMMa CTENEHHOTO psga ecTh (PYHKIHA OT X Ha WHTEpBale
cxogumoctu. O6o3HaunM ee yepes S(x). Toraa MOKHO 3amucaTh paBEHCTBO
Sx)=cotcix+tex +..+teax"+..., (10.2)
MOHMMAsl €r0 B TOM CMBICJIE, YTO CyMMa Psiia B KaXKAOW TOYKE X U3 MHTEepBaja
CXOAMMOCTH paBHa 3HaYeHHIO QyHKIHUU S(X) B 3TOU TOuKe. B 3TOM %e cMmbicie
Oyznem roBoputh, uto psn (10.1) cxonutest k pyHKIMHU S(X) HA UHTEpBaAJIE CXO-
nuMocTH. BHe nnTepBana cxogumoctu paBeHCTBO (10.2) HE UMeeT cMbIcha.

Ipumep.
Haiitn cymmy crenenHoro psaa
l-x+x -+ (-D"x"+ ...
OTO psiA, COCTABIEHHBIM U3 WIEHOB I€OMETPUYECKON IPOTPECCUH, Y KO-

. 1
Topoii bj=1, q= -x. CirlegoBaTenpHO, €ro cyMMa eCcTh (PYHKIUS S(X) “Tix Psan
+ X

cxoaurtcs, ecnu [x[<1. I[loaToMy paBeHCTBO

Lzl_x+x2—...+(—1)”x“+...
1+ X

CHpaBEIUBO JIUIIb JUIst 3HaUeHui X (-1; 1), x0T pyHKIMA S(X) = ompe-

1+ X
JIeJIeHa 1)1 BCEX 3HA4YEHUH X, Kpome x= -1.

MoHO n0Ka3aTh, YTO CyMMa CTENEHHOro psaa S(X) HempepblBHA U
nuddepennupyemMa Ha 11000M oTpe3ke [a, b] BHYTpH HHTEpBaga CXOAMMOCTH.

PaBenctBo (10.2), cipaBe/yiiBoe B MHTEpBAlle CXOJUMOCTH CTEIEHHOTO
pAlla, HA3bIBAIOT pa3yioKeHUEM S(X) B CTETICHHOU Psifl.

Jlig cTENEeHHBIX PSAIOB CIIPaBEAJIUBBI CIEAYIONINE YTBEPHKICHUS:
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Teopema 1.

CreneHHOU psiJl B UHTEPBAJIC €r0 CXOIUMOCTH MOXHO MOWICHHO mudde-
PEHIIMPOBATh HEOTPAHWYCHHOE YHCIIO Pa3, MPHYEM IOYyYAIONIHecs MPU ITOM
CTETICHHBIC PSIbI UMEIOT TOT K€ PAIUyC CXOJAUMOCTH, YTO U UCXOIHBIA Psill, a
CYMMBI UX COOTBETCTBEHHO paBHbI S'(X), S (X), ... , S™(x).

Teopema 2.

CreneHHON psAJ MOKHO HEOTPAaHUYEHHOE YHCIIO Pa3 MOYJIEHHO UHTErPU-
poBathk B mipeaenax ot 0 mo x, ecnm xe(-R; R), mpuyem momydarommecs npu
STOM CTETEHHBIE PSAObl UMEIOT TOT K€ PAINyC CXOAMMOCTH, YTO M HCXOIHBIN

X X X
P, @ CyMMBI X COOTBETCTBEHHO PaBHBI '[ S(x)dx, J( J. S(X)dX] dx, K .
0 0NO

1.11.3.2. Paznoscenue Qhynkyuii 6 cmenenHsle paovl

[Tycte nana ¢pyuknus f(x), KoTopyro TpeOyeTcst pa3ioKUTh B CTETICHHOU
psin, T. €. IPEICTaBUTh B BUJIC
f(x)=ap+ax+arx" +...+ta,x"+... (11.1)
3amaga COCTOUT B ompeaesieHuu kodpdumuenton a, (n=0, 1, 2, ...) psaa
(11.1). Jns atoro mponuddepeniupyem pasenctso (11.1) mounenno, mociemno-
BaTEIILHO TIOJTyYacM:

f/(X)=1xa, +2xa,Xx+3xa, x> +..+nxa x"" +...
f"(x)=1x2a, +2x3a,x+ K(n—1)xna,x"? +...
M
fM(x)=1x2x3x...x(n=2)x(n-1)xna, +...
[Tomaras B 3Tux paBenctBax (11.2) x=0, Haiinem
f(0) = a0, £(0)=ay, £(0)=2!xa, £(0)=3!xas, ..,
f(x)=1x2x3x...x(n2)x (n-1) x n a;=n! x a.

o), _10), _f70) 1)

T T 3 7o n!

(11.2)

Torma a, = f(0),a, =

9 see

[ToncraBnsisi 3HA4YEHUS HaMIEHHBIX KOX(PQUIMEHTOB a, B PABEHCTBO
(11.2), monyuum

' " m (n)

f(x)= (0)+ f (O)X+ f (0)x2 + f (O)x3 +ot f (0)x“+... (11.3)
Il 2! 3! n!

310 paznoxxenue GyHKuH f(X) B psix Ha3pIBaeTCs psAAoM MakiopeHa.

IIpumepsl.
1. Pa3noxuts B psit Makiopena GyHKIHIO €.

Haiizem npomssommbie (¢)™ = ¢, mostomy npu x=0 wuMeeM
f(0) = £(0) = ... = {(0) = ... = 1. Tloxcrasisis ot 3HaYeHUs B popmyiy (11.3)

IMOJIyYHNM MCKOMOE€ Pa3JIOKCHHC
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2 n

e :1+§+X—+...+X—+...(11.4)
2 n!

DTOT psAZl CXOAUTCS HAa BCEH YMCIOBOM NpsiMoid R=co.

2. Paznoxuts B pan Maknopena ¢ynkiuro f(x) = sin x.
f(x) = sin x, f'(x) = cos x, f'(x) =- sin x, £ (x) = -cos x, f' (x) = sin x.

Tak kak MPOU3BOJHAS YETBEPTOTO IMOPSIAKA COBMAAAeT ¢ (QYyHKIMEH, TO
MPOM3BOJIHBIC CJICAYIOUIMX TOPSIKOB MOBTOPSIOTCS B TOH K€ MOCIIEI0BATEIBHO-
ctu. Haiinem 3HaueHust pyHKIUMM U ee TPOU3BOAHBIX MpHU X=0:

f(0)=0, £ (0)=1, £(0)=0, f(0)=-1, f¥(0)=0, ....
[TosTomy psim Maknopena mist pyHknuu f(X) = sin X uMmeeT BUT

3 5 2n-1
sinx=>-2 4 X )X aLs)
o3 s (2n-1)
AHaTOru4YHO
2 4 6 2(n-1)
cosx=l—X—+X——X—+...+(—1)”71—X +
20 4 6 2(n-1))

MoskHO noka3ath, uTo psaasl (11.5) u (11.6) cxoasTcs Ha BCel YUCIOBOM
IIPSAMOM.
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1.12. InddepeHuunajbHbie ypaBHEHUS

OOBIKHOBEHHBIM U (EepEeHITNATFHBIM YPAaBHEHUEM N-TO TOPSIKa Ha3bIBa-
dy d’y d%y
dx’dx*” "7dx"
ypaBHEHHUE, COJeprKaliee HEU3BECTHYIO, a CJIEIOBAaTEIBbHO HMCKOMYIO (DYHKIHIO
y=y(X) 1oJ 3HaKOM MPOU3BOAHON Win auddepeHnnana n-ro nopsaKa U Apyrux
nopsAKOB k<n.

ercst BeIpakeHue Buaa f(x,y,yy", ... ,y™)=0 wm f(x,y, )=0, TO ecTb

, d
[pumep. y'=f(x,y), d—i=f(x,y)

Hcxons wu3 onpeneneHus nudepeHNaTbHOr0 ypaBHEHHS CIEAYET, YTO
€ro MOpsI0K PABEH MOPSAIKY CTapIlIe MPOU3BOJHOM, COAECPKAIICICS B HEM.

Crenenpio auddepeHnnanbHOro ypaBHEHHsI Ha3bIBAETCSl CTENEHb CTap-
1€ IPOU3BOJHOM, CONEPKALLEHCS B HEM.

Hpumep. (y")+(y')’=x" - a0 nuddepenrmansioe ypaBHEHHE TPETHErO
MOpsiIKa, BTOPOU CTETIEHHU.

Pemennem nuddepenmanbHoro ypaBHeHus: Ha3bIBaeTcs M00as GyHKIus,

KOTOpasi OyIy4H MOJICTaBJIEHa B 3TO ypaBHEHHE, OOPAIIaeT ero B TOXKIAECTBO.
2 2

— X X
IIpumep. y'=x Y= - peleHue, y:7+c - TOXE.

[Tponetypa oThICKaHUs pelICHHsI, HA3bIBACTCS MHTETpUpoBaHueM audde-
PEHIMAIBHOTO YpaBHEHUSI.

Ecnm 3amauy 00 oThICKaHWHM BceX pemieHuil auddepeHnaibsHoro ypas-
HEHMS YJAeTCs CBECTU K BBIUMCIIEHHIO KOHEUHOTO YHCJIa WHTETpajoB U MPOU3-
BOJIHBIX OT M3BECTHBIX (DYHKIMH U K anreOpandeckuM ONeparysivM, TO TOBOPST,
YTO ypaBHEHHE UHTETPUPYETCS B KBAJpaTypax.

IIpumep. YpaBHeHue y'+y2=X°‘ uHTErpupyetcs npu o=-4n(2n-1), rae n-
LIEJI0€ U 0=-0, BO BCEX OCTAJIbHBIX CIIy4asiX HE UHTEPUPYETCH.

1.12.1. 'eomeTpuueckasi unTepnperanus auddepeHnuaIbHbIX YPABHEHUH

[Tycte y=y(x) ecTh pemienue ypaBHeHus y'=f(x,y). ['‘eomeTpuuecku 310
3HAYUT, YTO B NPAMOYTOJILHBIX KOOpDAMHATAX KacaTelbHas K KPUBOU y=Y(X)
HMEET B KaXIOM JIekKalled Ha HEHM TOYKe

M(x,y) yrinoBoii kodpdunuent k=f(x,y). Ta-

y
AN AAAA AL A4 KOM 0DOpas’oM, HAXOKICHHE pELICHHH y=y(X)
AA A A 447 f g TCOMCTPHUCCKH CBONMTCH K Takoii sajaue: B
A7 A 7 A 2 2  KaKzol TOUKe HEKOTOPOH 06MacTH HA MIOCKO-
7 A7 5 = .2 >~ _ CTU 3ajaHo "HanpapieHue", TpeOyeTcs HalTH

— — X v o
0 c=l BCE KpHUBBIE, KOTOPBIC B 1000 CBOeH Touke M

vrrrekycs, £ WMEIOT HalpaBJICHUE, 3apaHee COMOCTABICHHOE
A vV / VB oroit Touke. Ecmm bynkus f(x,y) Hempe-
VUV YL vy PBIBHA, TO 3TO HANpPaBICHUEC MEHSCTCS TIPH Tie-

VAV v pememennn Toukn M HEHPEpBIBHO, U MOMKHO
=0 =1 HAIJSIHO M300pa3suTh IOJe  HANpaBlICHHIA,

Pue. 1 npoBoasA B AOCTATOYHO GOHBI_HOM YUCJIC 40CTa-

TOYHO TyCTO PACHOJOKEHHBIX IO BCeil pac-
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CManHBaCMOﬁ 00/1aCTH TOYEK KOPOTKHUC YCPTOYKU C 3aJaHHBIMU IS 3TUX TO-
YCK HAIIPABJICHHUCM.

2

Ha puc. 1 aT0 BbINONIHEHO Ui ypaBHEHUs y'=y~. PucyHok mo3Bosser
cpa3y MpeacTaBuUTh cede, KaK JTOJKHBI BBITJSACTh IpadUKU pelieHus - HUHTEe-
CpaJibHbIE KpUBbIE. BhIUnCIEHNE OKA3BIBAET, YTO PELICHUE JAaHHOTO YPaBHEHUS

1
€CTb YpaBHEHHME y=_—. Ha puc. 1 BblYepueHbI HHTErPAIbHBIE KPUBBIE, COOT-
-X

BETCTBYIOIIME 3HaUeHUsAM mnapamerpa ¢=0 u c=1.
1.12.2. O0mmii ¥ YacTHBIH MHTerpaJbl. O0ee U YaCTHOE pelIeHus!

PaccMoTpuM HekoTOpYIO QYHKIHIO Y=((X,C), TA€ C €CTh HEKOTOPBIi Ia-
pameTp WM Npou3BosibHas noctosHHas. Haiinem nuddepenuunansuoe ypaBHe-
HHUE, KOTOpoMy d3Ta (yHKIHs ynoBieTBopsieT. C 3TOH LEeNbi0 BO3BMEM IPOH3-
BOJHYIO OT (PyHKIIMU Y, TOTYIHM

y'=0'(X,c).

Ecnu B 9101 oniepanuu OyaeT HCKITIOYEHO C, T.€. TIOITy4aeTcs
YA,

TO 3T0 U OyneT auddepeHnrnanbHbBIM ypaBHEHHEM IIEPBOrO IMOPSAIKa, pas3pe-
IIEHHBIM OTHOCHUTEIBHO IPOM3BOIAHOM, a y=@(X,C) SIBISETCA €ro pPEHICHUEM;
OYEBH/IHO, B 3TOM CIIy4yae 3aBUCHMOCTb y OT C JIMHEHHa, T.€.

y=o(x)tc.
Ho nomyctum, uto B @'(X,c) cogepxkurcs c. Torna BeipakeHne y'=¢'(X,c) HElb3s
Ha3BaTh U PepeHInaTbHBIM ypaBHEHHEM (BBULY HEONPEACICHHOCTH C) 10 TeX
op, TTOKa 13 BBIpAXEHUS y'=@'(X,C) HE UCKIIOUUM C.

Jljiss 5TOrO paspemuM ypaBHEHUE y=((X,C) OTHOCHUTENIBHO C: C=Y(X,C).
DTO BO3MOXKHO, e€ci PYHKIUSA ((X,C) IMEET OTIIMYHYIO OT HYJISI TIPOU3BOIHYIO
1o ¢ (110 TeopeMe O CyIIECTBOBAaHUH 00paTHON (hyHKIUN), T.€.

g vy = 0P
Pxy)= 3 #0.

[Tycth 3TO ycOBUE BBINOJIHEHO, TOT/AA, MOJCTABUB C=\/(X,C) B BBIpaXKe-
HUEe y'=0'(X,c), momydum y'=¢'(x,y(X,c)) - uckomoe nuddepeHnuaibHoe ypaB-
HEHME, pelIeHueM KoToporo Oyner y=¢(x,c). Utak, pyHkius, 3aBucsmas ot
OJIHOW MPOMU3BOJBHOMN MOCTOSTHHOU Y=((X,C), TOT/Ia SBJSAETCS OOIIMM PEIICHHEM

0
T QepeHINaIbHOr0 ypaBHEHHsI, KOT/Ia BBIIIOJIHEHO YCIIOBHE: a—(P;tO. CroBo
c
"oOmee" o3HAYaeT, YTO BCE YACTHBIC (DYHKIIMH, YAOBICTBOPSIONINE YPAaBHEHHUIO
y'=0'(X,y(X,c)) MOTYT OBITH MOJyYeHB! U3 PYHKLUUU Y=((X,C) NPUAAHUEM C OII-

pElEICHHBIX 3HAYEHUH.

[Tycts nana HesiBHas (yHKIMS OJHOIM mepeMeHHOH y(X,y,c)=0, comep-
XKalasi OJHy IpOHM3BOJIbHYIO nepeMeHHyto. Haiinem nuddepennumansHoe ypas-
HEeHHe, JUTsl KOTOPOTO 3Ta HesBHAas (yHKuMs Oyaer pemieHuem. st 3Toro mpo-
mudpdeperimpyeM Y(x,y,c)=0. Homyunm i (X,y,0)+y'y|(X,y,c)=0. Paspemas
y(x,y,c)=0 oTHOCHUTENPHO C=A(X,y) ¥ BCTaBIsiA €ro B ypaBHEHHE
V(X,y,0) Ty Wi(X,y,c)=0, noiydnm uckomoe nuddepeHipaibHoe ypaBHEHHE

V(XYM Y)Y W (XY, M(X,y))=0
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Pemrenue nuddepeHnmanbHOr0 ypaBHEHHs TIEPBOTO TOPSIIKA, 3alyCcaH-
HOe B BUAE Y(X,y,c)=0, 3aBHUCsIICe OT MPOU3BOJIHHOW TMOCTOSHHOM, SIBIISICTCS
o0mmMM MHTErpajgoM. PaccMOTpuM Tereph HEsBHYIO (YHKIMIO OT OIHOH Tepe-
MEHHOH M N MIPOU3BOJILHBIX MOCTOSHHBIX

W(X,Y,C1,C2, ... ,Cn)=0 (*)
[Tonyunm muddepeHnmnanbHoe ypaBHEHHUE, I KOTOpOro 3ta GyHKIus OyaeT
pemenueM. Jlomyctum, 9to WY(X,Y,C1,C2, ... ,Cn) UIMEET MPOU3BOJHBIC IO TEpe-

MEHHBIM X, Yy, n-ro nopsaka. Juddepenmupys y(X,y,c1,c2, ... ,€,)=0 n pas, moiy-
YUM

Ny g
2 %
o’ Zh o Zh
L2 Sy ey L (y) =0 ()
2 XY 5 x
CV oy Y _g
X" 1%
Paccmotpum coBmecTHO BhipaxkeHHS (*) u (**). OOBSBUM B 3TUX BBIpa-
KEHUSIX HEU3BECTHBIMHU Ci,C2, ... ,Cn. TOrAA (*) M (**) cocTaBiAOT cucTeMy n+1

YPaBHEHHH, U3 KOTOPBIX MOYKHO MCKIIIOYHUTh N IPOMU3BOJBHBIX MOCTOSHHBIX. B
pe3yJbTare MOoJIyYuM ypaBHEHHE N-TO MOpsIKa

F(x,y,y.y", ... ,y(n))ZO.

Bripakenue (*) siBisieTcss OOIIMM HHTETPAJIOM 3TOTO ypaBHEHUs. DyHK-
s (*) Ha3pIBaeTCsl OOIMM MHTErpajioM YpaBHEHHUS TOrja, Korja Mocjie n-
KpatHOTO U depeHInpoBaHrs 00pa3yeTcsi CHCTEMa KOHEUHBIX YpaBHEHUH (*)
u (**), JOMyCKarolas CylleCTBOBaHNUE €IUHCTBEHHOT'O PEIICHMS AJIS MOCTOSH-
HBIX C1,C), ... ,Cn. ECIIH (*) MOXHO pa3pemuTh OTHOCUTEIBHO Y=((X,C1,C2, ... ,Cn),
TO MOJIy4YUM O0Illee pelIeHUue YpaBHEHUSI.

YacTHBIM HHTErpajioM WM YaCTHBIM pellieHueM AudQpepeHnnanbHOro
ypaBHEHHS Ha3bIBAETCS OOIIMI WHTETrpan WM o0lee pelieHue, Uisi KOTOPBIX
yKa3aHbl KOHKPETHBIE 3HAYEHUS MPOU3BOJIbHBIX MOCTOSHHBIX. [[1s1 onpeneneHus
MIPOU3BOJIBHBIX IMMOCTOSHHBIX HEOOXOAMMO 3a7aTh CTOJBKO YCIOBHH, CKOJBKO
MOCTOSTHHBIX. DTHU yCIIOBUS BKJIIOYAIOT 33laHUE 3HAUYEHUS (QYHKIUH U €€ IPOou3-
BOJIHBIX B OMNpENENeHHON Touke. Tak st ypaBHEHUS n-TO MOpsaKa He0OX0au-

MO 3aJaTh

i S — ! n- — +,(n- _ @D
y(XO)ZY/)FXOZYO’ y (XO)_Y/X:XO_YO’ et y( 1)(XO)_y( 1)/x=x0_yo

Yucna X,,Yg, Yo - » Y Ha3BIBAIOTCS HAYANBHBIMU 3HAYCHUSAMH, 3TH
PaBEHCTBA - HAYAIILHBIMU YCIIOBHSAMH.
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1.12.3. Teopema 0 cynmiecCTBOBAaHUH M €JHHCTBEHHOCTH pPeLICHUSsI
augpepeHIHATBHBIX YPABHEHHUH EPBOro M N-I0 NOPS/AKA

Ecmu nuddepenmansioe ypaBHEHHE Pa3pelIUTh OTHOCUTEIBHO — €Tro
CTapIlell IPOU3BOJHON, TO MOJIYYEHHOE YPABHEHUE HA3bIBACTCS pa3peLICHHBIM
OTHOCHUTEJIBHO CTapluell Mpou3BOAHOH. PaccMoTpum ypaBHEHHE MEpBOro Io-

panka y'=f(x,y). (1.1)

Ay ITycts pynkums f(x,y) ompenenena B He-
KOTOPOU OTKpBITOM ob6sacth D miockoctH Xoy
(Puc. 1) u y=¢(x) ectb peuienue ypaBHeHus (1).
D Torma obnacte ompeneneHus (QyHKIUA y=@(X)
/ M(Xo.y0) X JOJKHA MpUHaAnexatb obmactu D u ObITh B Hei
muddepennmpyemoii. Ilycts B D nana touka M ¢
KOOpAMHATAMH Xy, Yo, Takas, 4To y(Xo)=yo. Crta-
BUTCS 3a/aya: HaWTU YyCJIOBUS, HajaraeMble Ha
Puc. 1 ¢bynkuuio f(x,y), npu KoTopbix ypaBHeHHE (1)
HMEET PELIEHHUE, YIOBIETBOPAIOIIEE HAYaIbHOMY
yCIOBHUIO Y(X0)=Yyo. Takas 3amaua Has3biBaeTcs 3agadedi Komm. Pemenue stoit
3a7]a4 ONPEACIISIETCS CAEAYIOIEH TEOPEMOI.

S

y=9(X)

Teopema. Ecim ¢ynkmus f(X,y) onpeneneHa u HenmpepbiBHA B 00J1acTH

. . . . of
D BMecTe co cBoei yacTHOM IMPOU3BOAHOU 110 HCU3BECTHOU (I)YHKI_[I/II/I Y, =—, TO

ay

JUTSL BCSIKOM Touku M(Xo,Yo), TpUHAIeKamIe obmactu D B HEKOTOpO#t OKpecT-
HOCTH TOYKH M, CyIecTByeT €IMHCTBEHHOE pelieHue y=@(X) ypaBHeHwms(1),
yJIOBJICTBOPSIONICE HAYaIbHOMY YCIOBHIO

Y/x:xu = YO: (P(XO) .

I'eomeTpuuecky 3TO 03HAYaET, YTO MPH BBITOJIHEHUHU YCIOBHM TEOPEMBI
yepe3 KaXIyl0 BHYTPEHHIOI TOYKY 00jacTH D MpoXoauT eIUHCTBEHHAs MHTe-
rpajibHasi KPUBAsl.

Cdhopmynupyem Tenepb TeopeMy AJIsi ypaBHEHHs N-TO MOpsijiKa, paspe-
LIEHHOT'O OTHOCUTENBHO CTApUIEH IPOU3BOJIHON

Y=Yy Ly oy ) (12)
C HaYaJIbHBIMHU YCJIOBUSAMU
. ENCE)
Y/x=x(,:yw y’/x=x0:yz)’ et y( 1)/x=x(,_YO (13)
Teopema. Ecmu gynxumst f(x,y,y.y", ... .y ), 3aBucsimas ot n+1 mepe-
MEHHBIX: X,y,y.y", ... ,y(n' ) olpelielieHa M HempepbiBHA B HeKoTopod (n+1)-

MEpHOM  OTKpbITOM oOmactu D BMmecTe CO CBOMMH MPOU3BOJHBIMHU
of of of . of

8y’ 6yn 6yu3 L] ay(n_l) °
Hajanexamed obmactd D B HEKOTOpPOMl OKPEeCTHOCTH TOUYKM M, cyliecTByeT

TO I BCAKOM TOUKH M( XY, Voo Yon - » Y*)), TpH-
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eIMHCTBEHHOE pemeHne y=@(x) ypaBHenus (1.2), yIOBIETBOpSIONIEE Hadallb-
— — A1) — -1
HeM yenoBusm (1.3), mpuueMm y,=@(X,), Yo=0'(X,) - » Yo V=0 (x,).
YCI0BHUs, HaKIaJbIBaeMbIe B TEOPEMAX Ha MpaBble YaCTH yPaBHEHHMI
(1.1) u (1.2), AOCTAaTOYHBI KaK JUIS CYIECTBOBAHMS, TaK U Il €MHCTBEHHOCTH
pelienuii ypaBHeHuii. J[11s CyIecTBOBAHMS PEIIEHUs JOCTATOYHO MOTPEOOBATh

OrpaHUYeHHOCTH npousBoaHbIX f), {7, .., fy’(n,l) B OTKpBITOH oOmactu D. Teope-

MBI IPUMEM 0e3 J0Ka3aTcIbCTB.

1.12.4. UaTerpupyembie TUIIbI AU PepeHInaIbHbIX
YPaBHEHHI NePBOro MOpsiAKa

PaccMoTpuM ypaBHEHHE IIEPBOr0 MOPsiIKA, pa3peIEHHOE OTHOCUTEIBHO
IIEPBOM MPOU3BOIHOM:

y=fxy);  x=q(x.y), 2.1
r7ie Heu3BeCTHOU saBnseTcs PpyHkuus y(x) (aubo x(y)), a U3BECTHOU SABISAETCS
bynkuusa f(x,y) (6o q(x,y)). YuutsiBasd, qToy':j—z, a X'Z%, U Tonaras

P(xy)

BO3MOXHBIM TpeAcTaBuTh f(X,y) mwin q(X,y) B BUAE - , ypaBHeHue (2.1)

Q(xy)
MO>KHO 3aIMcaTh B CHMMETPUYHOU (opme
P(x,y)dx+Q(x,y)dy=0 (2.2)

Ecmu B atom ypaBHenuu P(X,y) u Q(X,y) MOXHO NpeACTaBUTHh B BUJEC
P(x,y)=N(x)R(y) n Q(x,y)=M(x)K(y), To ypaBHeHue (2.2) 3anuchIBacTCs KaK

N&)R(y)dx+M(x)K(y)dy=0 (2.3)

3TO ypaBHEHHE HA3bIBAETCSl YPABHEHUEM C Pa3/ie/ISIIONUMHUCH Tepe-
MeHHbIMU. MeTtop ero pemieHus: pasaenuB (2.3) Ha mpousBenenne M(x)K(y)
MOy YUM

Nx) ;. . K@)
dx+ dy=0 24
M) TR ¢4
VYpaBHenue (2.4) Ha3bIBaeTCs ypaBHEHHEM € pa3JeJIeHHbIMH Iepe-
MeHHbIMH. Omnepauus neneHust ypaBHenus (2.3) Ha mpousBeaenue M(x)R(y)
Ha3bIBACTCs pa3/iesieHHeM NepeMeHHbIX. MHTerpupys (2.4), nmomyuum oOuuii
UHTErpal

J.N(X) dx+J-K(Y)dy=c

M(x) R(y)
ucxoaHoro ypasHenus. [Ipu nenenun (2.3) na npoussenenne M(x)R(y), MoxxHo
MOTEPSATh HEKOTOPHIE PEIICHMSI, KOTOPBIC MOIYYAOTCS U3 YPaBHEHUS

M(x)R(y)=0
Omnpenensist U3 3TOr0 ypaBHEHUS pelieHus: y=@(X), clie[yeT MPOBEPUTh, SABIISCT-
Csl U OHO pelieHueM ypaBHeHus (2.3). Ecnu He sBnsieTcs, ero cieayeT oTopo-
CUTB, & €CJIH SBIISICTCS, TO TIPOBEPHUTH, BXOJUT  JIM OHO B OOIIMI WHTETpall.
Ecmm
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BXOJIUT, TO OHO €CTh YAaCTHOE pEIICHHE, a €CIIK He BXOJUT, TO 3TO pellleHue Ha-
3BIBAETCSI 0COOBIM.

[Ipumep. Pemuts ypaBuenue y(x+1)dx+(y-1)xdy=0.
Pemenwue. Pa3znenum ypaBHeHNE HA TPOU3BEACHUE XY, TOTYUUM:

X—Jrldx+y—+1dy=0; dx+d—X+dy+d—y=0.
X y X y

WuTterpupys noayduM oOLIMiA HHTErpal

x+In[x[+y+In|y|=c;
In|xy|+x+y=c.
B stom ypaBaennn M(x)R(y) umeet Bun xy=0. Ero pemenus x=0, y=0

SBIISIETCS PEIICHUSIMU UCXOJHOTO YpaBHEHUS, HO HE BXOAUT B OOIIMN MHTETpal.
CnenoBarenbHo, petieHus x=0, y=0 sSBIsieTCSI 0COOBIMH.

1.12.5. OgHopoaHbie ypaBHeHHSA

Oyuknwus f(X,y) Ha3pIBaeTCd OAHOPOTHON CTENEHU M, €CIIH ISl JIF0OBIX
X, Y 1 t>0 BBITIOJHAETCSI pABEHCTBO

f(tx,ty)=t"f(x,y)-

Ecmu ¢pynkunn M(X,y) u N(X,y) 0JHOPOJHBIE OHON U TOH K€ CTENECHH
m, To nupdepennnansHoe ypaBuenue M(x,y)dx+N(x,y)dy=0 Ha3bpiBaeTCst 0HO-

dy .y LY
dx—(p(x) W pemaeTcsl MoJICTaHOBKOM X—u

WM y=UX, d—y:xd—u+u . Torna xd—u+u:f(u) W d_u:d_x CnenoBateib-
X f(u)—u x

dx d dx

ponHbiM. OHO MPUBOJIUTCS K BHIY

du
I f(u)—u

HO, In , TJC c#0 - IMPOU3BOJIbHAA MMOCTOAH-

X
C

:If(l?% (c#0) mmm x=c-e

Has.

Hpumep. (x*+y*)dx+xydy=0. JlaHHOE ypaBHEHHE SIBISICTCS OXHOPOJ-
HBIM, TaK Kak (yHKImH M(X,y)= x*+y%, N(X,y)=Xy OIHOPOIHbIC CTEIeHH m=2.
Cnenaem 3ameny y=ux, dy=udx+xdu. Torma ypaBHeHHME mepenuuIIeTCs Tak:
(x*+u’x?)dx+x u(udx+xdu)=0 wm (1+2u?)dx+uxdu=0.

Pa3nensis nepeMeHHbIe, TOTYy4YUM

C
Y1+2u?

4.2 4 4 2

dx_  udu

_udu X
X 142u¥

__l 2 =
In o= 4ln(1+2u ), X

Tak kak y Hac u=% , 10 X* =#{(2y2, 2y’ +x° =%, y=+ %—% :
PaccmoTpumM Gonee obiiee ypaBHEHHE YeM g—z:f(%) , @ UMEHHO
dy _ gy
) (2.5)
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. d u
Ero MOXHO penuTh MoJACTAHOBKOH y=X"u, d—y— n I
X X

n-1 nd_u_ n-1
nx" u+x X f(u)
.d

X d—i:x“‘l(f(u)—nu)

du _dx
f(u)—nu_ X
v du

(c;tO) x=ce W™

rae c#0 - mpou3BOJIbHAS TTOCTOSIHHAS.
[Ipumep. y'=Ax"+By" (2.6)
y'=x"(A+BY)=x"(A+B(-)™).
X <
OT0 ypaBHEHHE €CTh YaCTHBIN citydai (2.5), ecnu n+1:% 2.7)

VYpasuenue (2.6) npu n=-2 u m=2 (ycioBue (2.7) BbIIOIHEHO) UMEET BU]]

d_y_ -2 2
x =Ax"+By

du
f(u)—nu

U €r0 pelIeHre MOXET ObITh HalJeHO 1Mo Gopmyse x=ce
nenust (2.5), rae f(u)=A+Bu’, n=-2+1=-1.

, pelleHus ypas-

ITonyueHHOE ypaBHEHHUE €CTh YaCTHBIN Cilydall ypaBHeHUs PUkaTTu
y'= By +R(x),

KOTOPOE€ MHTETPUPYETCs B KBAJAPATypax TOJbKO B UCKIIOUUTEIBHBIX CIIydasX.
MbI 1oKazanu, uto npu R(x)=Ax” ypaBHeHHe PHUKAaTTH pelaetcs B KBaJpaTy-
pax. OrMmeruM, yto npu R(x)=const ypaBHeHHe PukaTTu sBIsSeTCs ypaBHEHHEM

¢ pasuensiommmucs nepemernbiMi. Ecin R(x)=Ax" u a=q, = (k e-

4
2k-1
JI0€), TO MOJCTAHOBKA

1 2 X a3
——=xV(X)+=, z=x*"" (n>1
o(2) yx)+g (n=1)

MPUBOJIUT ypaBHEHUE PukarTu k BULYy
A B -
' 2 oy -1
— - — VAL
? o, +3% o, +3

IlocnenoBarenbHO NPUMEHSS 3Ty MOACTAHOBKY, MOYKHO MCXOAHOE ypaB-
HeHue cBecTH K cirydaro oy=0 (R(x)=const).

o, +1
Ecau e n<l, TO moacTaHOBKa Y )—zch(z)+ kA z, z=x*"' mpuBoaur

ypaBHEHUE K BULY
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, A

(p — 2, B Zotk+1.

o, +1" o+

[IpumeHsiss 3Ty MOJCTAHOBKY HEOOXOAMMOE YHCIO pa3, Mbl CBEIEM
ypaBHeHue Pukartu k ciydaro o0=0. Bo Bcex npyrux ciydasx ypaBHeHue Pu-
KaTTH HE pelaeTcs B KBaJpaTypax.

Ipumep. Pemmuts ypasuenue xydy-(x*+y?)dx=0. Umeem

dy x*+y> X4(1+(%)2) _X1+(>Z]2)2
dx  xy oY y
x> X2

OTO ypaBHEHHWE €CTh YaCTHBIM ciaydail ypaBHeHus (2.5) mpu n=2
fluw)=(1+u’)/u.

1.12.6. YpaBHeHHs1, IPUBOAMMBbIC K YPABHEHUSIM € OTHOPOAHON (pyHKIMeil

OOwmii BU TakuX ypaBHEHHUH CIETyOLIHi

dy . ax+by+c
dx_f(a1x+b1y+cl) -1)

PaCCMOTpI/IM HCCKOJIBKO CJIy4YacB

1. Ecou c¢=¢;=0, To umeeM ypaBHEHHE C OAHOPOJHON (DYHKITMEH U €ro MOXHO

pELIUTh METOJIOM, M3JI0KEHHBIM paHee. Eciu u:%, TO ypaBHEHHE Ipeodpa3y-

, a+bu
€TCs B YpPaBHEHHE U x+u=f(a b u) , KOTOpO€ SIBISIETCS YPaBHEHHUEM C pasjie-
1 1
JISIFOIIMMUCSI TIEPEMEHHBIMHU.
2. Ilycrts ¢, ¢;#0. [Tonoxum
x=x;+h; y=y1tk, (3.2)
rae h u k - mocrosiuubie. YuuteiBas, yto dx=dx; u dy=dy; %:% MOKHO 3a-
1
MHCaTh
%—f ax,+by,+ah+bk+c )
dx, ‘ax+by,+ah+bk+c,
h+bk+c=0
[Ton6epem h u k Tak, 4T00OBI glh+b1k-(i-:01:0 (3.3)

Torna ypaBaenue (3.1) nepexoaut B ypaBHEHUE

b
ax +by,

% _ o ax;+by,
dx, f(

KOTOPOC peIacTCs HOHCTaHOBKOﬁ yYi=Xu.

3. W3noxeHHBIN METOJT HE MOAXOUT, €CIIA ONPEACTUTENb CUCTEMBI (3.3)

a b|_
a; bl‘_o
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. a, b
PaccmorpuMm 3TOT citywaid, 0003Ha4MB ?1:# A; a,=al; b,=bA, ypaBHeHue
(3.1) 3anumiercs B BUIE
dy . ax+by+c

dx (X(ax+by)+cl) '

DTO ypaBHEHHE CBOJUTCS K YPABHCHHUIO C Pa3CIAIONIMMUCA TEPEMCHHBIMH
MOJICTAHOBKOW z=ax+by.

HpI/IBe,I[eHHBIe onepanr reoMEeTpUICCKU O3HAYAKOT CIICAYIOLICE: YUCIIU-

ax+by+c

TeJIb ¥ 3HaMeHartenb B QyHkuuu f( ) MOYKHO paccMaTpuBaTh Kak Jie-
ax+b,y+c,

BbI€ YAaCTU YpPaBHEHHMH MNPSMBIX B IUIOCKOCTH, KOTOpbIE JIMOO IEpeceKaroTcs

(ompenenuTens He PaBeH HYIIO):

g E ‘;tO, 7100 TapajuiebHbl (OMpeaeIuTe b
1 1

paBeH Hymo). [loacranoBka(2.3) reoMeTpuvecKy O3HAYAeT IapasuIeIbHbBIN T1e-
PEHOC CHCTEMBI KOOPIWHAT, YTO IO3BOJISICT MEPEHECTH Havallo KOOPIWHAT B
TOYKY MEePECEUCHUS PSIMBIX.

[pumep. (2x-y+3)dx+(x+y-1)dy=0
3anuiuem ypaBHeHue B popme (3.1)
dy -2x+y-3
dx  x+y-1 (3.4)

-2 1
11
BaTeIbHO ypaBHeHHUe (3.4) oTHOCUTCA K ciry4aro 2. BBeneM HOBbIE IEpEeMEHHBIC
X] U 'y| Tak, 4to x=x;+h; y=y;+k. Teneps 3anumem ypaBHenue (3.4) B Buze
dy, _-2x,+y,—2h+k-3

dx, B X, +y, +h+k-1 (3-5)

3neck a=-2; b=1; ¢=-3; a;=1; b;=1; ¢;=-1. Onpegenurens =-3#0. Cneno-

Cucrema (3.3) nns ypaBueHus (3.5) crnenyrormas: {ﬁihktli;gzo . Orcrona
2.5 dy, _—2x+y,
h=- 3 k= 3 . YpaBHenue (3.5) MOXKHO 3anucath B BUIC —— FFaa—— (3.6)
[Monoxum y;=ux;, Toraa S—Zi g—:Xﬁu; %zi—j [TogcraBUM MOTyYCHHBIE
pe3yabTaThl B (3.6):
du % 1= u—2
dx1 u+l
_u=2 X s
Paznenum nepemeHnHbie dxlxl_u+l » 2 +2d = X . Haiinem
u+l u 1 u
= du+ ——1 *+2|+—=arctg—
J.u2+2 e —[u 242 nju’+2 N/ RN 3
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5
w22+ —Larcte L _ _yi_y-k Y73 3y-5
CreioBaTenbHO, 2ln(u +2)+ ﬁarctg ﬁ+ln|x2c|—0, HO u_xl_x—h_x+g_3x+2'
3
[Mocne 00beaUHEHKs TIEPBOrO U MOCIEAHEro JorapudMoB HOIyduM 00-

U nHTErpan ypasHenus (3.4)

In c(x+%)\/(3y—5)2(3x+2)‘2+2 +—Larcrg—Y=3

LYy Y

1.12.7. YpaBHeHus B NOJHBIX Au(pdepeHnnanax

Boipaxxenue Bunma P(x,y)dx+Q(x,y)dy Ha3bIBaeTCsi MOJHBIM (TOUHBIM)
muddepeHIranoM, eciiu CymecTByeT GyHKIus u(X,y) IBYX MEPEeMEHHBIX, s
kotopoit du=P(x,y)dx+Q(x,y)dy.  (4.1)

VYpasuenue P(x,y)dx+Q(x,y)dy=0, (4.2)
B KOTOPOM JIeBasi 4acThb €CTh MHOJHBIN IuddepeHan HeKoTopo (HyHKIHH
u(x,y), Ha3bIBACTCSl YPABHEHUEM B MOJHBIX UG depeHIanax.

Ecnm neBas dacte ypaBHEHHS €CTh NOJHBIN nuddepeHnuan GyHKIUA
u(x,y), To (4.2) moxkno 3anucats du=0. Perennem 3TOro ypaBHEHUs SBISETCS

u(x,y)=c.

Jlia cymiectBoBaHus perieHus y=y(X) ypaBHeHus (4.2), COOTBETCTBYIO-
IETO HAaYaJIbHBIM 3HAYCHHSM X, Yo, HEOOXOIUMO TI0 U(X,y) UMETh BO3MOXKHOCTh

onpeAenuTh HessBHYI0 (QyHKIHUIO y(X). s aToro Heobxoaumo %io pH X=Xy,

y=Yo. YUUTHIBasI paBEHCTBA du:@deJr@ydy u (4.1), umeem

0 0
ou ou
P ==; = 4.3
(sy)=g Quey)=5 (43)
Jis Toro, uto6b! Beipaskenue (4.1), rae P(x,y) u Q(X,y) - HelpephIBHbIC
(GYHKITUH IBYX TIEPEMEHHBIX, BMECTE C YaCTHBIMU MTPOU3BOTHBIMH aa—gn%) B UX
obmelt yactu obnactu onpenenaeHus: D, 6pu10 moaHbIM auddepeHImaiom, Heoo-
0Q_oP
XOJIMIMO ¥ TOCTATOYHO BBITTOJHEHUE YCIIOBHUS ax oy (4.4)

JlokaxeM HeoOxoauMocTh. I1ycTs (4.4) - monublii quddepennman. Toraa

muddepeHmpys (4.3) ¥ BCIIOMHHB, YTO CMEIIAHHBIC YACTHBIC MPOU3BOIHBIC
du  Ju

u

0x0y  0Oyox

Jlokaxxem mocratodHocTh. Jlano (4.3) u (4.4), To ecTh JaHa cHUCTEMa
muddepeHManbHbIX YpaBHeHui (4.3) ¢ ycnoBueM (4.4), u3 KOTOPOH MOJJICKUT
Haiitn QyHkuuio u(x,y). Eciu B mepBom ypaBHeHuu cuctemsl (4.3) 3adukcupo-
BaTh Y U IPOMHTEIPUPOBATh YPAaBHEHHE 110 X, TO HOIYUYHM

PaBHBI MEXAY CO00M, moyunmM (4.4).
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u=[P(xy)dx-+o(y). (4.5)

Xo
3IIGCI> IIPOM3BOJIbHAA ITOCTOSHHAA C:(p(y) 3aBUCUT OT Y. B pPEIICHUN

(4.5) ne u3BectHa mumb @(y). Jdnsa onpenenenust ¢(y) npoauddepeHuupyem
(4.5 moy:

o j—dx+<p ). (4.6)

I/ICHOHBBYH BTOpOE ypaBHeHHe (4 3u4.4), (4.6) MOJKHO 3aIMcaTh TaK:

Qx.y)= j ZEdx+g'(y) , Ho =QEx¥)-QG)

nosTOMy Q(X,y)—Q(X,y)—Q(Xo,Y)HP (Y) i (P'(y)=Q(Xo,Y)-

Oto nuddepeHnuanbHOe ypaBHEHHE OTHOCUTEIHFHO HEU3BECTHON (YHK-
uu ¢(y). PermmB ero, umeeM o1HO 3HaYeHHE (DYHKIIMU:

(P(y)=jQ(xoay)dy-

X y
Takum o6pazom, u:jP(x,y)derIQ(xO,y)dy. 4.7)
Xo Yo
31ech Xo, Yo - KOOPIUHATHI TPOU3BOJIBHON TOUKH 001acTh onpeesieHus u(x,y). U3
(4.6) cienyer du=P(x,y)dx+Q(x,y)dy, To €CTh TOCTaTOYHOCTH JI0OKa3aHa. Bripa-

X y
xeHue (4.7) c yuerom u(X,y)=c naer u(x,y):jP(x,y)dx+ J Q(x,,y)dy=c.

X0 Yo

[Tpu pemennu nuddepeHnanbHbIX YypaBHeHH Buaa (4.2) BHavyane npo-

BEPSIOT BhINONIHEHUE ycnoBus (4.4). 3atem u3 moboro ypaBHeHus (4.3) OThI-
ckuBaroT u(x,y). duddepenumpys nmomydernHoe mis u(xX,y) BBIpaXEHUE U HC-
noJb3ys Apyroe ypasHenue (4.3) onpenensor ¢(y) (¢(x)), a ¢ Hel U PYHKIHIO
u(x,y). Pemenne nonyuarot B Bue u(X,y)=c.

[pumep. Pemnts ypasrerue (3x°+6xy”)dx-+(6x y+4y”)dy=0.

Peenue. P(x,y)=3x>+6xy"; %)zl 2xy;
Quxy)=6x'y+y’s L=1oxy:

u(xy)=[(6xy+4y )dy=3xy* +y*+¢(x)

%z&(y2 +9'(x)  6xy*+'(x)=3x+6xy’

3

P=3x"  @(x)=x"  u(xy)=3x"y’+y'+x

Pewiennem ypaBHEHUS SIBISAETCS X’ +3x2y2+y4=c.
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1.12.8. JIuneitnbie nuddepeHumnaibHble YPABHEHUS MIEPBOro MOPSAKA

YpaBHeHne g—z+p(x)y:f(x) (a<x<b), (5.1)

rae p(x), f(x) - HenpepbiBHbIE (QYHKIMM OT X HE MHTEpBaje (a,b), Ha3pIBaeTCs
TMHEHHBIM 1u(depeHInalbHBIM ypaBHEHHEM TIepBOro mopsinka. HewsecTHas
byHkus y(X) U ee mpou3BOAHAS BXOIAT B 3TO YPAaBHEHHE B IMEPBOM CTENEHU -
JIMHEWHO.

Ecmu f(x)=0, To ypaBHeHHE g—erp(x)y:O (5.2)

Ha3bIBAE€TCS JTUHEHHBIM OOHOPOJHO, a B CBA3U C OTUM YPABHCHHUC (51) Ha3bIBa-
IOT JINHEWHBIM HCOAHOPOJAHBIM.

OpHoponHoe NuHelHoe ypaBHeHHEe umeeT peweHue y(x)=0. OHo saBis-
€TCsl ypaBHEHHEM C pa3JeIAIOUIMMUCS IEPEMEHHBIMHU, PELIUM €r0:

dy e 9V .
dX_ p(X)Y9 y - p(x)dx (yiO), 11’1

%‘:—I p()dx (c#0); y=ce P (53)

Ecnmu B (5.3) pa3pemts MOCTOSHHON C NPUHUMATh HYJIEBOE 3HAuCHHE,
To opmyna (5.3) naet u peurenue y(x)=0.

VYpasuenue (5.1) o6braHO pemarot metoaoMm bepuymmm. [IpencrtaBum uc-
KOMYI (DYHKIMIO B BHJIE TPOU3BEICHHS IBYX HEH3BECTHBIX (QYHKIUH u(X) H

dy du_ dv

v(x). [lycth y=uv, Torna d—X:d—XV+d—Xu u ypaBHeHnwue (5.1) nmpumer Bua
du_ dv du dv
av+&u+p(x)uv—f(x) 178115 V&jtu[aw(x)v}—f(x) (5.4)
Bribepem ¢ynkuio v(x) Tak, 4ToObl B ypaBHEHHH (5.4) BbIpakeHHE B
cKoOKax oOpaTUIIOCh B HYJIb: g—z+p(X)V=0 .

OTHOCHUTEIILHO V(X) HMEEM JIMHEHHOE OIHOPOJAHOC ypaBHCHHE, CJIICA0BA-

PO TTpu Takoi pyrKIMM vV,

f(x)
@dx.

TEJBHO, 110 (hopmyJie (5.3) MOKEM MOJIOKUTh V=€

du_

MOJICTAHOBKA €€ B ypaBHeHue (5.4) naet v Ix =f(x), otkyna du=

u= j%dxﬂ: = I(f(x)efp(x)dx)dx+c.

CrnenoBatenbHO, o01Iee pemieHue ypaBHeHus (5.1) 3anumiercs B Bue
y=uv=ce PO g Ip(dx +_[f(X)ejp(X)dde9

TAC C - MIPOU3BOJIbHAA ITOCTOsIHHAA.

2X
x> +1

[Ipumep. Pemmrth ypaBHEHHE y'— y=xvx’+1. 3nech p(x):—%—xﬂ;
X

f(x)=xVx*+1. Ionoxkum y=uv, y'=u'v+uv'. [IoACTaB/IsAs BHIPAKEHUS I Y U y' B
JTAHHOE ypaBHEHHE MOJTYYUM:
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vu'+u(v'— 2x V)=xVx*+l (%)

x>+l
2x
v'———v=0.
x>+l
Cdv_2xdx 2
ITocne pa3neneHus NepeMeHHbIX: N o2l Otcrona In|v|=In(x"+1) win
X

v=x’+1. [loaCTaBUM HaiilCHHOE 3HAYCHHE V B PaBEHCTBO(*), MOTYYUM
du
(x* -I-l)&:XV X%+,

Ortcroza, pa3zenss epeMeHHbIE U UHTEIpUpys:

du= xdx U= ,[ xdx

x>+l

=Vx*+l+c.

Vx4
Tenepb MOkHO 3anucaTh o0lIee peleHre JaHHOTo TU(depeHIINaTILHOrO
ypaBHEHUS: y=(Vx*+1+c)(x*+]).

1.12.9. YpaBHenue bepny.iin

Vpasuenue bepuysum umeer Bua y'+p(x)y=y f(x), rae n - noboe Bele-
CTBEHHOE YHCIIO.
Ecnmu n paBHO HyNIO WM €IUHHIE, TO MBI TOJTYYHM JIMHEHHOE nudde-

1-
peHimanbHoe ypasaenue. Eciu n#0, 1, To 3aMeHa z=y " NPUBOJIMUT HAC CHOBA K
JUHEHHOMY YPaBHEHHUIO OTHOCUTENBHO (DYHKIMHU Z(X).

VYpaHenune bepHyIM MOXKHO Cpasy pemiaTh MeTOJ0M bepHysum, mona-
ras y=u(x)v(x). Cnexyer oTmetuth, uto npu n>0 gyskius y(x)=0 sBrusercs
perienueM ypaBHeHus bepHym.

y_

[Ipumep. Pemmnts ypaBHeHHE y’+;—x2y4.

Crnenaem 3ameHy z=y1'4=y'3, z'=-3y'4y'. IlogenuB UCXOQHOE ypaBHEHHE HaA y4:

- 1
y 4y’+—3:xz. IlogcraBuM B HEro 3HadeHwust A Z U Z', cleNaB HEOOXOIUMBIE
Xy

npeoOpa3oBaHusl, TIOJYYHM ypaBHECHHUE z’—%=—3x2 , KOTOpO€ SIBJISIETCSl JINHEM-
HBIM.

[IpuBeneM Takke pemieHue HEmocpeACTBEHHO MeTooM bepuysuim. Ilo-
naras y=uv, Iojy4um u’v+uv’+%=x2u4v4; u(v’+§)+u’v=x2u4v4 (%)

dv v _dv_dx ., _ . 1 N
&+;—0, pP— Inv=-Inx; v < [ToncraBuB v B (*) mosryuum
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x¥ d

_ut du_pdx 1 _ 1. 1 3C0tex) . X
> I4I WX w ox 0 U 3(I+cx)

X

N OKOHYATCJIBbHO y— < 3(1+CX

1.12.10. AuddepenuuaibHble ypaBHEHHS BbICIINX NOPAAKOB,
AoIMycKalolue MOHUKEeHHe MOPs/IKa

1° Vpasuenne Buma y ™ = f(x) pemaercs mocien0BaTe bHbIM N-KPATHBIM HHTET-

pUpOBaHUEM TpaBoi dacTu. [Ipyu KaKAOM HMHTETPUPOBAHUU TOIYUYAETCS OJHO

IMPOU3BOJIbHOC MOCTOAHHOC, 4 B OKOHYATCIIbHOM PE3YJIbTATC — N IMPOU3BOJIBHBIX

IIOCTOSAHHBIX.

Ipumep. Pemute ypaBHeHUA:

1) y!N - —
[TocnenoBarenbHO UHTErPUPYS Oy YUM:
6 " 3 ! 3
='[Fdx; y :_F+Cl; y :J‘ —;+c1 dx;
, 3 3 c,X
y =;+CIX+CZ; y=J. ;4—CIX+C2 dx; y=31H|X|+T+CzX+C3-
2) y" = 4cos2x; y' = j4cosZXdX =2sin2x+c;;

y = —C0S2X + ¢, X+ C,.

2°. Ecin B ypaBHEHHME HE BXOAUT MCKOMAs y, TO €CTh OHA HMEeT BHJL
F(x,y(k),y(k“),...,y(“)) =0, TO NOPAIOK ypaBHEHMsI MOKHO NOHM3UTbH, B3SB 3a
HOBYIO HEM3BECTHYIO (DYHKLHMIO HU3IIYIO M3 MPOU3BOAHBIX, BXOJSIIYIO B YpaB-
HEHMe, T.e. c/ienaB 3aMeny v\ = z.

IIpumep 1. YpaBuenue Buga y” = f(X,y') He COIEPKUT sIBHBIM 00pa3oM HCKO-
MOM pyHKIIHH Y.

Pemenue. O603HauUM IPOUZBOAHYIO Y’ = d_y yepes P, T.e. monoxum d_y =P.
X X

[ToxcraBmsisi 3TU BbIpaXEHHs MPOU3BOIHBIX B UCXOJHOE YpaBHEHHE, TMO-
JIy4UM ypaBHEHHE IIEPBOIO MOPAaKa
dx *
OTHOCHUTENbHO Hem3BecTHOM (GyHkmuu P oT x. [IpomHTerpupoBaB 3TO0 ypaBHe-
HUE, HaliJIeM ero olI1iee peuieHue:

P = P(x,c,),
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y .
a 3aTEM U3 COOTHOILIEHUS i P nmonyuum oOuuii HHTErpan UCXOJHOIO ypaB-
X

HCHHUA:
y= IP(x,cl)dx +c,.

IIpumep 2. Pemiuth ypaBHEHUE
3,0

Xy +x’y' = 1.
. dy . d’y dpP
[Tonoxum y' = o P, torma y” = " dx 1 MBI oaydaem audde-
X X X
pEHIIMATBbHOE YpaBHEHUE IIEPBOTO MOPSAKA OTHOCHTEIBHO BCIIOMOTATEIbHOMN
bynkuuu P ot x:
dp
x’—+x’P=1
dx
[Toe/IHB YPAaBHEHHE HA X° [OIYHHM

nuHerHoe muddepeHnranTbHOe ypaBHEHHE TiepBoro mopsnaka. [IpeacraBum
¢byukuio P B Buge P =u- v, Torna
dP du dv
—=v—+u—.
dx dx dx
[TonacraBnsis UX B ypaBHEHHUE MTOITYYUM
du dv uv 1
V_—+u_—+—="3.
dx dx x x°

du dv v 1
Hanmee v—+u| —+—| =—5

dx dx x X
dv v dv dx 1
—+—=0; — = Inv=-Inx vV=—
dx x v X X
1du 1 dx 1
orcioia ———=— mwmdu=—F,u=——+¢
xdx x X
1 ¢ dy 1 ¢
= -4+ —_— == —_
x> x’ dx x> X

y=;+cllnx+cz.

3°. Eciu B ypaBHEHHE He BXOJHUT HE3aBHCHMOE IIEPEMEHHOE X, T.C. YPABHCHHE
UMeeT BUJ F(y,y’,y”,...,y(“)) =0, TO MOPANOK YpPaBHEHMsI MOXHO IOHW3UTH,
B35B 32 HOBOE HE3aBUCHUMOE IIEPEMEHHOE Yy, a 3a HEU3BECTHYIO (YHKIIHIO
y' = P(y).
Ipumep. Pemuts ypasuenue y-y" + (y')* = 0.

B ypaBuenue ne Bxoaut x. [lonaraem y’ = P(y). Torna

dy' dp dP d
400 PG P dy

IloacraBnsas y' =P u y” = P'-P B ypaBHeHue, nosry4yum:
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dp
y-P-P'+P* =0 U y-P—+P* =0,

dy
OTKyJia
) dpP dy C,
yPdP = -P-dy, —_—=— P=—
P y y
WITH
dy ¢ y’
—X=;1, ydy = c¢,dx, 7=c1x+cz.

1.12.11. JInneitnble 1uddepeHnnaJIbHbIe YPABHEHHUS C
MOCTOSIHHBIMU K03 uinueHTamu

Omnpenenenue. /luddepennuanbaoe ypaBHEHHE N-TO TOPSAKA HA3bIBACTCS JIH-
HEWHBIM, €CJIM OHO TEPBOM CTETEHH OTHOCHUTEIHHO MCKOMOW ()YHKIIMH y U €€

npou3BoaHbIX y',y",y",...,y" "
(n) (n-1) -
ayy " +ay +..4ay=f(x),
rae a,,a,;,a,,...,a, n f(X) —3agaHHble QYHKIMU OT X WIK HOCTOSHHBIE, TPUYEM

,y", T.e. UMeeT BU

ap#=0 /U1 Bcex 3HAUYEeHUM X M3 TOW 00JacTH, B KOTOPOW MBI paccMaTpHBaeM
ypaBHeHHe. B nanbHeiimeM wMbl OyzneM mpeanosiarath, 4Tto (yHKUUH
a,,4,,a,,...,a4, — [IOCTOsIHHBIE, a f(X) HempepblBHA Ha BCEX 3HAYCHHUSAX X, IPU-
yeM Koa(puImeHT ag=1 (ecau oH He paBeH 1, MbI MOXEM BC€ WICHbl yPaBHEHHS
noJenuTh Ha Hero). ynkuus f(x), crosiuas B NpaBod 4acTW ypaBHEHMs, Ha-
3bIBAETCS IPABOM YaCThIO YPABHEHHUS.

Ecmn f(x)He ToXIecTBeHHa HYJIIO, TO YPAaBHEHHE Ha3bIBA€TCA HEOJHO-
POIHBIM WJIM ypaBHEHHEM c mpaBoi yacTbio. Eciu ke f(x)=0, To ypaBHeHue
UMEET BUJL

vy +ay" P+ +ay=0
Y Ha3bIBACTCSI IMHEWHBIM OHOPOIHBIM WJIM YpaBHEHUEM Oe3 IMpaBoil 4acTH (Jie-
Basi 4aCTh 9TOTO ypaBHEHUS SIBIISICTCS OTHOPOAHOU (PYHKIMEH TIEPBOM CTETICHU

oTHOCHTENHHO Y, Y,y y",...,y" ", y™).

YCTaHOBUM HEKOTOpPBIE OCHOBHBIE CBOMCTBA JIMHEHMHBIX OJHOPOJIHBIX
YpaBHEHUM.
PaccMoTpuM nuHetHOE OTHOPOAHOE YPABHEHHE N-T'0 MOPSIIKa
_ v (n-1) —
Ly]=y" +a,(x)y" '+..+a,(x)y =0.
Bripaxxenue
— ¢ (n-1)
Ly]l=y" +a,(x)y" "+..+a,(x)y
Ha3bIBACTCS TMHEUHBIM AH(PepeHIInaTbHBIM ONIEpaTOPOM OT (PYHKLUH Y.

C nmomompto nuHerHoro auddepeHnuaisHoro oneparopa auddepenim-
QIBHOC YPaBHEHHE 3aITUIIICTCS TaK
L[y]=0.
PaccmoTpuM CcBOHCTBa KOTOpPBIMH OOJIafaeT JIMHEHHBIN nuddepeHim-
aJIbHBIN OIIEepaTop

1. L[cy]=c-L]y]
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9TO CHpaBe,[[JII/IBO IS HI’O6OI>1 HOCTOHHHOﬁ B TOM 4HUCJIC U KOMHHCKCHOﬁ.
2. L[yity2]=Lly1]+L[y:]

Teopema 1. Ecin y;(x) ecth pemenue nupdepenuuansaoro ypasaenus L[y]=0,
TO C;-y1(X) Toxke perienue ypaBHeHus: L[y]=0, rae ¢, — mpou3BosibHAs MOCTOSH-
Hasl.
Jloxa3aTenbCcTBO.
Lc,y, 1=y +ca,(x)y" "+...+ca, (x)y, = c,Ly,]
HO L[y;]=0, torna c; L[y;]=0 u L[c1y;]=0.

Teopema 2. Ecinu y; u y, — yacTHble pemieHus ypasHeHus L[y]=0, To cjyi+cay2
— TaK)Ke PEIICHUs TOr0 YPaBHEHHUS, T I€ C, C2 — IPOU3BOJIbHBIE IOCTOSTHHBIE.
Joxa3zarenbcTBo. [loacTaBUB €1y |+Cry2 OITYUYUM

Lcyy, +¢,y,]=(cy, + Cz}'z)(n) +a,(cy, + CzYz)(n71)+--'+an(01Y1 +e,y,) =
=c¢, Ly, ]+¢c,Ly,]=0; Llcy, +¢,y,]1=0;
TO €CTh C1Y1+Cay2 TAKIKE ABIAETCSH PELICHUEM.

Teopema 3. Ecnu dyHkiuu y(X); y2(X); ... ; Yn(X) — YaCTHBIE pEIICHUS ypaBHE-
Hus L[y]=0, To ux nuHeiiHas koMOUHALUSA, T.€. Y=Cy|+Cay2T...+CyYn, TAKKE SB-
JISIETCSL PEIICHUEM.

Kakue >xe ycioBust cieayer HalOXHUTh Ha QyHKIUU yi(X), y2(X), ... ,
yn(X), 4TOOBI X JTUHEWHAss KOMOWHAIUS C TPOU3BOJIBHBIMU MMOCTOSIHHBIMHU SIBJISI-
nack oOumM pemenueM ypasaenus L[y]=0. [[nst aToro BBeaeM NMOHATHE THHEH-
HO HE3aBUCHMOM CUCTEMBI (PYHKIINH.

Cuctema pyHKIm yi(X); y2(X); ... ; Ya(X) ONpeneIeHHBIX HA MHOXECTBE
X, Ha3bIBAETCA JIMHEMHO 3aBHCUMOM, €CJIM CYLIECTBYIOT TaKue, HE BCE PABHBIE
HYJIIO, JEHCTBUTENIBHBIE YMCIA O, 02, ... , Oy, YTO JIMHEHHAasg KOMOWHAIMA

oy, +o,y,+..+ay, =0 ms Beex x u3 X.

OyHKIMH y1(X), Y2(X), ... , Ya(X) HA3bIBAIOTCS JTUHEHHO 3aBUCUMBIMH Ha
X, ecIIi U3 TOXKJIECTBA
oy, +o,y,+..+oy, =0

CIIEZTy€ET, YTO

o =0,L=...=0,=0.

HaszoBem onpenenutenem Bponckoro mnst cucremsl GyHKUui yi(X),
y2(X), ... , Ya(X), OIpeneneHHpIx Ha X, cIenyromui (pyHKIMOHAIBHBIA onpee-
JIUTEIb N-TO TOPS/IKA:

¥, (%) ¥, (%) e Ya(X)
i) yvi(x) o v
WG =Wl Ya) =1 e,
YW yTE e v
MpI npeamnonaraem, 4to GyHKIUH Y1, Y2, ... , Yo HA MHOXKECTBE X HETPEPHIBHBI

Y UMEIOT BCE MPOU3BOIHBIC 0 MOPSAAKA N-1 BKIIOYUTEIBHO. ITO (GyHKIIUOHAb-
HBII OTPEICNIUTENb.
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Teopema. Ecnu dyHKIMH y1, y2, ... , Yn JMHEHHO 3aBUCUMBI HA MHOXeCTBE X,
TO OIpEAETIUTENIb BpOHCKOro paBeH HyIIIO.
Teopema. Ecnu pemenus yi(x), ya(x), ... , Ya(X) JUHEHHO OTHOPOAHOTO ypaB-

HeHus L[y]=0 sBasStOTCS JIMHEHHO HE3aBHUCHMBIMU Ha MHOXKECTBE X, rie Kod(-
(GULUEHTHl ypaBHEHHUs HEMPEPBIBHBI, TO OMNpEAeIUTeNIb BpPOHCKOTO Ha 3TOM
MHO>KecTBe X HHUTJe He oOpalaercs B HyJIb.

[Tpumem >TH ABe TeopeMbl 0e3 J0Ka3aTeNbCTB, TAKXKe 0€3 10Ka3aTeIbCT-
Ba [IPUMEM CIIEAYIOIINE YTBEPKICHUS:

1. Ecim yy, y2, ... , Yo — CUCTEMA M3 N JUMHEWMHO HE3aBUCHUMBIX YACTHBIX pellle-
HUH JTUHEHHOTO OJAHOPOAHOTO AU(dEepeHIINATFHOTO YPaBHEHHSI N-TO MOPSII-
Ka, TO Y = C,y, + C,y,+...4+C, Yy, €CTh 00lIIee pelIeHHe 3TOr0 ypaBHEHHUS.

2. MakcuManabHOE YUCIIO TMHEHHO He3aBUCUMBIX YACTHBIX PEIICHUN THHEHHOTO
onHopoaHoro ypaBHeHus L[y]=0 ¢ HempepbIBHBIMH Ha MHOECTBE X KO3(-
(bUIMEeHTaMH PaBHO MOPSJIKY YPaBHECHUS.

3. He3zaBucuMO OT HayalbHBIX YCJIOBUW BCE JAPYrd€ pEUICHUS YpPaBHEHUS
L[y]=0 sBnsitoTcs nuHEHHOW KOMOMHAIIMEW JTMHEWHO HE3aBUCHMBIN YaCTHBIX
peLeHui.

Taxum oOpazom, /Ui pelieHus: TMHEWHOTO OJJHOPOIHOTO YPaBHEHHS N-T0
MopsiIka HEOOXOIMMO HAWTH N JIMHEHHO HE3aBUCHUMBIX YaCTHBIX pemeHuid. O0-
iee pelieHre ypaBHEHUS MOyYUTCs KaK JTUHEHAass KOMOMHALIMS 3TUX YaCTHBIX
peLeHui.

HazoBeM ¢QyHIaMeHTaIBHON cHUCTEMOW pemieHuil auHeiHoro mudde-
peHnmanbsHOro ypaBHeHusi L[y]=0 mro0ble n JHMHEHHO HE3aBHCHUMBIX YaCTHBIX
pelIeHU.

bynem wuckate uyacTtHele pemieHMs  ypaBHeHus L[y]=0 wnm

y™ +ay" P+ +a_y' +a,y=0 BBuge y = e, rae A — HEU3BECTHO.

[oxcTaBnss y = €™ B ypaBHEHHE TOMYYNM:
e +a e+ +a, Ae™ +a e =0
yuuTBIBas, uTo €™ # 0, TO [ensd ypaBHEHHE Ha €™ MoTyduM
AN +al '+ +a, A+a, =0.
[TomydyenHoe ypaBHEeHHE Ha3bIBaeTCs XapakrepuctuueckuM. Cpeau KopHed xa-
PaKTEpUCTUYECKOTO YPAaBHEHHUS Aj, A2, ..., Ay MOTYT BCTPETHTHCS CJICTYIONINE:
1. Bce KOpHU XapaKTEPUCTUYECKOTO YPaBHEHUS Aj, A2, ..., Ay JCHCTBUTEIHHBIC

U paznuabie. Torna QyHKIMOHATBLHYIO CHCTEMY O00pa3yroT (PYHKIMH JTUHEHHO
HE3aBUCHUMBIE Ha (-00; o0):

A A A -~ o
y,=¢e", y,=¢e"", ..., y, =€, IuHelHas He3aBHCUMOCTb 3TOH CHCTEMBI
CJIeTyeT U3 HepaBEHCTBA HYJIIO onpeaenuTes BpoHckoro

e?»]x ekzx e}»"x
1 1 ... 1
W _ 7\‘le}le }\‘2ekzx }\’ne}Lnx I Y P S W 7\‘ }\‘ 7\1 0
(X) S - e - 1 2 T n i i
}\In—l }\‘n—l Xn—l
xr;—leklx }\‘r;—lekzx }\'r;—leknx 1 2 n

MO3TOMY 00IIee penieHne Oy ieT:
y =c,e"* + e+, e e,

300
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IIpumep. Pemnts ypaBHenue y” —7y' + 6y = 0.

CoCTaBUM XapaKTepHCTHIECKOe ypaBHeHne A — 7A + 6= 0.
7\,1:1 7\,2:6 y1=ex yo=¢€

O6miee perenue Oyzer y = c,e* +c,e™.

6x

2. Cpenu xopHeW XapaKTepUCTHUYECKOTO ypaBHEHUS, KpOME NEHCTBUTENBHBIX,
CCTb U KOMHHGKCHO—COHpH)I(CHHBIC, HO HET KpaTHBIX.

IMycte Ay, A2, ..., Am — OCHCTBUTENIBHBIE KOPHHM, a Ae=aexPe-i;

2

(2l=m+1, m+2, ..., n), tme 1"=-1.

Tornma nefcTBUTENBHBIM KOPHSM OTBEYAIOT YaCTHBIC PEIICHUS BHUIA

A X
y, =", k=12,...,m,

a rmape KOMIUICKCHO-COTPSDKEHHBIX KOpHEeH o, 3, -1

y. = el B, (e =Bei)x
[§]

4 ye+1 =€
WITH
_ aleX | L Bexi, _ aleX | ,Pexi
Ye =¢ € s ye+1 =€ € .
ITo popmyite Diinepa €'® = cosp +ising,
uMeeM

BC-

e™'* = cosPB x +1isinf x;

-B

e " =cosP x —isinf,x;

y, = e** cosP x +ie” " sinf x;

Vo, =e% cosP x —ie**sinf x.
Jlokaxxem cleayromyto JIeMmy.
Jlemma. Eciu dyHkmms  y = V(X) + i-U(X)  sBJISIETCSl peIICHHEM JHHEHHOTO
TuQdepeHINaIbHOr0 ypaBHEHHUS N-T0 MOPSAIKA, TO V(X) U U(X), TaKXKe SBIISIOTCS
peleHneM ypaBHEHHUS.
Hoxa3zarenbcTBo. [10 ycinoBuio 1aHo:

L[y]=0; L[w(x)]+i-L[u(x)]=0.
D10 paBeHCTBO BO3MOXkHO, ecnu L[V]=0,-L[u]=0. Ha ocHOBaHuuU 3TOW JE€MMBI
IPUMEM 32 YaCTHBIC PEIICHUS YPABHEHHUS:

y, = e cosP x Yei = €7 sinf X.

Cucrema 4acTHBIX PELICHUN:

X A,X AmX
e ,62 beee €,

am+ X (xm+ X 1 (lm+ S am+ S ]
e’ cosP, . X, e ™" sinf, ., x, e cosP, ., X, €™ sinP ,,X,...,

o X o X

m+n

.., € > cosP

m+n

paXs © ° sinB,,x =
2 2

KaK JIETKO JI0OKa3aTh, 00pa3yeT JIMHEWHO He3aBUCUMYIO cucTemy (QyHKiun. O0-

Iee peuieHue B ITOM cilyyae OyAeT NpEeACTaBIATh JIMHEHHYIO KOMOWHAIIUIO

yKa3aHHBIX (yHKIUI.

3. Cpenu KOpHEH XapaKTepUCTUUECKOIO YPaBHEHUS €CTh KPaTHbIE KOPHHU.
[TycTb A; — IEHCTBUTENBHBIA KOPEHb KPATHOCTH M, TOT/Ia 3TOMY KOPHIO

OTBEYAET M YAaCTHBIX PEIICHUI BUIa

n—m m+n
TaK KaK m+

m-1_A;x

A A 2 Ak
eh, x-eht, xet L X e
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Eciiu cpean KOpHeil XapaKTepUCTHUECKOTO YPABHEHHS MMEIOTCS KOMILICKCHbIE
KOPHH, TOT/Ia KaX/I0} Mape KOMIIIEKCHO-COTPSKEHHBIX KOPHEHt
20 = o+ B A =P
KPaTHOCTH M COOTBETCTBYET 2MYACTHBIX PEIIEHHINA:
e™ cosPx, x-e™ cosPx,..., x" '™ cosPx,

m-1_oax

e” sinPx, x-e™sinfx,..., x" e sinfPx.
MoHO A0Ka3aTh, UTO HallIEHHbIE TAKUM 00pa30M YacTHBIE PELICHUA V1,
Y2, ..., Yn COCTABIISIIOT CUCTEMY JIMHEHHO HE3aBHCUMBIX (DYHKIIHA, TO €CTh (PyH-
JAMEHTaJIbHYI0 cucTeMy. OOliee perleHue OJHOPOAHOIO YpaBHEHUsI C MOCTO-
SHHBIMHU K03((UIIMEeHTaMU 3alMIIeTCs TaK:

Yoo = zci Yi-
i=1

IIpumepsbl.

1. Haiitu ob1iee penienrne ypaBHeHHsT Y v y=0.
Pemenne.
CocraBisieM XapaKTepUCTHIECCKOE YpaBHEHUE
A*-1=0.

KopHu XxapakrepucTuieckoro ypaBHeHus OyayT:

7\.1:1, 7\.2:-1, 7»3:i, 7\,4:-i.
YacTHble pelIeHus:

yi=€", y);=€”, Yy3=COSX, Yy4=Sinx.

O6miee perieHue:

Yoo=C1€ +Ce +C3C08X+CySinX,
T7I€ Ci, C2, C3, C4 — IPOU3BOJIbHBIE MIOCTOSIHHBIE.

2. Haittu o6miee pemenue ypapaenust y'"’' —3y” +3y' —y = 0.

Pemenmue.
CocraBisieM XapaKTepUCTHUECKOE YpaBHEHUE:!
A*-302+30-1=0 wu (A-1)*=0.
Kophu xapakTepucTHueckoro ypaBHeHHUS:
}\,1:}\.2:}\,3:1.
YacTHble penieHus:
yi=e*, yr=x-€, y3=x2-e".

CocraBnsioT (yHIaMEHTAIBHYIO CHCTEMY, U CIEHOBATEIbHO, OOIIee pelIeHne
Oyner:

Voo = €€+, xe" + e x%e"
W

Voo = (€, +C,x + ;X7 )€™,

1.12.12. J/Inneiinbie HeoOQHOPOAHBIE TU(PepeHInATbHbIE
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YPaBHeHHUS

Paccmorpum nuHeitHOe HeotHOpOAHOE MU depeHITnaTbHOE YpaBHEHNE
Lly]=f(x),
rae f(x) menpepsiBHas ¢yHkius. OIHOPOJHOE ypaBHEHHE COOTBETCTBYIOLIEE
HEOJHOPOJHOMY YpaBHEHHIO OyeT
L[y]=0.
CrpaBeuinBa cieyronias Teopema.
Teopema. [Tycts y(x) — yacTHOe pemienue ypaBHenus L[y]=f(x), a yo, — oO1iee

pemenue ypaBHeHus L[y]=0, To oGmee pemenue ypaBaenus L[y]=f(x) paBHO
CyMME YacTHOTO PEIICHUS] HEOAHOPOJHOTO YpaBHEHHs U OOIIEro peHIeHus Of-
HOPOJIHOTO YpaBHEHUS
You™ Yoo + ? .

Ota Teopema 0 CTPYKType OOIIero pemeHuss HeoqHOpoaHOoro nuddepeHIrab-
HOT'O YPaBHCHHSI.

[TpumeHeHHe ciemyromei TeopeMbl TIO3BOJISIET YIPOCTUTH MPOIIECC OThI-
CKaHUsI YaCTHBIX PEIICHUN HEOJHOPOIHBIX YPABHEHUH.
Teopema. Ecnu npaBas vacth ypaBHeHus L[y]=f(X) ecTb cymMMa HECKOJIBKHX
(GYHKIUH, TO YaCTHOE PEIICHUE YpPaBHEHUS PAaBHO CyMME YAaCTHBIX PEIICHUH,
OTBCUAIONTUX KKI0W (PYHKIIUU B OTJICITBHOCTH.
Joxa3aTteabcTBo. [Tycts f(x) = f1(x) + f2(x), a yacTHbIE penieHNs ypaBHEHUN

Lly]=fi(x); L[y]=f(x)

COOTBETCTBEHHO Y,(X) 1 Y, (x). Torna

Ly, (x)] = f,(x), Ly, (x)] = f,(x);
Lyl= Ly, +y,]= L[y ]+ Ly,] = fi(x) + £,(x);
y= yl + yz'

Kak MBI yOemumnch paHbIie, 3aa4a OTBICKaHHS OOIIET0 PEIICHUs HEO-
HOpoaHOTO ypaBHEeHHsS L[y] = f(X) cCBOOUTCS K OTHICKAHHMIO OOIIETO PEIICHHS
OJTHOPOJHOTO ypaBHEeHUs L[y] = 0 M 4acTHOTO pelIeHus] HeOTHOPOTHOTO YpaB-

HEHHS Y .

[TpuBenem Oe3 J0OKa3aTENBLCTBA METO/I, MO3BOJISIONIMIA OMPEIEIUTh 00-
IIee pelIeHne HEOJHOPOTHOTO YPAaBHEHUS MO OOIIEMY PEIICHHIO OJHOPOIHOTO
YpaBHECHUS.
MeToa Bapuanmuy mocTOSIHHBIX
1. Pemiuth ogHOpoHOE ypaBHeHue L[y] = 0 € 3anucats ero obuiee pemieHue
Y =06y + 0yt A, *)
2. 3anmcath 0o0Iee pelieHre HeOHOPOAHOTO ypaBHEHHUs B (hopMe 0OIIero pe-
HICHUS, HO C IEPEMEHHBIMH KOA(PUITHESHTAMH
y =¢,(X)y, +¢,(X)y,+...+¢, (X)y,;
3. ITocTpouth cuCTEMY ypaBHEHUN
¢i(¥)y, + e (X)y, +.. .+ (X)y, =0
¢ (X)y; + e (X)yy+..Ae (X)y, =0

¢l (X)y" ™ + ey (x)yy 7+ A (x)y Y =0

i)y + e (s e (N)yy ! = £(x)

n
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U pEIUTh €€;
4. ITonmyueHHOE pelIeHue MOACTaBUTh B ().

IIpumep.

Pemmith ypaBHenne y"'+y = O<x<m.

sinx
JI71s1 COOTBETCTBYIOIIETO OAHOPOIHOTO ypaBHeHust y" +y =0 oOiiee perieHue
UMEET BU]I
y = C, COSX + C, sinXx.

3anuiieM ero B BUJie

y = ¢,(X)cosx + ¢, (X)sinx. (**)
CocrasisieM JUTsl TaHHOTO CTydasi CUCTEMY

c;(x)-cosx + ¢y (x)-sinx = 0
1

nx.

—cj(X)-sinx + c5(X) - cosx =

Pemraem oty cucremy

q)=-1  cx)=

Haiinem c(x) u ca(X) U3 ypaBHEHHIA

de,(x) dc,(x)  cosx
dx dx  sinx
COosX _
c,(x)=—-x+¢ c,(x) = I dx = In|sinx| + c,.

sinx
[Toacrasmsis HaiiAeHHBIE ¢1(X) U C2(X) B (**) momydum
y = (=x +¢,)cosx + (In|sin x| + ¢, ) sinx.

1.12.13. JIuneiiHble HEOHOPOAHBbIE YPABHEHHS € MOCTOSIHHBIMH
K03 PULHEHTAMHU U CIIeHMATBLHON NPABOH YACTHIO

[Tycte nano ypasHenue L[y] = f(x). Ecnu f(x) umeer cnenuansHblii BU,
TO, TIOJIB3YSACh METO/IOM BapHalllU TPOU3BOIBHOTO MOCTOSIHHOTO, MOYKHO JIOKa-
3aTh, YTO YACTHOE PEIICHUE MOXET OBITh TaKXKe HAWICHO METOJOM Heolpene-
JICHHBIX K09 PHUIIMEHTOB.

[lycte  f(x)=U_ (x)e™ - cosPx nm
£(x) = V, (x)e™ - sinx,

e Uy(X) 1 Vin(x) — mHOTOUWweHsb! crenienn m (mpu m=0 Up(Xx) 1 Viy(X) oOpa-
IIAI0TCS B IIOCTOSTHHBIE), OL U 3 HEKOTOPBIE ICHCTBUTEIBHBIC TIOCTOSTHHBIC.

Ecmm B=0, to f(x)=U_(x)e™ u, B wactHoctH, npu m=0 f(x)=a-e*
(a — const).

[Ipu a=0 umeem
f(x) = U_(x)-cosPx mmm f(x)=V,_(x) sinPx.

Ecmn a=0 u =0, To f(x) = U _(x) u, B wactHocTH, npu m=0 f(x)=a (a —
const).

Toraa eciu a+Pi He ABJIAETCS KOPHEM XapaKTEPUCTUIECKOTO YPaBHEHHSI

A +ad '+ +a, A+a, =0,
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To ypaBHeHue L[y] = f(x) 3aBe1oMo nMeeT 4acTHOE pelIeHre BUaa
y = ¢ (B, (x)cospx + Q,,(x)sinpx),
rae Pm(x) 1 Qm(X) — HEKOTOpPbIE MHOTOWICHBI CTENEHU HE BBIIIE m.

Ecin xe o+fi sBIsercss KOpHEM XapaKTEPUCTHUECKOTO YpaBHEHHS
KpaTHOCTH I, TO ypaBHeHue L[y] = f(X) 3aBe1oM0 uMeeT 4acTHOE pellieHne Buia

y =x"e” (P, (x)cosPx +Q, (x)sinPx),
rae Pm(x) 1 Qm(X) — MHOTOUIEHBI CTENIEHU HE BBIIIE YEM M.
Ipumep. Peruts ypaBuenne y"' —y = 2e* —x°.
Pemenne.
A*-1=0 =1 Ao=-1.
OOmiee pemieHre 0JHOPOIHOTO YPaBHEHUS OyaeT
Yoo =C€ +Coe .
YacTHoe perieHne HeoTHOPOAHOTO YpaBHEHUS OyIeM HCKaTh B BUJIE:
y=Axe" +Bx’+Cx+D;
y' =A(e* +xe")+2Bx+C;
y" =2Ae" + Axe* +2B.
[ToxcraBmsisi B UCXOAHOE YpaBHEHUE MOTYYUM:
2Ae" + Axe* + 2B— Axe* —Bx* - Cx—-D=2¢" —x".
[IpupaBHuBas ko3(hGULIKMEHTH MPU MOAOOHBIX YJeHaX B 00EUX YacTIX
YPaBHEHHUS MTOTYYHM:

2A =2 A=1
_B=-1 B=1
—c=0  lc=o0
2B-D=0 D=2

y=xe'+x*+2;

y=ce +ce +xet +x>+2.
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2. PemieHne THIOBBIX 3224 KOHTPOJILHBIX padoT

Jist 3amevyanui

2. PemieHue THNOBBIX 32124 KOHTPOJbHBIX padoT

3ananue 1. Hanucarh ypaBHEHUE NPSIMOM, TPOXOIAIIECH Yepe3 ABE U3BECTHHIC
touku A(2;3) u B(6;-2) u Beruucnuth 1uHy oTpeska AB.

Pemenune. YpaBHeHue npsiMoit, IpOXOASIIEN YEPE3 IBE U3BECTHBIE TOUKH
Mi(x1,y1) Ma(x2,y2) UMeEeT BUA:
X=X _ Y%
L% Yo Y
MO3TOMY ypaBHeHHUE Tpsimoii (AB) npumeT Bua:
x—2 y-3
6-2 -2-3

nm 5x +4y-22=10

Paccrostane Mexay Toukamu M| u M, onpenensiercs mo Gopmyre:

|M1M2| = \/(Xz - X1)2 +(Y2 -y )2
MOATOMY JJIMHA oTpe3ka AB:

A= /(6-2)" +(-2-3)" = V4l

3apanme 2. Hanucars ypaBHeHnue BoicOTH (BN) v BBIUMCIUTH €€ AJIMHY B Tpe-
yroasHuke A(6;0), B(2;-3), C(-4;9).

Pemenne: YpaBHeHue mydka OpsMbIX, IPOXOIAIMIMX yepe3 Touky M(Xo,yo) UMe-
eT BUT : Y-Yo=K(X-Xo).

VYrnosoit koapunuent npsmoii (BN) Haiinem U3 TOro ycioBusi, 4To
(BN)L(AC). YcnoBue nepneHAuKyIIPHOCTH JIBYX MPSMBIX, UMEIOIINUX YTJIOBbIE
koadurmenTsr ki, ky:

1
ky=—— (mpuk, #0).
k,
YrioBo# kKo3DPHUITUEHT TPSIMOM, MPOXOAIICH Yepe3 Touku M (X;;y)

Y2 — )
Ma(x23y2) - k(Mle) ==Z _xl (mpux #X,);
2 1
9 9
T.O., k(AC) = _—10 = —E
k(BN) = — wu ypasHeHue (BN), cnenoBarenbHo, UMEET BUL :

1
y+3250(x—2) nm 10x-9y-47=0

st Beruncnenus BeicoThl BN Bocmonb3yemcst hopmyIioid, onpeaensoniei pac-
crostaue d Touku Mo(Xo;y0) 10 IPSIMOA, 3a1aHHON ypaBHeHHEeM Ax+By+C=0:

_ Ax;+By,+C

d
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Hawm nysxHO ompenenuth paccrosiHue Touku B(2;-3) mo mpsmoit, uayuieit uepes
touku A(6;0) u C(-4;9).
Vpasuenue: (AC)

y—-9 x+4
0-9 6+4
9x+10y—54=0

9.2+10-(-3)-54
IBN|= ) _ %6
V9?2 +102 V181
3aganue 3. BoluncnuTh B paguaHax BeJIMUNHY BHYTPEHHETO yriia B B Tpe-

yronbauke A(4;-1), B(-4;-5), C(1;10).
Pemenne: [[yis onpenenenus yria B Bocmonbs3yemcst popMyIioit TaHTeH A

N C yIJ1a MEXKLY BYMSI TIPIMBIMHU, HMEFOIIUMHE yT-
k, -k
nosbie kodhdunuents k; u ky: tgp = ——2 |
1+kk,

rae k; - yrioBoit koadpuiueHT Toi npsmoi,
KOTOpasi IOBOPAYMUBAETCS O COBMEIICHHUS CO
BTOpPOM ITPOTUB YaCOBOU CTPEJIKH.

A\,
=

B

Puc. 2
B namem ciydae takoii npsimoni siBisiercst (BA) (cm. puc.2)

Y= Ya _ -5+1 _1

k., = = =—
oxy-x, —4-4 2
kBCZYB_YC :_5_10:3
Xp — X —4-1
1
3_-
teB = Ko =k, _ 2 -1
1—+_kBCkBA 1+31
2
sB=".
4
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3ananme 4. Hanncath ypaBaenue (BK) OuccekTpuchl BHyTpEHHETO yIiia Tpe-
yronbHHKa ¢ BepimmHamu A(4;-1), B(-4;-5), C(1;5).

yp C
Pemenune: Bocnonb3yemcs ypaBHe-
/ K HUSIMH OMCCEKTPHC yTIIOB, 00pa3oBaH-
/A X HBIX TIepecedeHNeM ABYX NPSAMBIX, 3a-
B JIAHHBIX YPaBHEHUSIMU:
Puc. 3

Ax+By+C, =0n A,x+B,y+C,=0
VpaBHEHUS TaKUX OUCCEKTPUC UMEIOT BUJL:

‘A1x+ B,y+C, _‘A2X+B2y+ C,

‘ JAT +B? ‘ ‘ JAZ+B] ‘

Touka M(X;y), KOOpAUHATBI KOTOPOH yIOBJIETBOPSIIOT 3TOMY YCIIOBHIO,
PaBHOYZAJIEHA OT ABYX JAHHBIX MPSAMBIX, T.K. B JIEBOM U IPABOM YaCTU PABEHCT-
Ba 3aITMCaHBI PACCTOSHUS €€ JI0 ITUX MPSMBIX.

B namem cnyuae ypaBaenus npsmbix (AB) u (BC) umeroT Bu:

(AB): y+> :X+4 um x-2y-6=0 um y=lx—3
—-1+5 4+4 2
y=5 x-1
BC): ——= um 2x-y+3=0 wm y=2x+3
(BO) s s a1 y y

VYpaBHeHUsI 1ByX OUCCEKTpUC yria B (BHYTpEeHHET0 U BHEUIHETO) UMEIOT
BUJL:

|x—2y—6| _|2x—y+3|

| V14 | | Ja+1

X-2y-6=2x-y+3 umun  y=-x-9 (1)

X-2y-6=-(2x-y+3) mmu  x-y-1=0(2) u y=x-1(2)

N3 ypaBuenwnii (1), (2) yrioBbie KO3 PHUITMEHTHI STUX OUCCEKTPHC
k=-1, k=1

VickoMmblii yrioBoit KO3 UIIMEHT T0JIKEH yIOBIETBOPSATh HEPABEHCTBY:
keay< ki) <kme) , (em. puc.3)

Taxk kak k(BA) =%, a k(BC) =2, TO I?BK) =k, =1

, UTO PABHOCHJIBHO YPaBHEHUSM:

u ypaBHenue ouccekrpucsl (BK) ects x-y-1=0.
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3apanme 5. CocTraBUTh YypaBHEHHE JIMHUU, KaXK1as TOUKA KOTOPOI BBOE
Janpliue ot npsaMoi y+2=0, uem ot Touku F(-3;1).
Pemenne: [Tycts Touka M(X,y) o0namaeT yka3aHHBIMUA CBOMCTBaAMHU:

M(x.y) y 2-|MF| =d, rae d - paccrosHue Tou-
F@3.4) K1 M 110 3a1aHHOM IPSMOM.
Y MF = (x+3)" +(y-1)’

VO+1

x+2=0

d =|y+2|

Puc. 4

Koopaunats! X, y TOukr M 10JKHBI YJJOBJIETBOPSTH CIEAYIOLIEMY YPAaBHEHHUIO:

2)(x+3)" +(y=1)" =|y+2

[Tocne Bo3BeEHUS B KBaJpaT U COOTBETCTBYIOLIUX MTPEOOpa30BaHUM
HOJIyYMM ypaBHEHHE:

4x* +24x + 3y*- 12y + 36=0 wm

A(x*+6X +9 - 9) + 3(y* -4y +4 -4) - 36 =0

+
3 4
910 YPAaBHCHUC 3JUIMIICA C OCAMU CUMMCTPHUH, TaPAJUICITIbHBIMU KOOPpAU-

HATHBIM OCSIM C IIEHTpoM B Touke C(-3;2) 1 mosryocsiMu a = NE) , b=2

/\y

\4

Puc. 5

3anpanme 6. CocTaBUTh ypaBHEHHE TUIIEPOOIIBI, CHMMETPHUYHON OTHOCUTEIIBHO
KOOpPAMHATHBIX OCe, ¢ pokycamu Ha ocu OX, €ClIM ypaBHEHHS €€ aCUMIITOT

3 4
y=1% 2 X, @ PACCTOSIHUE MEX1y TUPEKTPUCAMU —12; .

2 2
Pemenne: YpasHeHue Takoi runepbosibl uMeeT Bu —- — b_2 =1 u g ero
a
3aluCcH He0OXOAUMO BBIYMCIIUTh BEJIMYMHBI a U b. Tak Kak ypaBHEHHs aCUMIITOT

a
runepOoJIbl UMEIOT BUJ y = + b X, TO UIl MMEEM COOTHOLICHUE:!
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b (1)
a

3

4
2a

Tak kak pacCTOSIHHE MEXy AUPEKTPUCAMHU PaBHO — , TIE € - DKCIICH-
€

TPUCHUTET, TO :

2—3:12i 2)
€ 5

c
Kpome Toro, e =— c=+/a’ +b’, nosromy yciosue (2) MOKHO 3aIH-
a

64
caTh Tak: 2a-a = ?

Jlnist a v b oIy4YnM CIIEeTy oIy 0 CUCTEMY:

3
= b=-a
4

b
a

W

2a? 64
2

B N O S o
a’+b? 3 ’a2+2a2 5
16

a=8, b=60 u ypaBHeHHE IrHNepOOIIbIL:
2 2

Xy

=1
64 36

3aganue 7. Jlanbl BepmuHbl nupamunsl: A (2;-1;1), A2 (5;5:4), A3 (3:2;-1),
A4(4;1;3). Hanucats ypaBHEeHHE BBICOTHI A4K, BEIUUCIHUTD €€ JITUHY, BEIYHC-
JTUTh 00BEM MUPAMUIBI U TTOMIAAb TpaHu A Ay As .

Pemenne: Kanonnueckoe ypaBHeHHE MPSIMOM, IPOXoAsIel yepes Touky M(Xg

;Yo 3Zo) TapaJICIbHO BEKTOPY l{m; n; p} UMeEET BHI:

X=Xg Y=Yy 272

m n p

[TosToMy KaHOHWYECKUE ypPaBHEHUS MIPSAMOM, MPOXOASAIIEH Yepe3 TOUKY
A4(4;1;3) umerotT BUI:

x—4 y-1 z-3

, [JIe BEKTOp {m;n;p }- HaNpaBJIAIOLIM, T.€. Hapai-
m n

JIEJIbHBINA NCKOMOM TIJIOCKOCTH.
T.x. (A4 K) L mnockoctu (A Az As), TO HOpMaJIbHBIN BEKTOP 3TOM ILIOC-

KOCTH Oy/IeT HAIPaBIISIOUIUM JJI1 HCKOMOM MPsIMOi. Y paBHEHHE TIOCKOCTH,
npoxojsiei yepes Touku A (2;-1;1), Az (5;5:4), A3 (3;2;-1) MoxHO 3anucaTth
KaK yCJIOBHE KOMIUIAHAPHOCTH BEKTOpoB A, A,, A A;, A|M , roe M(x;y;z) -
Tr00ast TOYKa TIOCKOCTH.

A A, = {363

AA; = {132}

KIH = {x—2;y+1;z—1}
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Heo0XoauMbIM U TOCTaTOYHBIM YCIIOBUEM KOMIUTAHAPHOCTH ITUX BEK-
TOPOB SIBJISICTCS] PABEHCTBO HYJIIO UX CMEIIAHHOTO MTPOM3BEICHHUS:
AA,-AA-AM=0.
WNnm B koopauHATHOU (hopme:
x-2 y+1 z-1
3 6 31=0

13 =2
(x=2)-(-21)=(y+1)-(-9)+(z-1)-3=0 nm
7x-3y-z-16=0.

Hopwmanbnbiii BekTOp maockocTH (A Az Az) N = {7;—3;—1} , @ KaHOHU-
yecKue ypaBHeHUs BbICOTHI (A4K):
x—4 y-1 z-3
7 -3 -1
Jnisa BeraucneHust IuHbI BEICOTHI (A4 K) Bocnonbsiyemcst hopMynoit.
Paccrostane d Touku My (Xo; yo; Zo) 10 iockoctu Ax+By+Cz+D=0

d=|AX0+By0+CZ0+D

VaiemrC
|7-4-31-1.3-16| 6
| Va9r9+T | 59

[Tnomane rpanu A} Ay A3 MOKHO BBIYUCIUTH IO (hOpMYyJIE:

[AK]

2

e —

SAA1A2A3 = E‘AlAz X AGA,
rae A, A, x A A, - BEKTOpHOE TIPOM3BE/IEHHE BEKTOPOB.
k
3|={-21;, 9 3}

3
SAA1A2A3 = E \/5

O0BbeM mupaMuIbl BEIYUCIUM TI0 (hopmyie:

1 . o
Vi, :g-\AlAzxAlA3-A1A4, raeA, A, xA,A,-AA,- CMEIIAHHOE

MPOU3BEAECHUE BEKTOPOB.
AA,={22 2

3.6 3 12 1
(A\ALAAAA)=1 3 -2=3-2:]1 3 -2/=6:(-3)=-18
22 2 11 1
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Viaan, = %‘6-(—3)‘ =3

3aganue 8. CocTaBuUTh ypaBHEHUE INIOCKOCTH, IPOXOAIIEH Yepe3 IBe napal-
JIEJIbHBIE MPSMBIE:

x-1_y+6_z . x+4 y+1 z-3
2 30 2 3 0
Pemenne: 113 kaHOHUYECKUX yYpaBHE-
HUH NPSMBIX BUJTHO, YTO TIepBas UIET
M(x,y,z yepe3 Touky M, (1; -6; 0), a Bropas -
yepe3 M; (-4; -1; 3), u 06e npsimbie
MMEIOT HaMpPaBIICHHBIN BEKTOP
1= {2; 3; 0} . [lyctb Touka M(X; y; z)

M, (~4;-1;3) NPUHAAICKUT HCKOMOU INIOCKOCTH, TO-
r7ia BEKTopa

M,M,, MM, 1 nomxusI 6bITh KOMIIIaHAPHSL, T.¢. M, M, - M, M x 1= 0, uto
B KOOPJMHATHOM (hopMe 3alKChIBAETCS PABEHCTBOM:
x+4 y+1 z-3
5 -5  -3|=0,
2 3 0

YTO U SABJISIETCS YPaBHEHHUEM 3a/IaHHOM IIIOCKOCTU. PacKpbIBast onpenenurens u
MPUBO/ISI TOJOOHBIE WICHBI OMYyYUM: 9x-6y+257 -45=0 .

3 2

. . X +4x°+5

3aganue 9. Haiitu hm—3
x>0 x4+ X

Pemenne. [Ipu x—00 yucanTeNb U 3HAMEHATENb 3TON IPOOH SBISAIOTCS OECKO-
HEYHO OOJBIIUMH (PYHKITUSMHE, TAKOE OTHOIICHHE, YCIOBHO 0003HAYaeMOE CHM-

o0 o o
BOJIOM [—} , IpeICTaBIsIeT COOO0M HEONPEAeIEHHOCTD, JI PACKPBITHS KOTOPO
o0

HY)KHO TIPOBECTH MPEOOPa3OBaHMSL.
Paznenum uncnutens M 3HAMEHATEh TIOWICHHO HAa HAaWBBICIIYIO B JaH-
. 3
HOW Ipo0Owu cTerneHb X (Ha X°):

1+i+i
i x3+4x2+5: X X3_1
X—>00 3 X—>0
2X° +Xx 2+L2 2
X

4 5 1 o
3ameuyanue. —, —» —5 TPCACTAaBISIOT coboli 6eCKOHEYHO MaJTble ()YHKITHH
X X X

pU X—>00, T.€. UX Ipeaesl paBHsl 0.
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2 —_—
3agaunne 10. Haiitu lim X Hl-d

x—0 \/x+3—\/§

[Tpu x—0 yncnuTenb U 3HaMEHaTENb IPOOH SBIISIFOTCS OECKOHEYHO Ma-

J6IMU (PYHKIUSMH, TAKOE€ OTHOILIEHHE, YCIOBHO 0003HAYaeM0Oe CUMBOJIOM {6},

MPEACTABISIET COOOM HEONPEACICHHOCTD, /ISl €€ PACKPBITHS CACIIaeM CIIEeTyI0-

He I1 606 A30BaHUA:

T H 1 («/x2+1—1)(«/x2+1+1)(M+x/§) )
P (fe3 Bk 3 B )
—lim(X2+1 1)(\/F+x/§)_hmx2(\/E+\/§)_o'2\/§_
0 (43 3)( X +1+1) s x(mﬂ) 2

—_

(98]

2
3amauue 11. Haiitn hmw
ol x2 42x -3

I[JI}I PACKPBITHA TAKOT'O BHUJa HCOMMPCACICHHOCTH [6} caciacM CJIICAYIOIUC

npeoOpa3oBaHuUs:
2 —_ _— —_— _— . —_— —
lim3x2 9x +6 _ lim3(x D(x—-2) =1im3(x 2) _ 3-(-D =_3
ol X7 4+2x—-3 ol (x=D(x+3) ! x+3 4 4

. sin4x + sin 2x
3amanwue 12. Hatitu lim———

x—0 6X

0
JI71st pacKpbITHSI HEOTIPEIETIEHHOCTH [6} MIPOBEJIEM CIICAYIONIHE Tpeodpa3oBa-

HUSA:

sin4x +sin2x .. 2sin3x-cosx .. sin3x ..
lim =lim = lim -limcosx=1-1=1
x—0 6X x—0 3X . 2 x—0 3X x—0

[Ipu BeIYMCIIEHNH 33JAHHOTO TIPe/ieia MBI BOCIIONB3yEeMCsI CIEAYIOIUM Pe3yiIb-
TATOM, HA3bIBAEMBIM “TIEPBBIM 3aMeUYaTCIILHBIM MPEACIIOM
. sina
lim
a—0 o

=1

[Tpu 5TOM oA o moapazymeBaercs 1r00asi 0eCKOHEYHO Masasi (PyHKIIHS.

sin(x —1)
Hanpumep: llmﬁ MO>KHO BBIYUCIIUTH, UCTIONB3YS 3TOT XKE pe-
x—1 X —

3yabTaT. 3aMeHuM X-1=t. [Ipu x—1 HOBas nepemenHas t—0
lim sin(x —1) lim sint _ 1
x>l 2x =2 x>0 2.t 2
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3aganune 13.

Haiitu:
1

a) lim(1 + 3x)*

2x
5) hm( 3x + 1]
x>0\ 3X +2

Pemenue:
U B nepBOM 1 BO BTOPOM CJIydae Mbl UMEEM JIEJI0 C HEOPEIETIEHHOCThIO BH/1a
[17], Tak kak:

a) ling(l +3x) =1, liml =0

x—0 X
3x+1 3L
6) lim =lim—=X =1, lim2x=o
X—>0 3X + 2 X—>0 X—>00
3 _
X

J17s1 pacKphITHSI TAKOTO BHJIa HEOTIPEICICHHOCTEH MOXHO BOCIIOIb30BATHCS
crenyromei Gopmyou:

. V(x) lim(U(x)—l)V(x)
hm(U(x)) = (l“’) =e
X—a
Brrarcnum niepBeIi ipesient, moab3ysCh ATON (HOpMYIIOW:
. — 1im(l+3x—l)~l lims—x 3
lim(1+3x)* =e** X =X =¢
x—0

Ji1s BBIYMCIICHHUS BTOPOTO Mpeieia BOCHIOIb3yeMCsl HEMOCPEACTBEHHO Pe3yJlb-
TaTOM, Ha3bIBAEMBIM “BTOPBHIM 3aMEYaTEIbHBIM IIPEIEIOM:

1 t
lim(l+o)* =e wum lim(1+lj =e

a—0 t—o0 t
TJ€ € - HEKOTOPOE YKCIIO, PABHOE MPEIeNTy YUCIOBOM MOCIEA0BATEIBHOCTH
n
1
X, =|1+— e~2,72.
n

Jlyist BEIYHCIIEHUS 33JaHHOTO TIpeJieNa CaeIaeM CIeayIoe npeoopa3oBaHus:

(3T (3x+2-1)" -1\
lim =lim| ——| =lim|1+ =
x>\ 3X +2 x>\ 3X +2 xoe\ 33X +2

-2x
3x+2 -1 3x+2 3x+2

. —1 ) -1 3xe2 . -1 ) 2
=lim| 1+ =lim|| 1+ =e 3
X0 3x+2 x>0 3x+2

BBIpa)KCHI/Ie, BBIJICJICHHOC B KBAJIPATHLIC CKOOKH IIpHU X—>00 UMECCT NPEACIIOM €,

a II0Ka3aTc€Jib CTCIICHU IIpHU X—>00 UMECCT IPECACIOM ? , BUCM HC TPYAHO

3x+2
yOeIuTCs, pa3Ie/iB YUCIIUTENb U 3HAMECHATEITh Ha X.
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3aganue 14. Haiitu lim x[ln(x +2)—In(x— 4)]

X—>+00
B nmanHOM citydae BTOpOW COMHOXKHTEIb MPEACTABIsAET COO0M HeompeIeeH-
HOCTb, 0003HAYAEMYIO0 CHMBOJIOM [00 — 00], TIO3TOMY U MIPOU3BEICHUE SBISETCS
HEOIPeeNICHHOCTRIO. [IJIs1 ee pacKphITHS IPOBEIEM TaKHe MpeoOpa3oBaHus

lim x{In(x +2) - In(x - 4)] = lim h{x hl 2) -

X—00 x—4
6x
x4 6 x4 x4
:limln(1+ 6 jé " “limln (1+ 6 jé -
X—>0 X—4 X—>0 X—4
ﬂ
= lim ox ln(1+ 6 ]6 =6-lne=6
x® X — x—4
-1, x<0
3ananme 15. Jlana pyHKIUS: y =1 —COSX, OSng
T T
—+X, X>—
2 2

UCCIIEIOBATh €€ HEMPEPBIBHOCTD U CXEMATUYECKH MTOCTPOUTH rpauK.
@yuknus f(X) Ha3pIBa€TCsl HEIPEPHIBHOM B TOUKE X(, €CITU
lim f(x) = f(x,)

X—Xg
JIro0Oas snemenTapHast GyHKIIMS HEPEPHIBHA B CBOCH 00JIacTH Ompeie-
neHus. 3aganHas HaM QYHKIHS y HEMTPEephIBHA B CICIYIOIINX HHTEPBAIaX:

T T
(—o0; 0); (0; 5) " (5; + ), T.K. B KQXJIOM U3 HUX 3a/I1aHa 3JIEMEHTapHas
¢yHkuus: nocrosuHas (-1), mpocreifias sneMeHnTapHas (-CosX), JTMHEHHAs

T
(=+x).

2

Ho B Toukax mepexoja oT ogHOM PYHKIIUU K IPYTOH, T.€. B TOUKaxX X;=0
i

u xz=5 GYHKIUS, XOTSI U OTIpEJIeNIeHa, HO MOKET UMETh Pa3phiB, T.€. B TUX

TOYKaX MOTYT OBITh HAPYIICHBI YCIOBHUS HEMPEphIBHOCTH. ccenyem Herpe-
PBIBHOCTH QYHKITUH Y B TOUKe X;=0:
lim y = lim (-1) = -1

x—0+0 x—0+0
lim y = lim (—cosx) = —1
x—0+0 y x—>0+0( )

y(0) = —cos0=-1
TaK KaK TPH TMOJTYYCHHBIX pe3yJIbTaTa COBIAIAIOT, YCIOBHUE HETIPEPHIBHOCTH
BBIMOJIHSETCS U Y HEMpephIBHA B TouKe X;=0.

T
Hccnemyem HepepbIBHOCTh (PYHKIIMU B TOUKE Xo=—
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lim y= lim (—cosx) =0
K T
x—>—0 x—>—=0
2 2

lim y= lim (£+xj -

x40 x> 240
2 2
HGCOBHa)ICHI/Ie MOJIYUYCHHBIX PE3YJIbTATOB YiKC€ 'OBOPUT O HEBBINIOJIHECHUHN YCJIO-

. T
BHUI HENIPEPBIBHOCTH, U B TOUKE XZZE (GyHKIUS UMEET pa3phbiB.

Ha puc. 8 cxematnuecku

v

|3

Puc. 8
nokasaH rpauk QyHKIHH Y.
3amanue 16. Haitti mponsBomayio QyHKImMn y=cos(x")

Pemenne: [Ipu BEIUMCIIEHUH TPOU3BO/IHBIX TOJIB3YIOTCS TAOJIHUIIEH TPOU3BO/I-
HBIX OCHOBHBIX 3JIEMEHTApHBIX (PYHKIHUI U TeopeMoil nudepeHImpoBanus
CJIOKHOM (DyHKITHH:
nycTh y=f(u) muddepennupyema B Touke Uy, u=f(x) nuddepeHupyema B TOUKe
X0, IpAYEM @(X)=Uy, ToT1a cioxHas Gpynkuus y=f(¢(x)) muddepenumpyema B
TOYKE Xo

¥/(x,) = £'(uy) - @'(x,) mm y! =y, -ul,.

2
B namewm ciyyae u=x", y=cosu,
’

!
y' = (cosu) u -(xz) x =—sinu-2x = (—sinxz)-2x.
3ananue 17. Haiitu npousBoauyto GpyHKIMH y=Insina®
Pemenne:  y=Inu, u=sinv, v=a",

Toraa y' = (lnu)'u -(sinv)'V -(a")'x zlcosv-a" Ina =
u

——-cosa”-a’ -Ina=a"Ina-ctga”.
sina

Kak BuHO U3 IpUBEIEHHBIX IPUMEPOB, CIeAyeT HaunHaTh nuddepeHupona-
HUE ¢ “BHEITHEH 3JIeMEHTApHOU (PYHKIIMH, TIOCIIETOBATEIIHFHO IPUOIIIKASICH K
“BHYTpEHHEN .
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3aganue 18. Haiitu npousBoaHbie PyHKIIMIA:
a). y =3/tg’3x 6). y=Invl+e* +e*

B). y =e™ -arctgx’

Pemienmne:
’
1

’ 2 2 13 2
oo o] -0
) ( '8 X (g3 3(tg x) cos’3x  3/tg3x cos® 3x

. (inviveve™) = Lmfie o)) -

1
21+e* +e*

.(ex +e4x 4) = ﬂ

2(1+e* +e*)
B). (ez" ~arctgx3)' = (ez")' -arctgx’ +e> -(arctgx3)' =
1

2x 3 2x
=e”" -2-arctgx” +e” - ———
1+(x°)°

2
-3’ zez"(?_-arctgx3 + 3X 6)
1+x

3ananme 19. Haiitu npousBoaHyI0 (GyHKIMH, 331aHHON HESIBHO:
Xy x+y’=0.

Pemenue. [IpaBuiio BeIUUCIEHUS MPOU3BOTHON (PYHKIIUU, 3aIaHHON HESBHO,
3aKJII0YAeTCs B TOM, 4TO AU(PPEepeHInpYIOT JEBYIO U NMPaByIO 4acTh PABEHCTBA B
MPEIMOI0KEHUH, YTO Y €CTh (PYHKITHUS OT X:

(X4 +y2X+y7) =(0)’
4x° +2y-y’x+y2 -1+7y6y’ =0
Bripaxas u3 nociaeaHero paBeHcTBa y' , OIyYHM:

b y +4x°
2xy + 7y°
. dy d’y .
3amanue 20. Haiitu ax U d_z i QyHKINY, 3aJaHHON TapaMeTPHUECKHU:
X X

X = cost

y =sint
Pemenne: M3BectHa TeopemMa 0 MPOU3BOAHON (PYHKLINH, 3aJaHHOM TapamMeTpH-
yecku: mycTh X=f(t) quddepermmupyema u f'(t) =0
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y=0(t) - tudpdepenunpyemas pyHKIUs, TOTAA TPOU3BOTHAS j—y = (ET(:)) WIH
X

dy _y'®

dx x'(t)

TaK)Ke BBIpaK€Ha uepe3 nmapamerp t.

!

y'(t) = (sint) =cost; x'(t) = —sint

. IIpu BBIMOIHEHUH TOTO AEHCTBHS MPOU3BOAHAS (PYHKIUHU Y(X)

ﬂ_ cost

= —Ctgt
dx —sint 8
d2

Z[J'ISI OTBICKaHUA HpOI/ISBOI[HOI\/'I BTOpPOI'O MOopsAaKa MOKHO HCITIOJIB30BAaTh TOT

2
X

d N
KC Mmoaxona Ay (bYHKHHH d—y 3aIaHHOHN ITapaMCTPUICCKU:
X

dy _o'® Y _ _ctgt
dx f'(t) a B HalIeM cirydae < dx g
x = f(t) X = cost

!

(o)

!
t

2
o (8]
dx? dx\dx

B namewm cnyyae:

X

!

d’y (-etgt) 1

dx? (cost), © sin’t

MO’KHO UCTIOJIB30BaTh U TOTOBYIO (POPMYITY AJISl BBIYMCIICHUS IPOU3BOTHON
2

d’y
BTOPOI'O ITOpsAKa d—z byHKIIUN
X

x = f(t)
{y =¢(t)
d’y _9"®-f'M 1" -0'(H)
dx? (f'(t))3

3aganme 21.
[IpoBecTr mosTHOE MCCIeIOBAaHUE (PYHKITMH U TIOCTPOUTH €€ TpaduK.

f(x)= x+ In(x* -1)

Pemenue.

UccnenoBanue pyHkuu OyaeM MPOBOIUTH 110 CIEAYIOIIEH CXEME:

1.) Hatinem ob6macte onpenenenus QyHKIIMN U TOUYKH MepeceueHus ee rpaduka ¢
OCSIMH KOOPJIMHAT;

2.) BeIsicHUM 4eTHOCTH (MIJIM HEYEeTHOCTh) (DYHKIIMU (€CITM OHA 3aJjaHa Ha CUM-
METPUYHOM MTPOMEXKYTKE);

3.) BeIsicHUM epruoANYHOCTD (DYHKITUH;
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4.) Uccnenyem (pyHKIMIO Ha HENPEPHIBHOCTb, HalJIeM TOUKU pa3phiBa U BbIsC-
HUM XapakTep pa3pbIBOB;

5.) Haiinem acumnitoTsl rpaduka GyHKINN;

6.) Uccaenyem QyHKIIMIO Ha SKCTPEMYM, HaliJIeM HHTEPBaJIbl MOHOTOHHOCTH
dyHKIMH;

7.) Haiinem Touku nepern6a u MHTEPBAJIbl BBITYKIOCTH U BOTHYTOCTH rpaduka
GyHKIUH.

Uccnexyem dpynkmuio f(x) = x+ In(x* -1) 1mo npuseneHHol cxeMe.
1.) DyHKIKS ONpe/IeNeHa PH BCEX 3HAYCHUAX X, IS KOTOPBIX X -1>0 Hin
|x|>1, .e. mpu -0 <x<-1 m +1 <x <+o0
C ocbro OX rpaduk dpyHKIMM nepecexaeTcs B Touke (x = 1,25; 0).
C ocbio OV rpaduk GyHKIIUU HE TEPECEKACTCSI.
2.) ®yHKUMS HE ABJSETCS HU YETHOM, HU HEYETHOM.
3.) ®yHKIUS HE SBISICTCS TIEPHOTUIECKOM.
4.) Ha untepBane (-o0; -1) u (+1; +o0) pyHKIIMSA HEMpEephIBHA.
5.) BepTukanbHbie aCUMIITOTHI:
lim f(x)= ngnl_o[x +In(x? —1)] S

x—>-1-0

lim f(x)= li{rllo[x+ln(xz—l)]=—oo; x=—1wux=1

x—>—1+0
— JBC BEPTUKAJIbHBIC aCUMIITOTEI.
I/IH_ICM HAKJIOHHBIC aCUMIITOTHI:

2_
k = fim 2% _ Jigy XENCTD i tnx? —1) = 0

X—to Y X—>too X X—>Fo0

CJ'ICI[OBaTeJ'II)HO, HHU HAKJIOHHBIX, HU T'OPHU30HTAJIBHBIX aCUMIITOT HET.

6.) Haxoaum npousBoaHyto nanHoit pynkuuu: f'(x) =1+ x L [IpousBonHas

XZ
CYIIECTBYET U KOHEYHA BO BCEX TOUKaxX obnacTu onpenenenus pynkuuu. Cre-
JI0BaTEJIbHO, CTAIIMOHAPHBIE TOYKU MOTYT OBITh JIMIb B “HYJISAX MPOU3BOIHOM:
2
X" —1+2x
f'(x) =———; f'(x)=0 npn x, =—1-~2, x, =—1+~2
x? =1

B touke x,=-1+ 2 ¢yHkus He onpeneneHa. CneaoBarenbHO, UMEETCS TOJIBKO
OJTHa KpUTUYECKAast TOYKA X =-1- V2, MpUHAJUIeKAIast 00JIaCTH ONPeICIICHHS
byHKIHIH.

B unrepnaiie (-oo; 1-42 ) mpousBoaHas f'(x) >0, a B uaTepnane (-1- 2 ;-1)
f'(x) < 0. CnenoBaTensHo, TOUKa X=-1- V2 Touka Makcumyma u

f(-1-+2) = -1- /2 + In(2 + 2+/2) ~ —0,84 . B unrepsane (-o; -1-/2 ) pyHKums

BO3pAaCTaeT, a B UHTEPBAJIE (-1-\/5 ; -1) - yopiBaet. B unrtepnane (1, ) nmpous-
BoaHasa f'(x) >0 wu, cienoBaTeNnbHO, PYHKIMS BO3pACTAeT.

2(x* +1
7.) Haxoaum BTOpyto mpou3Boanyto pynkuuu f”(x) = (()2(—1)2)
X —
3nauenne f"(x) <0 Ha Bcelt obmactu onpeneneHus GpyHkmuu. CienoBaTenbHo,

KpHBas BE3/1€ BBIITYKJIA U TOYCK HCpCFI/I6a HEC UMCCT.
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BHecem Tenepb pe3yibTaThl UCCIEIOBaHHS B TAOJIHILY, a 3aTEM ITOCTPOUM I'pa-
¢uxk (puc. 9) byHKIUN.

3ameqaHue:
Tabauiry MO>KHO 3aIMOJIHATH OCTENIEHHO, N0 Mepe HcCleA0BaHus (QYHKIINU.
X |(oo1-+2)| —1-v2 |(l-v2—] L | 1 | Lo
y' + 0 +
yH - - - R
y BBIIL. Mmax. -0,84 BBIIL. BEpT. | BEPT. | BBHIIL.
ac. ac.
Y
-1-42 1 1 1,25 X
— :
i
Puc. 9

3amanue 22. Haiitu yacTHbIe Ipon3BOAHBIE PYHKIMU Z = (X +2y)-e

Pemenue: Ecnu nepemeHHast Z 3aBUCHUT OT ABYX U 00Jie€ HE3aBUCUMBIX TIEpe-
MEHHBIX X, Y, ....... ,u, v, 10 z=f(X, y, ..., U, V) Ha3bIBalOT (PYHKIIHEH HECKOIbKUX
HE3aBUCHUMBIX MTEPEMEHHBIX. BaykHelmmM moHsTreM B Teopun QyHKIUN He-
CKOJIBKHX MTEPEMEHHBIX SIBJISETCS MOHATHUE YACTHOW NMPOU3BOAHOM. HacTHas
npon3BoAHas (YHKIIMH Z 110 JaHHOW MEPEeMEHHOMN, HAIpUMeEp 1o y, 0003HaYaeT-

oz .
CS1 OJIHAM M3 CHMBOJIOB Z), ——, —— (HE IyTaTh ¢ 0003HAYEHUEM TIPOU3BOIHOM
. ., dy df
Uit QYHKIIMHA OJTHOW TIEPEMEHHOM Y', 1 d—) Y BBIYKCIISICTCS B TIPEIIOINO-
X dy

YKEHHUH, YTO BCE OCTATIbHBIC TICPEMEHHBIC SBIIIOTCS 3aUKCUPOBAHHBIMH, T.C. UX
ClielyeT paccMaTpuBaTh KaKk KOHCTAHThL. PaccMOTpuM npuMep Hax0KICHUS
YaCTHBIX MMPOU3BOJIHBIX OT 33JaHHON (DYHKIIMU HECKOJIBKUX MEPEMEHHBIX (B

YaCTHOCTH, IBYX) IEPEMEHHBIX. z=(x+2y)-e™

2}; Gx[(x+2Y) e Xy]—e Y rx+2y)-e Y (=y)=e ™ -(1-xy-2y’),
Zy 8y[(x+2y) e Xy] 2.6+ (x+2y)-eV(—x)=e - (2-x - 2xy).
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3ananue 23. Berunciauts nHTErpa

2+3x% +5x
| e dx
X

Pemenne: [Ipeobpa3yem MoJbIHTErpabHYIO (DYHKIHIO:
5

3/,2 3
243 5% =2-x 2+3.x ® +5-i
Jx? X
Janee npencrasiisieM HHTETpaN alredpandeckoil CyMMBI B BHI€ CYMMBI
MHTETPAJIOB CJIaraéMbIX, BBIHOCS ITOCTOSIHHBIE MHOXKHUTENIN 33 3HAKU MHTETpa-
JIOB, U, OJIb3YsICh TAOJIUIIEH UHTETPAJIOB, MOJIYyYHM:

2+3/x% +50x 3
3

5
| r dx =2[x 2dx+3[x 6dx+5jd—xz
X X

= +3 XS +51n‘x‘+c=—i+18§/;+51n‘x‘+c

Jx

IIpoBepka:

!

! 1 1
[—4+18§/;+51nx+cj =|—-4x 2+18x% +5lnx+c| =
N

1 —l—l 1 l_] 1 _E E l
4| —=Ix 2 418 —-x% +5-—|=x 3 2+3x%+5x? |=
2 6 X

2+3Vx72+5&
5

3aganue 24.

sin xdx

1+ 2cosx

Brruncnuts uHTerpan |

Pemenne:
[Tepssiit cioco6. [Tonaras 1+2cosx =t, —2sinxdx =dt, Hoay4yum
1

sinxdx 1.dt  1,.- 1
[-———=—— [ F=——ft2dt=——-2t> +c=—Jt +c=—/1+2cosx +¢
A1+ 2cosx 2 \ﬁ 2 2

sin xdx
AJ14+2cosx
YMHOXas u aens Ha —2 ¥ 3amedast, 4To —2sinxdx = d(1+2cosx) , TOJIy4uM

sinxdx 1 d(1+2COSX)_1j(1+cosx)‘%d(l+cosx)=

J.«/1+200sx __Ej ~/1+cosx 2

—l+1
=—1M+c=—(1+200sx)é +c=—14+2cosx +c

BTopoii criocob. |

2 —l+1
2
posepia: (~ 1+ 2e0ss v = 28mx___sinx

- 2J1+cosx - J1+2cosx

321



2. PemieHne THIOBBIX 3224 KOHTPOJILHBIX padoT

Jist 3amevyanui

3amanue 25. BerauciuTh HHTErpai jxiﬂdx

X“+2x+3
Jlist BBIYUCIICHHUST MHTETpajia OT (YHKLWH, COIEprKallell KBaJpaTHBIHI
TPEXWIEH, HAaJ0 BBIACIUTH IOJIHBIM KBAaIpaT UX KBAIPATHOTO TPEXWICHA, 3a-
MEHHTb IEPEMEHHYI0, B pe3yJIbTaTe 4ero NOJayYUM TaOJUYHbIE HHTETPabl.
Boinenss nosHblil KBagpaT B 3HaMEHATENe, UMEEM:
x+2x+3=(x+1)* +2. Jlanee, 3amenss x +1=t, dx =dt, nomyqum:
i (x+1)dx - (x+1)dx —_[ tdt lfd(t +2) lln(t2+2)+c=

x> +2x+3 T (x+1) + t2+2 27 t2+2 2

= %m(xz +2x+ 3)+ c

!

1 1 2x+2 x+1
ITpoBepka: | —In(x> +2x+3)+c| =— =
POBEp [2 ( ) } 2x+2x+3 x> +2x+3

3ananue 26. Borunciuts uaterpan [+/x Inxdx .

Pemenwue: Ilpu BeIUUCIEHNN 3TOrO MHTErpaja Ha/l0 MPUMEHUTH METOJ

MHTErpupoBaHus 1o yactsam. [lonoxus Inx =u, dv =-/xdx , HaligeM:
3

1
du= ldx; v=[+/xdx =[x2dx = ixz . IloncraBmnss B popmyiny
X
fudv=u-v—|vdu, nonquM

dx
X

2\/lenX—2fX2dX=2Jlenx—4\/x3+c=2x/x3[lnx—2j+c
3 3 3 9 3 3
2 e 2ol 2 2 e (e 2) |
Lx/xi(lnx 3j+c} 3 ( X )(lnx 3j+«/x7[lnx 3)

J’(lnxdx-ix”nx [= x3 =

IIposepka:
i[;x/;[lnx—ij+\/x7-1}:\/;1nx—§«/;+§\/7:w/x-lnx
X

[Ipu uHTErpUpOBaHUY O YACTSIM BayKeH BBHIOOp (hyHKIMU U U V. B kauecTBe u
BI)I6I/IpaeTCH Ta 9aCTb HNOABIHTCTPAJIbHOI'O BBIPAXKCHUSA, KOTOpass CYHICCTBCHHO
ympomaercs npu auddepeHimpoBanuu. 3a dv — Ta 4acTh MOABIHTETPATLHOTO
BBIpaXEHUS BMecTe ¢ dX, KOTopasi MOKET ObITh IPOMHTEIPUPOBAHA.
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3aganune 27.

Beruucnuth uHTErpan [ "
x* +

Pemenne:
Nmeem (x3 + 1)= (x+ 1)(x2 —X+ 1). PazjioxkuM paroHaIbHYO IPOOk.
| 1
(x+1)3 - (X+1)(X2 -x+1
KBaJIPaTHBIM TPEXWIEH X —X +1 HE UMeeT eHCTBUTENBHBIX KOPHEIA:
1 A Bx+C

3,1 t 3
x*+1 x+1 x"—x+1

OThIIIIEM METOJIOM HEOMpPENeIECHHBIX KOI(PPHUIIMEHTOB MTOCTOSTHHBIC A,
B, C. YMHOxas Ha X° + | 06€ gacTi pPaBEHCTBA, OJTYYHM:
1—A(x —x+1)+(Bx+C)x+1)=(A+B)x>+(-A+B+C)x+A+C

3TO paBEHCTBO TOXKIAECTBEHHO MO X TOTAA U TOJBKO TOT/A, KOTAA BbI-
MIOJTHEHBI paBeHCTBA (PaBHBI KOA(P(GUIIMEHTHI NMPU OJUHAKOBBIX CTEMEHSIX B
MpaBOl M JIEBOU YaCTHX):

Mpux*A+B=0

Opux' ~A+B+C=0

Mpux’A+C=1

(cBOOOIHBIN YJICH)

[TomydyeHHas cuctema TpexX JUHEMHBIX alreOpanyecKux ypaBHEHHH ¢
TpeMsi HEM3BECTHBIMU UMEET CIICAYIOLIee PeLIeCHHE:

1 1

A=t B=—1 c=2
3 3 3

) Ha mpocTelimue Ipodu, uMes B BHIY, UTO

11
S (x-2
;32

n ! :
TaK, — = - . UaTerpupys, nomyuum:
x°+1 x+1 x"—x+1

2)dx 1‘ +1‘ j2(2)( 4)dx_
-x+1

=g

(
x> +1 3 X+1 ( x+1)

Eln‘x 1‘ 1wdx—?,lnx 1‘ j% Idix:

1
X_i
2

I

= ;lnx + l‘ —éln(x2 -X+ 1)+ Larctg

\F
21
4
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[IpoBepka:
4 l1n\x—1\—lln(xz—x+1)+iarctgzx_1+c =

dx 3 6 J3 3

2 1 11

Lo 2x-1 1 3 3 3" 2

3(x+1) 6(x2—x+1) ﬁ“_M x+1 x?—x+|1 4+4x*—4x
3

1

X +1
3aganue 28. Berancnuts uHTErpan | Jidxz

X—AX

Pemenne: Iloncranoka x =t*, rae k — oflee HauMeHbIIee KPaTHOE
MOKa3aTeJIe BCeX PaTUKaJIOB, ITOJ KOTOPHIMH X BXOJHUT B TOJBIHTEIPATHHYIO
(GYHKIHIO, IPUBOJIUT K HHTETPATy OT PAllMOHATIBHOMN IPOOH.

B nameM nmpumepe X BXOIUT B MOABIHTETPAIbHYIO (DYHKIMIO TIOJ pa-
IuKaniamMu ¢ mokazatesnsiMu 2 u 3. CriemoBaTenbHO, JelaeM TMOJICTaHOBKY
x =t°, dx =6t°dt.

Torna:
3 4 4 _ 4 _

f Jxdx N 6t 6t 2t (=gt 21+1 t:qt2 1t+6j 2dt _
x=3x> Tto—t 2 -1 2 -1 2 -1 t2 -1

2 1) +1) dt dt
=6 ( dt—6 =6[|t> +1Ht+6 =

Pt o] =6 s afieef T

3 _ _ 6/ _
—65 w6t46im T he=2e 16143 ) +c=2&+6%§+3ln@

3 2 |t+1 t+1 ﬂ;H

3amanmue 29.
dx
Brruuciaute nuaTErpan jﬁ
a“+b cos"x
Pemenue: T.k. mpu M3MEHEHUU 3HAKOB SINX M COSX MOJBIHTErPajbHOE
BBIPAYKEHHUE HE MEHSET 3HAKA, IPUMEHUM I1OJICTAHOBKY
dx

2
tgx =t, m—dt, COS” X = e
HuTterpupys, nomyuum:
I dx B dx _J dt B
a’+b>cos’x ° cos x(a2 sec” x +b2) - (az(l +t2)+b2)_

_] dt =if dt
a’t’ + (a2 +b2) a’’ , a’+b’
t™ +

2
a

1 a a-t
———arctg—+C=

-arctgﬂ +C

1
aa’ +b? a?+b?

+C
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[IpoBepka:
d 1 a-tgx B 1 1
dx(am -arctgim +CJ = am . - e'x .
a’ +b’
a a’ 1

cos? x+/a? +b? (az +b’ Xaz +b’ +aztg2x)cos2 x a’+b’cos’x

dx

4sinx +3cosx +5
Pemenne: ITockonbky moabIHTErpaibHas (YHKIUS palMOHANIBHO 3a-
BHCHUT OT SINX U COSX, TO MPUMEHUM YHUBEPCATHHYIO MOJCTAHOBKY

X . 2t —t? 2dt
tg—=t; sinx=——; COSX=—"1} dx = 5
2 +t I+t I+t

3aganue 30. Borunciuts nnrterpan |

HNuTterpupysi, monydunm:
| dx [ 2dt

4sinx +3cosx+5 (1+t2 4 2t +31—t2 L5
1+t 1+t

dt dt -1
:2.‘. 2 :j 2 =
2t +8t+8  C(t+2) t+2
=— Xl +C.
tg—+2
g2
[IpoBepka:
1
(;1 B — ! —2 =
X X 2X X 2X
tg——2 tg” —+4tg—+4 cos” —
g2 . 2 g2 2
1 1

.2 X . X X X 4sinx +3cosx+5
2s1n25+8sm500s—+8c0s2—

2

3ananme 31. Haiitu muomans GuUrypsl, orpaHH4eHHON NMPSIMON y = X U

napaGomoil y =2 — x°.

Pemenue: Haiinem abcuiicchl TOYEK MepecedeHus mpsiMoi ¢ napabosion:

Ay y=x
y=2-x°
X X—2+X2:0

> X1:—2;X2:1
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Bocnonb3yemcst popmysoi 1Isl BBIYMCIIEHUS IIOMaan (GUrypsl, orpa-

b
HUYECHHOH BYMs KPUBBIMU: S = j(f2 (x)—f, (x))dx

a

Ipua=-2,b=1, fH(x)=2—-x°, fi(x) =x
[Homyuum:

S=}(2—x2—x)dx=(2x—’;—"2j

OrtBer: %KB. ell.

3ananue 32. Beruncauth 00beM Tena, 00pa30BaHHOTO BpalieHueM ¢u-

TypBl, OTpaHUYEHHON IMHUAMHA 2y =X, 2X +2y—3=0 Bokpyr ocu OX.

MH y=x2/2 u 2x+2y-3=0

¢durypa, npu BpalICHHH BOKPYT

ocu OX oOpasyer Temo, 00BEM

B(l'lj KOTOPOTO MOKHO HAWTH KaK pas-
’ HOCTH 00beMOB V| U V,, 06paszo-

X BaHHBIX BPAIICHUEM BOKDPYT OCH

Pemenue: OrpaHudeHHas JIMHUA-
A(_s,j

€To0 paCXoanMOCTb I

A 0 B > OX  Tpamemmeit A;ABB; wu
l ' A,AOBB;.

3ananmne 33. BeruuciauTh HECOOCTBEHHBIM MHTETPAT WIM YCTAaHOBUTH

arctgx
S-dx

0

11+ x
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© b
Pemenne: Onpenenenne [f(x)dx HazpiBaeTcs mpepeln lim [f(x)dx

1 b0y

0 © b
J. arctg;c dx = [im I arctg;i dx = lim I arctgxd(arctgx) = (T.K.d(arctgx) = dx . j =
1 1+x bow] 1+ X b I+x
_ . arctg’x b (arctg’b arctg’l)_n* w3’
bor 2 |1 boml 2 2 8 32 32
3apanmne 34.

Haiitu obmee pemenne win oOmwmii uHTerpan auddepeHnnarbHOro
YpaBHEHMUSA: (XZ + 2xy)dx +xydy =0

Pemenue: Ypasuenue puna P(x,y)dx +Q(x, y)dy =0 HaspiBaeTcs on-

HOPOJHBIM, eciu P(X, y) u Q (X, y) — onHOpOoHBIE (PYHKIUU OJHOTO U3MEpe-
Husa. Dyskmus f (X, y) Ha3bIBae€TCs OJHOPOTHOM HW3MEPEHHS m, €Clu
f (kx, Xy)z A (x, y). OnHOpOIHOE YpaBHEHUE MOXKET OBITh MPHUBEJEHO K BUIY

y'=f (y) MIOJICTAHOBKA y = tX mpeoOpa3yeT 3TO ypaBHEHUE B ypaBHEHHE C Pa3-
X

JETSIOIUMUCS IEPEMEHHBIMU.

B nanHoM ypasnenun P(x,y)=x+2xy; Q(x,y)=xy. O6e dyHKuuu
OJIHOPOJHBIE 2-T0 H3MepeHus. BBeaem monacTtaHoBKy y=tx dy=xdt+tdx.
Torna ypaBHeHUE IPUHUMAET BUJ:

x* + 2x2t)dx +tx* (xdt + tdx ) =0

158105 (x2 +2x%t+ tzxz)dx +t-x°dt=0

Paznensist nepeMeHHbIE U UHTETPUPYS, HAXOAUM:

dx __wt _ fdl + ILt -

X (t+1) X (t+1)

npeoOpasyeM BTOPOM MHTErpalt:

tnfx|+ [ e = ¢

(t+1)
wi Tnfx| +Inft+ 1+ =C
t+1

BosBpamasice k npexHeil Hen3BecTHON (YHKIIMU Y, HAXOJIUM OKOHYa-
TEJbHBIN OTBET:

mk+ﬂ+ X

=C (oOmumii uHTETrpa)
X+y

3ananue 35. Haiitu oOmiee pemenue wim oOmuid uHTerpan nudde-
PEHIMAIBHOIO YPABHEHHS YOS’ X + Y = tgx

Pemienue: YpaBHeHue Buaa y'+P(x)y=Q(X) Ha3bIBa€TCs JMHEUHBIM,
€CIM y Uy’ BXOJMAT B IepBbIX creneHsax. Ecian Q(x) # 0, To ypaBHeHUE Ha3bIBa-

€TCsl TUHEHHBIM HEOJMHOPOIHBIM, a Mpu Q(X) = 0 — TUHEHWHBIM OJHOPOIHBIM.
OO1ee perieHre OJHOPOAHOTO YpPaBHEHUS IOIy4aeTcs pas3felieHueM Iepe-

327



2. PemieHne THIOBBIX 3224 KOHTPOJILHBIX padoT

Jist 3amevyanui

MEHHBIX B ypaBHeHHHU y'+P(x)y=0. Ham Hago ypaBHeHHe y-cos’ X +y = tgx,
y _ tgx

COS2 X COS2 X

pa3aciiiM Ha coszx, TOorJa IoJIydyuM, 4TO y'+ , 4 COOTBCTCT-

BYIOIIIEE OHO

poaHOEe ypaBHEHHE V' + S Paznensiem B 3TOM ypaBHEHMU MEPEMEH-
cos” x
HBIC
Yy___¥
dx  cos’x
d dx .
o — u uHTerpupyeM Infy| =—igx +1n|d, Tormay = c-e™. Tlonaraem
y cos” x

Teneps, uTo C- GyHKIHS OT X, T.e. C=C(X) u Haligem 3Ty (PyHKIUIO, UCIIONB3YS
IIPABYIO YaCTh YPABHEHUS

y=C(x)- ¢

y’=C’(x)-e-‘gx+c(x).e—rgx(_ 1 j

2
COS X

[ToxcraBnsiem Teneps B ypaBHEHUE, TOTIa TIOJTy4YaeM

—t1gx —1gx
tox e Clx tgx
el —C(r) <o Ck™ e
cos“Xx  cos"x  cos”x
HI0CJIe TIPUBECHNUS MTO00HBIX YICHOB MOIyYaeM:
- 1gx
! 1gx  __
C (x)e - 2
Cos” X
paszensisi HepeMeHHbIC MOTyYaeM:
dC(x): e gx dC(x)= e tgxdx
dx  cos’x cos’ x
dC(x)=e"® -1gx - digx; C(x)=1gx -e® —e™ +C,
(C, - npou3BoOJIbHAS TIOCTOSIHHAS)

MMOACTAaBJISIEM TCTICPDb IMOJTYYCHHOC 3HAUCHUC I C(X) B BBIPAKCHUC IS 06mer0
PCIICHHUA U MOJIyUaCM:

y = (tgx e —e® +C1)e”gx wm y=tgx +Ce”

' —1510 M ecTh 0OIIEE pe-

HIeHHe JaHHOTO Au(depeHIInaIbHOTO YPaBHEHHS.

JIuHeitHble ypaBHEHUs |-ro mopslika MOKHO WHTETPUPOBATH TaKKE€ METOJI0M
bepuymu, kotopsiit 3akitovaetcs B cieayromeM. [lonaras y=UV, roe U=U(x)
u V=V(x), npeobpazyem ucxoanoe ypasuenue y' +P(x)y = Q(x) k Bumy:

UV +UV'+P(x)-U-V =0(x) wm

U[V'+ P(x)V] + VU '= Q(x) Be1Oepem Tenepb V TaKUM 00pa3oM, YTOOBI

VHP(x)-V =0, 1. V= 17
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torma V -U'=Q(x) wiu U':QI(/X)

(x)dx

U’:Q(x)~ejP 17001 U:c+J.Q(x)-ejP(x)dxdx

Teneps HaiiieM oll1iee perieHue

y=U(x)V(x)= eiJ.P(x)dx [Q(x )eIP(x)dxdx + c}

s Hamero npuMepa 0yJ1eM UMETh:
' y 1gx
y + 2 = 2
Cos” X cos” Xx

y=U-V; y'=UV+VU

UV +V'U+ Uy =18
COS X COS X
t
U{V'+ . V}V-U': &
COS X COS X
i 1 —tgx
Vi 4 ——V =0 tormaV =e
COS X

MMOACTAaBJISICM 3TO 3HAYCHHUC B YPABHCHHUC U IMOJTyYaCM:

- 1gx 1gx
e 1gx 'U’: g2 TOFI[a U!:etgx g2
COS X COS X

U=tgx - —e* +c¢

1gx

uy=U- -V =(tgxe® —e® +c)e™ =tgx —1+c-e”

ypaBHeHUs y =fgx —1+c-e .

3aganue 36.
Haiit wactHOe penienne nupHepeHInalbHOT0 ypaBHEHHS

y"+y =2y =cosx —3sinx, YIOBICTBOPSIOIICE HAYAIBHBIM YCIOBUSIM

y(0)=1; y'(0)=2.

Pemenue. /[anHOE ypaBHEHHE SBIISIETCS JIMHEWHBIM HEOJAHOPOIHBIM ypaBHEHH-
eM 2-T0 TOpsiIKa C MOCTOSIHHBIMU Kodddunmentamu y" +a,y' +a,y = f(x),

npaBasi 4acTh KOTOPOro WMeeT Buja e [Pn (x)cos fx +Q, (x)sin ﬂx] (v

cyMMy GYHKIUH Takoro tuma). 3aeck o u [ nocrosHHuble, P (x) u O, (x) -

MHOI'OYJICHBI OT X CTEIIEHEH N U m COOTBETCTBEHHO.

OOwiee perieHre 3TOro ypaBHEHUs OyJeM HCKaTh KaKk CyMMY OOLIEro

pelIeHUs] COOTBETCTBYIOIIETO OHOPOIHOIO YPaBHEHHUS, T.€.

, T.€. o0IIee perieHne
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y"+ay'+a,y = 0 u YaCTHOrO pEIICHUS JAHHOTO HEOIHOPOIHOTO
ypaBHeHusi. CocTaBuM 1Sl ypaBHEeHUS V" + a,y' + a,y = 0 XapakTepHcTHIeCKOe
ypaBHenue k’° + a,k + a,=0, TOraa BO3MOXHbI TP CITydas:
I). k, u k, - nelicTBUTEIbHBIE U PA3IMYHEIE, TOTAA Vo, =ce'™ +c,e’
IT). k, u k, - NeHCTBUTENBHBIEC K PABHBIE , TOTAA V,, =c,e'™ +c,xe "
IIl). k, ¥ k,- KOMIUIEKCHBIE U CONPSDKEHHbIE k,, = + B -1, TOT]1a
Yoo =ce” -cos fx +c,e™ -sin fx
JUTSL HAIIETO CIyvas MMeeM:
k> +k-2=0 (TIepBHIii cirydan)
k,=-2 k,=1

-2
T.C. Yoo =Ci€  +cyet.

YacTHoe pelieHue ypaBHeHus y" +a,y' +a,y = f(x) A7 3aJaHHOTO B/ IIpa-

BOM 4acTH ClieAyeT UCKATh B BHJIE

Vo, =x"-e” ~[Pe(x)cosbx +Qe(x)sinbx]
TJIe T- paBHO MOKA3aTet0 KPaTHOCTU KOpHs d * bi (eciu OH COBMIAIacT ¢ KOp-
HEM XapakTepuctuiyeckoro ypaBHeHus) U r=0, ecnu d + bi He coBmagaer c
atfi, P, O,(x)- NONHBIE MHOTOWICHBI CTeneHH [=max{m,n}, ¢ Heomnpe-

neneHHbIME Kod(ddunmrentamu. Eciu mpaBas yacTh paBHA CyMMeE HECKOJBKHX
pa3TUYHBIX (PYHKIHMIA paccCMaTPUBAEMOU CTPYKTYPHI, TO JIJISl OTHICKAHUS YaCTHO-
T0 pEeHIeHUs] TAaKOTO ypaBHEHUS HAJ0 HAWTH YaCTHBIC PEIICHUSI, COOTBETCTBYIO-
1€ OTACNBHBIM ClIaraeéMbIM IIPABOM YacTH U B3SATh UX cCyMMYy. B Halmiem ciydae
m=n=0 u, cnemoBareasHo 1=0, Torna

V., =A-cosx +Bcosx (d=0, b=1 T.e. d £ bi ==i 4To HE coBHAIaeT ¢

KOPHSIMH XapaKTePUCTHIECKOTO MHOTOUJICHA).
vl =A-sinx + Bcosx

y! =-A-cosx —Bsinx NOACTaBUM B MCXOJHOEC YpaBHEHUE W IOJY-

quM:
yl o+yl =2y, =(B-34)cosx +(-3B —A)sinx =cosx —3sinx
B-34=1
Otcrona 1.¢. A=0, B=1
3B+A4=3

CrnenoBaTenbHO, 0011I€€ pEIICHUE JAHHOTO YpaBHEHHsI OyIeT
y=ce +c,e’ +sinx.

Haiinem Teneps ¢, U ¢, , UCIOIb3Ysl HAYAIbHbIE YCIOBUS:

ce’ +c,e’ +sin0=1 - ¢ +c, =1

—2ce’ +c,e’ +cos0=2 [(—2¢ +c, =1
Otcroga ¢,=0, ¢,=1 nu y=e" +sinx - OyJeT YaCTHBIM peleHneM auddepeH-
[IHAJTBHOTO YPaBHEHHUSI, YJOBJIECTBOPSIONIEE HAYAILHBIM YCIIOBHSIM.
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DTOT METOJ NMPUMEHUM TOJBKO K JMHEWHBIM YpPaBHCHHSM C TIOCTOSH-
HBIMHU K03 (HUITMCHTAMU, KOT/Ia TpaBasi 4aCTh €ro MMEET BH]T :
f(x)=e™[P,(x)cos fix +Q, (x)sin fx]
(nnum sBIIETCA CyMMOM (DYHKIMI TaKOTO BUAA), @ U [ - mocTosiHHBIE O, (X) H

P (x) MHOrO4JIeHbI CTENIEHEH M U n. A caMO ypaBHEHHE:

Y+ ayd +ay T+ va,y=f(x) (1)

Ob6mee pemenue ypaBHeHust (1) Oyaem HCKaTh Kak CyMMY OOIIETO pemieHUs
OJTHOPOJTHOTO YPaBHEHHUS M YaCTHOTO PEIIECHHsI HEOJTHOPOHOTO YpaBHEeHuUs. J[is
OIpeIeNIEHUs] OOIIEro PEeeHUss OJHOPOAHOTO YPAaBHEHUsI ), COCTABHM Xapak-
TEPUCTUYECKOE YpaBHEHHE, COOTBETCTBYIOIIEE JaHHOMY JMHEHHOMY Of-
HOPOJIHOMY YPaBHEHHIO C MOCTOSSHHBIMU KO3 dUllMeHTaMH, T.€.
k" +ak"™ +a,k" +..+a, =0

OHo sBIeTCS ypaBHEHHEM N-OM CTENEHU M UMeeT n kopHed. Cpenu KopHen
MOTYT OBITh BELIECTBEHHBIE U KOMIUIEKCHBIE, pa3JIMYHbIe U KpaTHBIE.

3apanmne 37.
Haiitu o6macts cxogumocTu psna:
x?  8° 2"x"
2x + +—
2n -1

2n .xn 2n+1xn+1

n_—; n+l . Haﬁ_
2n—1 2n+1

[Ipumennm npusHak [lamamOepa:

n

neMm lim

n—ol [

L MyCTh 3TOT Mpeen paBeH |1(x)

n

, TOra IIpU TCX X, JJIS1 KOTOPBIX

|1(x )| <1, psin cxonuTcs, MPU TE€X X, ISl KOTOPBIX |l(x )| >1, psag pacxogurcs, a
pU TeX X, JUIsl KOTOPBIX |1(x )| =1, ciaexyer NMpoOBECTU JOMOJIHUTEIbHBIE UCCIIE-

JIOBaHUS.

1
n+l n+l 2 I

o] = lim 2 @1 =D =2 [ tim — =2}
e 2" (2n x| N
n

1 1
T.€. IPH |x|(5 pSa CXOIUTCS, IPU |x|>5 psa pacxoautcs. Mccnenyem cxonu-

1
MOCTbD psJia Ha I'paHUulaX MpoOMEKKYyTKa, T.C. IJId TCX X, IPH KOTOPLIX |X| = 5 .

1
Ecmu x = E TO MOJIy4aeM PsJL

1 1 1 1
l+—+—+—+...+
3 5 7 2n -1

OTOT YUCIIOBOH psAA pacxXoauTCs. Ero moxHO CpaBHHUTb C TApMOHHUYCCKUM

+...
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1 1
paaom 1+ —+..+—
2 n
1
lim ’11 =2 10 TeopeMe O CPAaBHEHUU YUCIIOBBIX PSIIOB MbI IIOJIy4aeM, 4TO
n—>
2n—1

UCCJIEAYEMBIU Psifl PACXOIUTCA, T.K. TADMOHUYECKUM Pl Z— pacxonures, a

n=l1
npeacii OTHOLCHUA N-bIX YJICHOB PAAOB IIPpHU n— oo PaBCH KOHCTAHTEC, OTINY-

. 1 1
HoH ot 0. T.e. mpu X = — psan pacxoaurcs. [Ipu x :_E MoJIy4yaeM 3HaKo4epe-

JIYIOIIMICS PALT

—1+l—l+l+... + (=D
3 5 7 2n -1

ITo Teopeme JleliOHMIIA ATOT Psijl YCIOBHO CXOAUTCA. J{eHCTBUTENBHO:

I). psin 3HaKOUEpe Ay IOIIHIICS;

). [U P D-NU DU - (yGriBaromuit)

I). imU, =0

n—>w0

+...

n+l

. 1 1
Takum O6p2130M 3aIaHHbIU P CXOOUTCH, CCIIN — E <x< 5

3aganue 38

b
BrruucnauTs ornpeaeieHHbI HHTETpa I f(x)dx c tounoctero 10 0,001, pazmno-

a

KHB MOJBIHTETPAIbHYIO (YHKIMIO B CTENICHHON Psii M MOWIEHHO MHTEIPUPYS

0,1

9TOT psA: Ide
X

0

Pemrenne. 3aMeHUM B MOABIHTETPAIbHOM BhIpaxkeHUH In(1+X) ero paszmosxkeHue
B CTEIIEHHOM P

0,1

J-ln(1+x)dx=j- ) 3 4 s

X 0

0
Pa3nenum nousieHHO Ha X U IPOUHTETPUPYEM, TOT 1A

0,1 0,1 2 3 4
[—ln(1+x)dxzj l—lx+lx2 —lx3+... = x—x—+x——x—+...
X 2 3 4 4 9 16

0 0

0,1
0"

=0]1- l0,01 + l0,001 ~ 0,098
4 9
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I[OKS.)K@M TCIICPb, YTO BBITIOJIHCHA Tpe6yeMa;1 TOYHOCTB.

PaccMoTpuM niepBblii OTOPOIIEHHBIHN YieH L 0,001 = ! 0 <0,001

B cuny cnexctust u3 reopemsl JleiOHUIIA (€CIM YMCITIOBOM 3HAKOYEPE Ty IOIIUIA-
Csl psAll YAOBJIETBOPSET YCIOBUSAM Teopembl JIeiibHuIa, To MOAYIb CyMMBI OC-
TaTKa HE MPEBOCXOAUT MOAYJISI IIEPBOTO OTOPOIIEHHOTO YJICHA).

Monynb cyMMBI BceX OTOpachiBa€MBbIX YJIEHOB HE OOJblie , T.€. BBIYHCIIE-

HUS IPOBEACHBI C 3aITAaHHON TOYHOCTBIO.
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3. 3apaHus 11l KOHTPOJBLHBIX padoT

1-10. Jans! Bepmmnbl A(X;;Y1), B(X2;Y2), C(X3;Y3) Tpeyronsnuka ABC. Tpe-

OyeTcst HAlTH:

a) ypaBHeHHEe cTOpoHbI AC

0) ypaBHEHHUE BBICOTHI, IPOBEICHHON U3 BeplIMHbI B

B) JJIUHY BBICOTBI, IPOBEICHHON U3 BEPIIMHBI A

) BeqinurHa (B pajananax) yria B

1) ypaBHEHHE OMCCEKTpHUCHI yria B.

A(5;3), B(-11;-9), C(-4;15).

A(-7;2), B(5;-3), C(8;1).

A(1;-15), B(65-3), C(2;0).

A(-8;3), B(4;-2), C(7;2).

A(6;3), B(-10;-9), C(-3;15).

A(-9;6), B(3;1), C(6;5).

A(20;5), B(-4;12), C(-8;9).

A(-3;-7), B(2;5), C(-2;8).

A(10;1), B(-6;13), C(1;-11).

A(0;-9), B(5:3), C(1;6).

CocTaBUTh ypaBHEHHE JTUHHUH, PACCTOSHUE KAXI0H TOYKU KOTOPOH OT

ToukH A(2;-2) BABOE MEHBIIE, 4eM OT mpsiMoit X+1=0.

CocTaBuTh ypaBHEHHE JJUHUM, PACCTOSHUE KaX10M TOYKU KOTOPOH OT

ToukH A(2;-2) BaBoe Oobiie, yeM oT npsmoit X+1=0.

13. CocTraBUTh ypaBHEHUE JTUHUH, KaXKasi TOUKa KOTOPOH paBHOyJajeHa OT

touku A(3;1) u ot npsimoit Y+5=0.

14. CocTaBuTh ypaBHEHUE JTUHUH, PACCTOSIHUE KaKA0M TOYKH KOTOPOM OT
touku A(3;4) B ABa paza Oombliie, 4eM OT Touku B(6;7).

15.  CocraBuTh ypaBHEHUE T€OMETPUUECKOTO MECTa TOUYEK, SBIISIOIINXCS

[EHTPaMU OKPYXKHOCTEH, MPOXOA[IIUX yepe3 TOUKy A(3;2) U Kacaroluxcs OCH

OX.

16.  CocraBuTh ypaBHEHUE T€OMETPUUECKOTO MECTA LIEHTPOB OKPY>KHOCTEM,

npoxoasmux 4epe3 Touky A(-4;2) u xacarommxces ocu OY.

17. CocTaBuT ypaBHEHHUE JIUHUH, CYMMa PAaCCTOSIHUSI TOUEK KOTOPOM OT TO-

yek A(2;4) u B(-4;4) paBHa 8.

18.  CocraBuTh ypaBHEHHUE JIMHUU, CYMMa PACCTOSHUS TOYEK KOTOPOU OT

Touek A(2;-2) u B(2;4) paBna 8.

19.  CocraBuTh ypaBHEHHE JHHUH, KaXKJasi TOUKAa KOTOPOl BIBOE OJIMKE K

touke A(-4;3), uem k Touke B(1;-2).

20. CocTraBUTh ypaBHEHUE JTUHUH, KaXKJasi TOUKa KOTOPOI paBHOyJajeHa OT

npsiMoid X+6=0 1 oT Hayaga KOOpAUHAT.

21. CocTaBuTh ypaBHEHHUE AIUIUIICA, CAMMETPUYHOI'O OTHOCUTEIIBHO OCEH

KoopauHat, ¢ pokycamu Ha ocu OX, ecnu OoJbIlas OCh €ro paBHA 8, a paccTos-

HUE MEXIY TUPEKTpHUCaMU paBHO 16.

22 CocTaBUTh ypaBHEHHE 3JUINIICA, CAMMETPUYHOIO OTHOCUTEIIBHO OCEM

KOOpAMHAT, ¢ pokycamu Ha ocu OX, eciu paccTosiHUE Mexay (POKycaMH paBHO

6, a DKCIICHTPUCUTET paBeH 3/5.

—m O QO 1 QNN AW -
_o s T T T

[
N
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23. CocTaBuTh ypaBHEHHUE AIUIUIICA, CAMMETPUYHOI'O OTHOCUTEIIBHO OCEH
KOOpAuHaT, ¢ pokycamu Ha ocu OX, eciau Manas ero och paBHa 24, a paccrosi-
HHUEe Mex1y pokycamu paBHo 10.

24.  CocTaBUTH YpaBHEHHE TUNIEPOOIIBI, CHMMETPUYHON OTHOCUTEIBHO KOOP-

o 3x
JTUHATHBIX Oceil, ¢ (hokycamu Ha ocu OX, eclii ypaBHEHUE aCCUMIITOT: y = +—
2 2 4 2

a paccrosiHre Mexy dhokycamu pasHo 20.
25. CocTtaBUTh ypaBHEHUE TUTIEPOOIIBI, CHMMETPUYHON OTHOCUTEIHHO KOOP-
JTUHATHBIX Ooceil, ¢ hokycamu Ha ocu OX, eciu AecTBUTEIbHAS €€ OCh paBHA
16, a SKCIIEHTPUCHUTET paBeH 5/4.
26.  CocTaBUTH YpaBHEHHE TUNIEPOOIBI, CHMMETPUYHON OTHOCHTEIBHO KOOP-
JTUHATHBIX Oceil, ¢ hokycamu Ha ocu OX, eciii paccTosTHUE MeKIY (pokycamu
pPaBHO 6, a SKCIICHTPUCUTET paBeH 3/2.
27. CocTtaBUTh ypaBHEHUE TUTIEPOOITBI, CHMMETPUYHON OTHOCUTEIHHO KOOP-
TUHATHBIX Oceil, ¢ hokycamu Ha ocu OX, eclii pacCTOSTHUE MEKIY TUPEKTPH-
camu paBHO 32/5, a MHUMast OCb paBHa 6.
28.  CocraBuTh ypaBHEHHE MapadoIIbl, CHMMETPHUYHONH OTHOCUTEIEHO OCH
OX, ¢ BepIIMHOM B Hauaje KOOPJAMHAT, IPOXOIALICH yepe3 TOUKy
A(-1;3).
29. CocTraBuTh YpaBHEHHE 1MapadoJIbl, CHAMMETPHYHON OTHOCUTEILHO OCH
OY, ¢ BepmmHO# B Hauajae KOOPAUHAT, IPOXOIAIICH yepe3 TOUKY
A(L;1).
30. CocraBuTh ypaBHeHHE apabOIIbl, CHMMETPHYHONH OTHOCUTEIEHO OCH
OY, c BepmMHOI B Hauaje KOOPAMHAT, IPOXOIALICH yepe3 TOUKy
A(4;8).
31-40. I[aHI)I BCPIIIMHBI Al(Xl; Yl; Zl), Az(Xz; Yz; Zz), A3(X3; Y3; Z3),
A4(X4; Y43 Z4). CpencTBaMu BEKTOPHOM anreOpbl HANTH:

a) HYy pedpa A A

0) yron mexay pedpamu A} Ax u A As

B) IJIOMIAb TpaHu A1AA3

T') JUIMHY BBICOTHI TUPAMUIBI, TPOBEICHHON U3 BEPIIUHBI Ay

1) YPaBHEHHE BBICOTHI MUPAMU/IbI, POBEACHHOMN U3 BEPIIMHBI Ay

e) o0bem upamMuabl AjAAzA4
3. AI(750;3), Ax(3;0;-1), A3(3;0:5), Ag(4:3;-2).
32, Au(15-156), Ax(2:5:-2), As(-3;3;3), Ag(4;1;5).
33.  Ai(3:6;1), Ax(6;1;4), Az(3;-6;10), As(7;5:4).
34, Ai(L:153), Ax(6;1:4), As(6;4:1), Au(0;5;6).
35. Ai(4:4:5), Ax(10;2;3), A3(-3;5:4), As(6;-2;2).
36. Ai(-1:2;5), Ax(-4;6:4), A3(2;1;5), Ay(-1;-2;2).
37.  Au(2;-1,9), Ax(1:1;5), As(7:3;1), Au(2;6:-2).
38.  Au(15-2;2), Ax(-1;5-3:4), A3(5;5;-1), Au(2;-455).
39.  Au(1;153), Ax(7;151), As(2:2;2), Ag(4;15-1).
40. A1(3;1;2), Ax(5;0;-1), A3(0;3;6), As(3;7;10).

41-50. CocTaBUTh ypaBHEHHE IUIOCKOCTH, IPOXOIALIECH Yepes:
41.  Ilpsmyro XT =" g U TOuKy A(4;6;-3).

42.  ]IBe mapaJiiesbHbIE NPSIMBbIE
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43.

44.

45.

46.

47.

48.
49.

50.

51-60.
51.

52.

53.

54.

x+1 y-1 z+5 I/Ix+l_y—1_z
3 2 2 3 2 2
Tpu Touku A(1;2;3), B(2;11:4), C(3;-2;1).

JIBe nepecekaromumecs npsiMbie
Xx-=3 y+2 z+3
3 2 =2 4 -1 =2
[Ipsamyto 1 TOUKY:
x-2 y+2 z+l

u A(1;2;0).
3 ) (1:2;0)
[IpsAmyto 1 TOUKY:
x4y 22l @i,
3 -2 2

JIBe nmapajuieabHbIe NpsMBbIE:
x+3 y-2 z+4 " X
2 3 -3 2
Tpu touku : A(3;0;-1), B(4;1;0), C(2;-5;3).
JIBe nmepecekaromuecs npsiMble:
x+1 y+3 z-1 "
2 3 4 1 6 2
A(2;0;-3), B(2;-5;3), C(3;-1;2).

HaiiTn ykasaHHble ipeensl (He UCnob3ys npaswuio Jlonurans):

5T —x+2 ) x> =9
a)hm# im——
xo0 x> +3x° +1 >3 6x° —16x—6

) \/x+2—x/§ . 1—cos2x

B) lim r) lim——

0 Jx+3 =43

) lim x[In(2x —1) - In(2x - 3)] .

x>0 3xsIn X

6 2
2) 1im—3f XSI 6) lim—6x2 2x—4
oo dx” +4x° —X =1 3x" +4x -7
. oVd—-x—-+4+x . sin3x+sinx
B) lim r) lim——
x—0 3x x—0 2X
. 3x
o) lim—.
st In(1+2x)
3 2 2 _
2) lim 32{ +2§ x+1 6) lim x2+x 6
oo x” +3x° +4x -6 29X —X—6

X T
B) lim r lim(——x)t X
)X—>0\/3+x—\/3—x )X_’; 2 8

3+x
) £1£r01(1+2x) X,
5 a2 2
2) lim 7X : 3x° +2x 6) limZX2 14x +12
oo X7 4X =5 ol X7 —6x+5
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5S.

56.

57.

58.

59.

60.

V2x +1-47

B) lim

>3 Jx-2-1

3x-2
)lim( z )
e X+3 ’

. 2X°+9
a) lim———
oo xT +x+1

V2x—-1-1

B) lim

x—l ,X+ _\/5

. tgx—sinx
T) hmg—3
x—0 X
) x? —x
0) lim

x>l X* —3x +2

T) lirr(} sin 6x - ctgdx

2_ J—
6) lim 3x"—x-14

x>-22x* +16x +24

. cosx—cos’x
r) lim SO8X Z €08 X
x>0 X - SIn X

2
6) 1im—fx 13
3 x° —6x+9
. 1—cos2x
T T

) lim 2x[In(x +3) - In(x - 3)].

a) im——
-0 X +3x+4

)i V2x-3-1
B) IM—F———
02 2x+3 =7

. 6/x+2
7 lim(1+4x)""

—4x* +x° +6x°

a) lim 7
xoe —x" 4 x—3

B) lim

=0 x> 4343

. . 2/sin x
1) lgl(}(l +3sin x)
2) lim XX 2

wow —x" —x* +3

. 3-x"+9
DT

)1 ( 3X j—Sx
Vi\l+2x)

2 —
6) hmZX2 12x +10
x=5 2x° —11x+5
r) lim&
x>0 ] —cos2x

2
6) 1imX25—X+4
=1 3x7 +4x -7
sin”(x —2
r) lim#
-2 x7 —4x+4

2
6) lim 2> *~1 X !

x—-1 x° =1

cos2x —cos’ 2x

r) lim -
X0 X sin 3x
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61-70. Oynkuus y=f(x) 3anaHa pa3nuyHbIMI aHATUTUYECKUMU BBIPAKECHUSIMU
JUISl pa3iIyuHbIX 00JacTell N3MEHEHUs He3aBUCUMOM niepeMeHHol. Halitu Touku

paspbiBa (QYHKITMH, €CJIA OHU CyIIecTBYIOT. [locTponuTts rpaduk GyHKIINN:

61.

63.

65.

67.

69.

-2, x<0
T

y =4—2c05X, OSXSz

T
T+X, X>—
2

2, x<-1
y=42-2x, —-1<x<1

Inx, x>1

05-v4-x, x<0

T
y = 1C0S2X, OSXSZ

T
-X, X>—

4
X+TW, X<-T
y=19sinXx, —n<x<0

3-2x, x=20

71-80. Haiitu npou3BOHBIC:

71.

72.

N 12
V9x +4 4\/)43 +10

/ 12
B)y=In§|/———
) y eéx _e—6x

1) x”sin2y —y’cos2x =10

a)y =

a)y = =
4-x

X+2, x<=2
62. y=42-%, —2<x<0

x*+2, x>0

x? -4, x<-1
y=43x, -1<x<3

5, x>3

66. y=1¢%X —2<x<0
1

68. y=+¢+—1, —-m<x<0

Vx+1, x>0

x> =4, x<-2
70. y=143x+2, -2<x<2

12-x% x>2

6) y = }/ctg’3x

o)
T) yz;arccos —

X

1

6) y — 55in32x
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73.

74.

75.

76.

77.

78.

X
B =Intg’ =
)y g5

) (ey —3)()2 =x"+a’
x* +2
x> =2

B) yzéln x+4

a)y =

x” - 3x
n) x-tgy —2x° +3y’ =4

x—4

a)y = X°—6
)y x+4

B) y=In{1+e™ +e*

ny -x* = arctg5
y

(58]

2
B) y= an/th?+4

z[)y2 =x>+X coS 2y .

a)y = 3\/(2x —3)(3 —~ xz)

B) y= ln(\/2x2 +1 +\/£)

m) y = x’arctgx — Inv/x* +1
V2x® -1
Ay =5

x* +1

B) y = (2 + Insin 3x)’
r)y= (9x2 +4)arctg3x
Y 4

2
X

Y= (3—1;2)3

B) y =Inve™ +e

2
n) e” —e*+

2
1) ln(x2 + y2)+ arctg~— =0
y

r) y = 6arctgv1+ 3x

6) y = sin®10x +2cos’ 10x

2x -2x

- 4

0) y =4/tg8x +1

ry= \/4 ~-x’ +arcsin57X

6) y =™ (sin x -cos3x)

Vx+1

r) y =4arcsin

sin2§
0) y= "
4 +cos’ =
4

r) y’ =x’+x-siny

0) y=e> (3 sin 2x — 3cos2x)

0) y=\/1+sin4x —J1-sin4x

1
ry= Jx -arccos——

Jx
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1 1 1+tg7x
79. a)y = 3\/_+1(——) 0) v=—-
)y =(Vx )3& )Y =1 e
b L2
B)y=ln3(l+e3] r)y=(a—b)arctg iz —Xb

2
n) e’ +ax’e” =2bx’

9 1
80. a)y=—F—— 0)y=
)y 1[X2 —4x -5 ) Y Sin3 10x
2
B) y=In ctg(% -~ X?j r) y = V1 -4x” arcsin 2x”
03 —x-y’In3=15
. dy d’y y
81-90. Haiitu ax u Fel s QYHKIMH, 331aHHON TapaMeTPUIECKU:
X X
1 a5t
X = In-cos’® 2t x=1-e
81. 82. oSt _ et
y =sin” 2t y=——
3
1-t
X=— x = sin” 3t
83. t 84 1
1+t y =—cos* 3t
Y=—"07 2
t
x =L 4y X =tgt
85. 4 86. 1
y=ln(t3 +1) Y= sin?t
X sin't
- 3 = ,
87, y= ln(l +t ) 38, 1+sint
X =t —arctgt y= cost
l+sint
_ -3t
x=4-¢ x=a(2t+sint)
89. 3 90.
= y = a(1—2cost)

e +1

91-100. MccnenoBars Mmetogamu audGepeHnnanTbHOro HCYUCICHUS U TIOCTPO-
uTh rpaduku QyHKIUH:

4
91. a) y=3(x——xzj 6 y=1+2H
2 X
5 X
92. a) =x -=x’ 6) _
Y 3 Y In~/x

340



3. 3agaHus 1Jis1 KOHTPOJIbHBIX padoT

Jis 3ameyanui

93.

9.
9s.
96.

97.

98.
99.

100.

y

y

y

y

y

=x> —9x* +24x —15

=2x +3x*—12x -5
=(x-3)*(x-2)
=x* —8x* +16x°
4
ENCIE N
3 4
_2x3—6x2—18x+15
10
=x’ —x’ -2x
4
X
=1-x"+—
g

6)

6)
6)
6)

6)

6)
6)

6)

101-110. HaiiTi yacTHbIe POU3BOIHBIC (DYHKIIUU:

2
101. z=In tg{x? —Xj

6

e —e
et +e
_x2+16
 4x
y=(x+1e™
03X
C1+x
y=lnx—lx2
2
_3—)(2
7= X+2
y =In(x* +9)
5x*
YT X225

1 3y
102. z=—arctg——
\/E g4x3
2
105. 7= X -2y

107. =z

X + 3y

:\/g-sini2
y

111-120. Haiitu HeonpeaeneHHble HUHTErpajibl. Pe3ynbrar npoBeputs qudde-

103. z= 63\/l+4xy+x2 +3y°
2
104, z= 12cosz(§ - y—}
3 4
106. z=(Qx+y’)e ™"
2 2
108. z=4a2b21/1—x—2—;]—2
a
109. z= sinz(x+y2)—sin2§+cos2 2y
110.  z =2arcsin(xy/y* +2)
PCHIMPOBAHUEM:
. a2 xdx
V4 -x’
B) J‘Sx/;ln xdx
112. a) J\/(Z—xzfxdx
B) Iarctg\/;dx
113. a) J- aresn X 4x

NS

o |

x? —x+1

2x —1
dx

6x—-17

0 —= ©  dx
) I3x2—7x+11

9 Joear

12x+1
dx
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B)
114. a)
B)
115. a)
B)
116. a)
B)
117. a)
B)
118. a)
B)
119. a)
B)
120. a)
B)

121-130. Haiitu HeonpeIeIeHHbIE MHTErPAJIbl:

121. a)
B)
122. a)
B)

e xdx 0)
J

J‘ arcsin \/_

J'ln XdX 6)

X

j arctg\/;dx

J- sin xdx

V2 +3cosx

[x* @+ x*)dx

J- dx 6)
cos” x4/tgx —1

Ilncosxdx

0)

sin’ x
[2x(x* +1)"dx 6)

J‘X'COSX

sin? x

dx

J- x*dx 6)

5-x°
x -arctgyx’ —1dx

dx
(1+x%)arctg’x

0)

X
x* cos—dx
2

— e e

3x% +6
—dx 0
jx3 +x%-2x )
J- dx
1+tgx
2
J o
x+1)’(x-2)

J- sin® x

0)

dx
1+cos’ x

dx
'[\/5—7X+3X2

J- (x+3)dx

NAx® +4x+3

J-(6X+l)dx
3x* +x-1

.[ dx
3x? —=2x+2

J‘ (x—3)dx

34+ 66x —11x>
J~ dx
AX(3x +5)

J- dx
V5x* —x—1
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123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

4x* +x +1
a) J‘ﬁdx 6)
dx
B
) J.l—cosx
x+1
a —dx 0
) J.x3 +4x* +5x )
sin X
B dx
) J.1+sinx
a S
) J.X3 +x7 —2 )
B) Ismx cosxdx
a - S
) J.(x 1) (X+2) )
B) I
Sin X COSX
x*dx
I B e 6)
x" =D+
dx
B
) J‘sin“ X
X’ +x°
a §
) J.x —3x+2 )
B) jcos xdx
2x? +X+1
a) I 0)
X’ +x
B) J-sm xcos” xdx
x+1
a —dx §)
) IZX3 —3x% +x )
B) jtg7xdx

Jx
J.‘{/x_3+1dx

J- X+1

Jx
J.i/x_z_xdx

,[ Vxdx

X—NX

dx
'[ 1+ %/;)\/;

B CR
S

J.l):i\//_fdx

j dx
4X+8\/x_3

Bbrancnuts 00beM Tea BpalieHus, 00pa30BaHHOIO BpalllEeHHEM BO
KPYT OCH OpJIUHAT (UTYPBI, PACIIONOKEHHOH B IEPBO YETBEPTH U

OTpaHUYEHHOW JTUHUSIMHU:
_ 2, e v —
y=2-x5 y=x; x=0.

Brraucnauts miomans GUrypsl, pactoyioKEHHON B BEPXHEH MOTYTIOCKO-

CTH U OTPAaHUYCHHOU TUHUSMU:
2

y=x"-3x; 3x+y-4=0; y=0.
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133. Bpruuciauth 00beM Tena, 00pa30BaHHOTO BpAIIEHHEM BOKPYT OCH
opAvHAT (GUTYPBI, OTPAHHYECHHON TUHUSIMHU:
_ 2 2
y=3-x5 y=x"+1.

134. Bwruucnuth miomaas GUrypsl, OrpaHHuYECHHON JIMHUSIMH:
y=2/x; y=x+1; x=3.

135. Bsruncnuts 00beM Tena, 00pa30BaHHOTO BPAIICHHEM BOKPYT OCH
abcuucc (GUrypsl, pacroioKEHHON B TIEPBOI Y€TBEPTH U OTPAHHMUEHHOM
JVHUSIMU:
x+ty=4; y=3x; y=0.

136. Bpruucnuth miomaas GUrypsl, OrpaHUuE€HHON JIMHUSAMMU:
x+y=0; y=2x-x2.

137. KpuBoumHeWHas Tparenus, OrpaHiIeHHast JIHHUSAMHA: y = €, y = 0,
x=0, x = 1, Bpammaercs BOKpYT ocH a0CIucC.
Bbruucnuthk 06beM Tena, KOTOpOoe MpH 3TOM 00pa3yeTcs.

138.  Bprumcnuts miomaas GUrypsl, OrpaHUuEeHHON TUHUSAMHU: y =SinX U
Y=COSX H JIe)KaIIeH MEeKAY JIIOOBIMHU JIBYMSI TOUKAMH NIEPECeUeHUs
9TUX KPUBBIX.

139. Bpruncnutb 00beM Tena, 00pa30BaHHOIO BPaIllEHUEM BOKPYT OCH
abcruce Gurypsl, OorpaHUYCHHOMN JTMHUAMU:

y' =4x, x =4.

140. Haiitu miomanas GUrypbl, OrpaHUYCHHON JTUHUSMU:
y= X, y = 2X.

141-150. Borunciauts HecOOCTBEHHBIN MHTETPAJT MIIM YCTAHOBUTH €TI0 PACXOAU-

MOCTB:
0 7X2 0 dX
141, [xe™dx 142, [—
7 . xIn” x
143. jd—x3 144. | dx
(2x-1) 2 X =9
s, [ 16, [OrDI
S XvVx —1 02+2X+X
0 ©
dx dx
147. [—=— 148. [———
'2[)6\/962 -1 ‘!x%/lnx
0 0 d
149. j’jdx 150, [5——
X +9 S X" +4x+9

151-160. HaiiTu ob1ee peuieHue win oOLIUi HHTErpal
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nuddepeHInaTbHOTO YPaBHEHHUS:
151. X’y -y’ =x"
152, y'+2xy=2xe "
153. (x> +2x+1)y' - (x+Dy=x-1
154, y' =x"+2x-2y
155. 4x° —xy+y +y'(x’ —xy+4y°) =0
156. y'= % 157. xy' =4y’ —x* +y
X -y
158. 2xy'—y=3x’

159. y'—2xy =2xe* 160. y'—ycosx = sin2x

161-170. Haiitu yactHOe perneHue audhepeHmaibHOT0 ypaBHEHUS
y" =py'+qy = {(x), y10BIeTBOpSIOIIEr0 HauYaNbHbIM ycioBUAM y(0) =y, ;

y'(0) = yp:
161. y"—4y' +3y=e y(0)=3, y'(0)=09.

162 y" =6y +9y=x—x+3, yO =3, ¥'O) =

163. y"—4y' +4y=¢>, y(0)=2, y'(0)=8.
164. y" +y=cos3x, y( ) 4, y(—)—l

165. y"—8y'+l6y=¢", y(0)=0, y'(0)=1

166. y"+9y' =6e™, y(0)=0, y'(0)=0.

167. y"+y=2cosx, y(0)=1 y'(0)=0.

168. y"—4y'+5y=2x¢", y(0)=2, y'(0)=0.

169. y"+6y'+9y=10sinx, y(0)=0, y'(0)=2.
170. y"+y'—2y=cosx—3sinx, y(0)=1 y'(0)=2

171-180. Haiitu 06macth CXOAMMOCTH psijJia CTEIIEHHOTO:

171. g—nz :‘;n ~ 172. 21: fl
o on © A0 2n
173. Z; nX+1 174. Z; 2n fl
© n © 2n 3 n-1
175. 2—5 (’; T 176. Z‘ 3“:
© 2n+l1 ©
177. Z‘(siT)z 178. ;2n 3n+1
© 3n ©
179. Zﬁ 180. Zl oD
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181-190. Beruncnutsb onpeaeneHHblii uHTerpai ¢ TouHoctsio 10 0,001, pasio-
KHB MOJBIHTErPAIBbHYIO (QYHKLHUIO B PSJl U TOWIEHHO UHTETPUPYS 3TOT P

5

0,1 0. .
181 | aretgx 1o 182.  [Tax
0 X 0 X
O,Iex _1 1 R
183. j dx 184. je-x dx
0 X 0
1
1 9
185. j cos/xdx 186. j Jx -e*dx
0 0
1
; 3 dx
187. j%/? .cosxdx 188. j
0 0 A 1- X2
0 dx 1 —cosx
189. | 190.  [——dx
o VI+x* L X
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4. BLIBOIbI

st 3amevyaHui

4. BoIBOIbI

Hacrosimee mnocobue MokeT OBbITh MCIONIB30BaHO I Bcex (Gopm
00yueHHsI: THEBHOTO, 3a04HOT0, TUCTAHIIHOHHOTO.

JUiss  3a04HOTO W JUCTAHIIMOHHOTO OOyYEHHUS PEKOMEHIYIOTCS
CIEAyIOLIEe KOHTpPOJIbHBIE paboTel. Ilo BceM cnenuanbHOCTAM  Kpome
IOpUCIIPYICHIIMM  TI0  Kypcy “Bwicimas marematnka” CTyAEHT JOJDKEH
BBITOJIHUTH YEThIPE KOHTPOJIbHBIE PaOOTHI.

KoHTtponbHbIe pabOTHI BBIMOIHIIOTCS B COOTBETCTBHUH C IPUBEICHHOM
Hke Tabmuierdr Nel. Homep BBITTONHSIEMOTO BapWaHTa JOJDKEH COBIAIATh C
nocneaHel uudpoit yuedHoro mudpa cTygeHra.

Taoauma Nel.
BapH- HOMepa 32124 KOHTPOJILHOI0 3a1aHHs
aHT
KOHTpPOJIbHasi paboTa Nel KOHTPOJIbHasi paboTa Ne2
1 1 11 21 31 41 51 61 71 81 91 101
2 2 12 22 32 42 52 62 72 82 92 102
3 3 13 23 33 43 53 63 73 83 93 103
4 4 14 24 34 44 54 64 74 84 94 104
5 5 15 25 35 45 55 65 75 85 95 105
6 6 16 26 36 46 56 66 76 86 96 106
7 7 17 27 37 47 57 67 77 87 97 107
8 8 18 28 38 48 58 68 78 88 98 108
9 9 19 29 39 49 59 69 79 89 99 109
10 10 20 30 40 50 60 70 80 90 100 110
KOHTPOJIbHasi padoTa Ne3 KOHTPOJIbHasi padoTa Ned
1 111 121 131 141 151 161 171 181
2 112 122 132 142 152 162 172 182
3 113 123 133 143 153 163 173 183
4 114 124 134 144 154 164 174 184
5 115 125 135 145 155 165 175 185
6 116 126 136 146 156 166 176 186
7 117 127 137 147 157 167 177 187
8 118 128 138 148 158 168 178 188
9 119 129 139 149 159 169 179 189
10 120 130 140 150 160 170 180 190

KOpucThl BBIOMHAIOT JBE KOHTPOJbHBIE PabOThI, COOTBETCTBYIOIINE
Tadymie No2.

Taoanma Ne2.
BapH- HOMepa 3a1a4 KOHTPOJILHOTO 3a1aHus
aHT
KOHTPOJIbHasi padora Nel KOHTPOJIbHasi padoTa Ne2
1 1 41 51 71 81 91 111 131 161 171 181
2 2 42 52 72 82 92 112 132 162 172 182
3 3 43 53 73 83 93 113 133 163 173 183
4 4 44 54 74 84 94 114 134 164 174 184
5 5 45 5 75 85 95 115 135 165 175 185
6 6 46 56 76 86 6 116 136 166 176 186
7 7 47 57 77 87 97 117 137 167 177 187
8 8 48 58 78 88 98 118 138 168 178 188
9 9 49 59 79 89 99 119 139 169 179 189
10 10 50 60 80 90 100 120 140 170 180 10

ABTOpPBI ¢ 0JIArOAPHOCTHIO MPHUMYT BCE 3aMCUAHHs W TIOKETAHUS T10
JTAaHHOMY TIOCOOHIO.
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5. Bonpochl K 3K3aMeHy

Bbuaer 1.

1. YpaBuenus bepuynnu u B noynHbIX AuddepeHnnanax.

2. Beruucauth ” (cos2x +siny)dxdy, ecnmm o0sacTe OrpaHUYCHA JMHUSIMU
i

x=0, y=0, 4x+4y-n=0.

+00 .
sin X
3. UccrenoBarh cX0QUMOCTb HHTETpaa I—3dx .
X
1

Bujer 2.

1. IuddepeniupoBaHme CI0XHBIX GYHKINUNA HECKOIBKUX MEPEMEHHBIX.

+00

dx
2. UccnenoBaTh CXOQUMOCTh MHTErpAJIA J.— .
L xVxE+1

X

3. Haiitu pemieHue ypaBHEHUS y“-4'+3y=e5 , YIOBJIETBOPSIONIEE YCIOBHIM:
¥(0)=3, y(0)=9.

Bujer 3.

1. Pan Teitnopa. YcnoBue pasznoxxumoctd GyHkuuit B psn Teiinopa. Pazmoxe-
Hue QyHKImii B psasl Teitnopa u Maknopena.
2. Haiiti sxcTpeMyMbl GyHKIHH z=3X+6y-X>-xy-y +1.

1

dx
3. UccaenoBath CXOAUMOCTh HHTETpaa I—
5 A/ In(1+4x)

Bujer 4.

1. Ilpenen u HENMpPEPHIBHOCTD (PYHKIIUH JBYX EPEMEHHBIXb.

¢ 8/xdx
2. UccnenoBaTh CXOQMMOCTh MHTErpaAJIa j

7 [e3x_1 )

3. Pemuth ypaBHEHUE y“-2y|+2y=x2.
buaer S.

1. HeomHOpOAHBIE THHEHHBIC YPABHEHHS 2-TO MOPSIIKA C TIOCTOSTHHBIMU KO3 (-
[UIUCHTAMH.
2. OnpenenuTh MIOKCKOCTh, KAacaTeIbHYI0 K NOBEPXHOCTU x2+4y2+zz=36 U Ia-
paJUIeNbHYIO TIOCKOCTH X+y-7z=().
(x+1)° N x+1)°* (x+D* N

2-4 3.42 4.4 7

3. UccnenoBath cxogumocTs psja: (x+ 1) +
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Buaer 6.

1. KacarenbHasi I0CKOCTh M1 HOpMaJib K OBEPXHOCTH.

2. Haiftn pemenue ypaBHEHHS Y -cosx:lL, YAOBIETBOPAIOLIEE YCIOBUIO
ny

y(0)=1.

3. UccnenoBaTh CXOOUMOCTH psiia

2
X X3

+ + +...
2+3 2743 2°+3°

buaer 7.

1. YactHble pou3BOJHBIE, MU DepeHIUpyeMOCTh U AudepeHransl mepBoro
nopsiika QyHKIIUH JBYX TIEPEMEHHBIX.
2. Haiitu yrisl ¢ OCsIMH KOOPJIMHAT HOPMAaJIM K MIOBEPXHOCTH KOHYCa szryZ:z2 B
touke (3;4;5).
2x-3 (2x-3) N (2x-3) .

1 3 5

3. UccnenoBaTh CXOOUMOCTH psiia

Bbuaer 8.

1. [Tpu3Hak JlamambGepa CXOAMMOCTH psija.

2. Nokazath, uto eciit T =1 1 , TO 16—T+ga—T =0.
g ol og
3. PemuTh ypaBHeHHE y' = Xry .
X-y
Buaer 9.

1. Crenennslie psiabl. IHTEpBal U paguyc CXOIUMOCTH.

2. UccnenoBaTh (hyHKIMIO HA DKCTPEMYM: z=x2-xy+y2+9x-6y.

3. HaifTi peleHre ypaBHEHHS Y ' =XSinX, yIOBICTBOPSIONIEE HAYAIBHBIM yCIIO-
BisivM: y(0)=0, y'(0)=0, y'(0)=2.

Bbujer 10.

1. HeoOxomumble ycioBusi skcTpemyMa. JlocTaTodHbie yCIOBHS SKCTpEeMyMa
(GyHKIMH ABYX IEpEeMEHHBIX.
2. Petuts ypasHerne (x*+2xy)dx-+xydy=0.
Csinx
3. UccienoBarh cXOQUMOCTb HHTETpaIa I—dx.

X
] (5]
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Bbuaer 11.
1. Unaterpaibl ¢ 6eckoHeuHbIMU TipeesaMu. [Ipu3Haku cXoIUMOCTH.

1 x-1 2 (X—ljz 3 (x—ly
2. UccnenoBaTh CXOIUMOCTD psifa: — - +=- +=. +
2 2 3\ 2 4\ 2

. 2
3. Haiitu d“u, ecau u=xlnl.
X

buaer 12.
1. CpoiicTBa onpeAesieHHOTo UHTerpaia. TeopeMa 0 CpeaHEM.

lopuxy>0
2. Iloctpouts rpaduk ¢pynkuuu z=f(x,y)=40 npu xy=10 .

-1 mpu xy< 0
3. Pemnth ypaBHeHHE Xy+y =(2x*+xy)xy..

buaer 13.
1. duddepennmansupie ypaBHeHHs nepBoro nopsaka. Oomme nonstus. Teo-
pema CyIlecTBOBaHUs.
2. Boruncnuth ” (x—y)dxdy, ecnu 06macTs D orpaHndeHa THHHSIME: y=2-X°,
D
y=2x-1.

3. Haiitu ? 13 ypaBHeHHs Xy+Iny+Inx=0.
X

Buaer 14.
1. O6beM nuIMHIApUYECKOro Tena. J[BoHOM uHTerpa.
2. Tlokazath, 4TtO GYHKIHSA u=xe”"* yaoBieTBopsieT auddepeHIaIbHOMY
0’u (Gu auj 0’u
YPaBHEHUIO X 2l —+—|=y—-
O0x0y ox 0Oy oy
5°x* x5t +x?

3. HccnenoBaTh CXOAMMOCTbH CTEIIEHHOTO psAia Sx+ o + 3 + A

Buaer 15.
1. YpaBHeHUs ¢ pa3JeisSIONIMMUCS TIEPEMEHHBIMH, OJHOPOJHBIC U JIMHEHHBIC
ypaBHEHUS.

1 1-x2
2. [lepeMeHHUTH MOPSIK HHTETPUPOBAHUS Idx If (x,y)dy.

-1 _m
3. Haiitu yrimoBoit ko3 GuIIMeHT KacaTeabHON K KPUBOM yz-xy=4 B TOYKAaX Ie-
pecedeHus ee ¢ NpsIMon x=3.
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buuer 16.
1. OgHOpOIHBIC THHEWHBIC YPaBHEHHSI BTOPOTO TOPSIKA C IMOCTOSHHBIMH KO-
s urmenTamu.

e Inx
2. IlepemeHUTDH MOPSAOK UHTETPUPOBAHUS J-dx _[ f(x,y)dy.

1 0
3. Haiitu cymmy psiga 1+2x+3x7+... (Ix|<1), nmpomuddepeHnpoBaB MOUIECHHO
psix Lx+x+.. (x[<1).

Bbuaer 17.
1. [Ipon3BogHas 1o HaMpaBJICHUIO. [ pagueHT.
2. Pemnts ypasrenue (1+e*)y*dy=e*dx.
4 6 8
, XX X
3. UccrienoBath CXOUMOCTD CTEIICHHOTO psijia: X~ + 5 + ?+...+T+...

buaer 18.
1. HecobcTBeHHBIE MHTETPaBl BTOPOTro poja. IIpu3Haku cXoIuMOCTH.
2. Haiitu npousBoanyto ¢yHkuuu u=In(e*+e’) B HanpaBieHUH, NapajliebHOM
OuccekTpuce KOOpauHATHOTO yria (1-s ueTBepTh).
3. Haiitu peuienue ypaBHEHUs y”=xe'x, yaoBneTBopstoiee ycinoBusam: y(0)=1,

y/(0)=0.

Bbuaer 19.
1. AGcomoTHast U ycI0BHas cX0IuMOCTh psiaa. [lpusnak Jleitouuna.
2. Hamicath ypaBHEHHE KACATENbHON IUIOCKOCTH K TOBEPXHOCTH az=X'+y’ B
TOYKaX IEPECEUHUs ee C PAMON X=y=Z.

3. Pewmuts ypaBHEHUE y‘+2xy=xe"‘2.

Buaer 20.
1. JIluneiinble ypaBHeHHs BTOporo nopsiaka. CTpykTypa o0ILero pemeHus.
2 2-x
2. IlepeMeHUTD MOPATOK UHTETPUPOBAHHUS: J-dx j f(x,y)dy.

-6 2
X
4

22 23 2"
3. McnenoBaTh CXOAMMOCTD psilia T + 2—10 + 3To+- . .+F+. ..
buaer 21.

1. IIpousBognas uHTerpana Pumana mo BepxHeMy mnpejeny. 3aMeHa NepeMeH-
HOM ¥ MIHTETPUPOBAHUE MO YACTAM B OIIPENEICHHOM HHTErpale.

x’ x’

+ + +...
1.2 2.3 34

2. HccnenoBaTh CXOIUMOCTH psifia

3. Haiit yacTHBIC MPOU3BOIHBIC BTOPOTO MOpsIKa GYyHKIIUHA U =

X
ol
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Buaer 22.
1. MuTerpanbHbiil npusHak Komm cxoquMoctu psaa.
2. Hamucatp ypaBHeHusi HopMmanu B Touke (3;4;5) K HOBEPXHOCTH KOHyca
x2+y2=ZZ.
3. Pemmmtb ypaBHEHHE xy‘-yzxzcosx.

buaer 23.
1. IlpousBoguble U nuddepeHIransl  BBICIINX MOPSAIKOB (QYHKIUU JBYX
HepeMEHHBIX.
2. Pa3znoxurtsk Inx B psia mo creneHsm (x-1).
3. HaiiTi pelnenue ypaBHEHHs y'+y=3sinx, yIoBIeTBOpSIONICE KPACBBIM YCIO-
BUSIM:

y(0) +y'(0)=0

y(?é)*-y(56)==0

Buaer 24.
1. ®yHknuu aByx nepeMeHHbIX. Metop ceuenuil. IloBepxHocTu BTOpOro mo-
psaKa, ucciaeoBaHue ux (popMbl METOJIOM CEUEHUIIO
2. Pemmths ypaBHEHUE y”+y'-2y=cosx-3sinx. Hauanpabie ycnoBus: y(0)=1;
Y'(0)=2.
3. Pa3noxkuTh B CTEHEHHOM psj GyHKimo f{x)=sin’x.

Buaer 25.
1. ITpumenenus psaos Teinopa u MakinopeHa.
2. Hamicath ypaBHEHHS HOPMAmM K MOBEPXHOCTH X +y’-(z-5)=0 d njxrt

(4$330)/

2
3. PemmTh ypaBHeHHUE Y +2 = 3x2y%.
X

Buaer 26.
1. duddepenuuanbHble ypaBHEHUs] BTOPOro nopsijka. TeopeM CylecTBOBaHUS.
IToHmxenue nopsuka.
2. TlocTpouTh TMHUY YPOBHS PYHKIUU Z=XY.

3. Bpraucauts H sin(x+y)dxdy, ecnu 00JIacTh OrpaHuyeHa JTUHHSAMU: X=0,
D
T

=—, y=X.
Y 5 Y

352



MakcrwokoB HukoJuait UBanoBuY
Maunaxos Asnexcanap Hukosaesny
Huxkumkux Banepuii AjlekcaHapoBuy4

Boicmiass MaTeMaTHKA

YueOHOe mocodue

JIP Ne 020563 ot
IToamucaHo k meyatn

®dopmar uznanus 60x84/8 bym. odc. Ne 1 ITedats odceTHas
[leu.n. V4.-u3 .. Tupax 3k3.
3aka3 Ne

Tunorpadus



